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YBaxkaemblil uurartesn!

Bel OTKpBLIM OfHY K3 KHHUI, M3JaHHBIX B cepud «KnaccHuecKui
YHHBEPCUTETCKHI yueOHHK», nocBamweHHol 250-neTuio MockoBcko-
ro yuueepcurera. Cepust BkJawouaeT Hosnee 150 yueGHHKOB H yueb-
HbIX TMOCOOHH, PEKOMEHAOBAHHBIX K H3JaHUI0 Y4YeHbIMH COBETaMH
takynbTeTOB 1 PeJaKLIMOHHBIM COBETOM CEpHH.

MocKOBCKMI yHMBEPCHTET BCeraa ClaBHJCS CBOMMHU Mpodecco-
paMH W NpenoiaBaTe/siMH, BOCIHTABLIMMH He OJHO MOKOJICHHEe CTy-
JIeHTOB, BIOCJIEACTBHY BHECWIMX 3aMeTHBIH BKJIAJ| B pa3BHUTHE Hallel
CTPaHbl, COCTABMBILIHWX IOPAOCTb OTeYECTBEHHOW M MHPOBOH HayKH,
KyJbTypbl 4 o6pasoBanusi. IO6unell MocKoBCKOro yHuBepcHTeTa —
BhlAANOIeeCs COObITHEe B »H3HHM BCell Halwed CTPaHbl W MHPOBOro
06pa3oBaTesbHOro COOBLIEeCTRa.

Beicoku#l ypoBeHb ofpa3oBaHusi B MOCKOBCKOM YyHHMBEpCHTeTe
B MepBYyI0 OYepe/b 00eCrneyuBaeTCsl BLICOKMM YPOBHEM HAINHCAHHBIX
BHIIAIOLIHMHCS YUYEHBIMH M NefaroraMmy yuyeO0HHKOB H y4yeOHBIX MO-
co6Mil, B KOTOPbIX COYETalTC Kak rmy6HHa, TaK U [JOCTYNHOCTb
H3jaraeMoro marepuaja. B 3Tux kHHrax coOpaH GecUeHHbIH OIHIT
MeTOLMKHU H MeTO/J0/IOTHH IIPelofaBaHHs, KOTOPBIH cTasl JOCTOSTHHEM
He TOIbKO MOCKOBCKOro yHHBEPCHTETA, HO H ADYTHX YHUBEDPCUTETOB
Poccuu u Bcero mupa.

Uznanue cepun «Kaaccuyecknit yHuBepcHTeTCKHE y4eOHHK» Ha-
MJISAHO JeMOHCTPHPYET TOT BKJAJ, KOTOpbH BHec MOCKOBCKHE YHHU-
BepCHTET B KJ/4CCHYECKCe YHHBepCHTeTCKoe 00pa3oBaHHe B Halled
cTpaHe.

Peulenne aToil 6.1aropogHoi 3afaqdu 6bl10 Obl HEBO3MOXKHbBIM 0e3
aKTHBHOH [TOMOLIM CO CTOPOHbBI M3[aTeNbCTB, [PUHABIUMX y4yacTHe
B M3/laHWK KHHUT cepud «Kuaccrdecknit yHUBEPCUTETCKUA yUeOHUK».
Mp! pacuenuBaeM 3T0 Kak NONJAEPKKY HMH [I03ULIHH, KOTOPYIO 3aHHU-
mMaeT MOCKOBCKHH YHHUBEPCHTET B BOMpocax 06pa3oBaHHsl U HAYKH.
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INPENUCJIIOBHE K CEIPMOMY M3OAHHMIO

Yuraress gepxuT ceifyac B pyKax ceIbLMOE M3JaHHe KHHUTH, KOTOpasd B Te-
YeHMe NIOYTH NOJIyBEKa CJIYXKHUT JeJIy MATEMATHYECKOro 00pa3oBaHus He TOIb-
KO y Hac, HO ¥ BO MHOI'MX JDYI'MX CTPAHaX.

Xouercs ewe pa3 ckasarh 0 3aMevaTebHOM TBOPUECKOM CO03€ JIBYX aBTO-
pos a71o# kaury. OBl 3aMbICEsT CUHTETHYECKOr0 KYPCa, MaTePHA KOTCPOro
ObLI pacceat MO MHOTHM KYPCaM, YHTABIIUMCSA HA MEXAHUKO-MaTEMaTHIeCKOM
d-re MI'Y my. M. B. Jlomonocosa, upunagmiexan Angpeio Hukosaesuwy
Kosmvmoroposy. On paspaGorai nporpaMMy HOBO# HUCUMILIHHBL (HA3BAHHOMN
«Ananusom I1l»), BKIIOYMB B HEE 3JIEMEHTH! TEOPUH MHOXKECTB, METPHUYECKHX
¥ HOPMUPOBAHHBLIX IPOCTPAHCTB, TCOPUM MeEph! U MHTerpaJsia Jlebera n smHel-
HBIX OepaTopos B 6anaxoBsix u ruabbeproBoix npocrpancrsax. A. H. Konmo-
rOPOB HECKOJILKO Pa3 YMTAJI JIEKIUH [0 3TOH mporpaMMe u 3aJyMaJl HANCATh
110 Hemy y4eOuuk. [lepBriit BapnanT xHury, BeImemel B AByX BbImyckax 1954
u 1960 ronos B usmaresscrse MITY, Obl1 Hamucal B TECHOM TBOPYECKOM CO-
tpyannuectse A. H. Kosmoroposa u C. B. Pomuna, Y4uTaBmiero s Te rogbl Kype
dYHKUNOHAJILHOIO alann3a Ha pusnveckoM dakyJbTeTe.

C.B. ®omun cuuran A.H. KosaMoroposa ogHuMm n3 cBoux yuureseil; Au-
apeit Hukosaesuu Boicoko nennn Cepres: Bacusibesnya Kak y4eHOro, egarora
n yesioBeka. Flx coTpyHMYEeCTBO 0Ka3as10Ch HCKJIIOUUTEIIBHO MIJI0T0TBOPHBIM.

B npenucsI0BHH K 11€PBOMY BBINYCKY KHUTH, HanucanHoM B 1954 r., aBropst
IIHCAJIH, YTO «B CJISAYIOUINX BBINYCKaX OOJDKHBI HAWTH MEeCTO TeOpHs Mepbl
u ngrerpast Jlebera, rusis6epToBO NPOCTPAHCTBO, TEOPHA NHTEIPAJILHBIX YPaB-
HEHMH ¢ CHMMETPHYEeCKUM AAPOM M OPTOTOHAJIBHBLIX CACTeM (dyHruuii (3ra
YACTh NPOrpaMMbl Ob11a BHINOJIHEHA YKe BO BTOPOM BBHIIYCKE), 3JIEMENTH! He-
JIMHetHOro GyHKIUIOHAIBHOIO AHAJIH3a M HEKOTOpble NMPHMEHEHMS METOIOB
GYHKUMOHAIBHOIO AHAIN3A K BONPOCAM BBIYHC/IHUTEIbHOR MaTeMaTHKM».

ITocne Bbixoma nepsoro uspasus Cepreit Bacunbesua PomMuH B TeveHue
OATHAAHATY JleT paboTan Hall yCOBEPIIEHCTBOBaHMEM y4yeDHHKa: 3HAMHTE b~
HO PaclIHpHJI MAaTepHasl, BKJIIOYEHHLIH B lIepBoe U3JaHue; JOMOJIHUII TeOPHIO
METPHYECKUX TIPOCTPAHCTB IJIEMEHTAaMH OBIIEH TONOJIOFUH, TEOPHUIO HOPMI-
POBAHHBIX NPOCTPAHCTB — 3JIEMEHTAMM TEOPHH JIMHEHBIX TONOIOTHMEeCcKHX
NMPOCTPAHCTB, TEOPUIO HHTErPHPOBaHus — Teopuelt nuddeperunpoBagus, Te-
OPHIO OPTOrOHAJIBHBIX CUCTEM (DYHKIMH — Teopuel TPUTOHOMETPUYECKUX Psl-
noB u npecbpaszosanunem Pypoe. Ilo ero nmpocsdbe MHOW GBIO Hanmucano «o-
nosiHerne. Banaxosst anre6poi». Cepreil BacusibeBuy Hanucasi riaBy, IOCBs-
LIEHHYI0 HeJIMHERHOMY aHa/Iu3y, ¥ IPOACJIXKAJI PaboTarb HAl Hell, xesas ee
3HAYUTEJLHO PACHIMPHTh, HO CMEDPTH HE JIaJ1a €My BO3MOXKHOCTH 3aBEePUIMThb
3aayMaHHoe a0 kKoHua. K GosbmioMy CoXKaJleHHIO, OCTAJICA HEOCYILEeCTBJIeH-
HBIM U 33aMBICEJI BKJIIOUUTH B KHUI'Y «HEKOTOPbIe IPHMEHEHUS METOHOB (DYHK-
LHMOHAJILHOI'O 2HAJIN3a K BONPOCAM BBIYUCIMTEIBHOH MATEMATHKU».
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B a1oM u3snaHuM MCIpPABIEHH HEKOTOPhIE ONMEYATKY, U CChUJIKH HA CTPAHH-
1kl 3AMEHEHBI CCHIKAMHM Ha COOTBETCTBYIOIME IJIaBy, naparpad, nyskT (310
MO3BOJIMT HPH MOCJIEAYOUUX NePEN3IAHUAX H30eXAaTh MHOTUX HETOYHOCTEH ).

B atoMm romy ucnonusiercst 50 Jier co AHs BBIXOHA IIEPBOI0 BBILYCKd KHU-
ru Annpess Huxosaenuya Kosimoroposa u Cepres Bacunbesuua @onuia,
«DureMeHTH! Teopuu GyHKUME U QYHKIHMOHAIBHOTO aHau3a». HecomuenHo,
YTO KHHIA, CeAbMOE U3/JaHue KOTOPOil IpemJiaraercs 4YMTATEesI0, — OJUH U3
Jy4mux y4ebHuKOB, Hanucauubix npodeccopamu MockoBckore yausepcurera
33 BCIO ABYXCOTHSITHACCATUIETHION HCTOPUIO HALIEI'O YHHUBEPCUTETA.

Mocksa, 2004 1. B. M. Tuzomupos

IIPEOVCJIOBME K IIIECTOMY M3JAHHIO

910 uzgaHue BRIXOAUT mnocse cmeptu Annpes Huxosaesnua Kosmoropo-
Ba. OH OBl HHHLMATOPOM CO3[aHHs B PAMKaX YHHBEDPCHTETCKOro obpasoBa-
HUA Kypca Teopu QYyHKUME 1 HYyHKUHOHAIBHOIO aHAIH3a, I0JIyYUBHIero 6o-
Jnee xopoTkoe HasBanue «Ananmus [1I». Auppeit HukosaeBuy pazpaborast npo-
rpaMMy, OBL/I IEPBLIM JIEKTOPOM 3TOI0 KypCa Ha MEXaHHKO-MaTEMAaTHYEeCKOM
daxyanTere MI'Y (1946/47 rr.), a npn nosroprHom yteunn (1952/53 rr.) zany-
masr Hanucarp y4debuuk. JQuis sroit uenn A. H. Kosimoropos npussiek Cepres
BacunbeBuua ®Pomuna (YnTaBmIero aHaJOTMuYHBLIN Kypc Ha dusnyeckom da-
KYJIbTETE), HAy YHbIE, HeJArOrMYECKUE M YeJIOBEYECKHE KA4eCTBA KOTOPOTO OH
OYeHb BBICOKO LeHmJ. Tax obpaszopasica aBTOPCKMI KOJLJIEKTHB, CO3IaBIIHi
3aMEYATEe/IBHYI0 KHHUI'Y, II0 KOTOPOH HA NMPOTAXEHMM MOMTH TPHAUATH HATH
JIeT BefeTcsi npenojasanue xypca «Ananns I11» B G0/IbIMINHCTBE HAWIMX YHU-
BEPCUTCTOB.

IlepBoe n3amanme yuebHHMKA BBINLIIO OTAEJIBHBIMM BBHITYCKaMH — B 1954
u 1960 romax B uszaresnscree MI'Y. Cuuraro HeoOXOZHMBIM CKa3alb 30eCh
o Gonbumoil posn, KOTOpYIO cuirpaniu B cyasbe Toro msmanuzm (1954 r)
T. O. Benruess r O.C. Kynaruna. Ouu pestt moapoGHBI KOHCIEKT JIeK I
Aunpes Huxosraesuya, n0TOM aBTOPH JOBEPHJM UM (TOIZA elle CTYHEHTaM)
POJIb PEIAKTOPOB U3ILAHUSI, U OHH HCIOJTHIIM €€ C BBICOKHM YYBCTBOM OTBET-
CTBEHHOCTH.

B samuicnie xypca «Ananus [II» orpasunncs pasznoobpasubie obure nega-
rorndeckue uaer A. H. Konmoroposa. Ilpexae Bcero — o eguucTse abcTpakT-
HOM ¥ NPHKJIANHON MAaTEMATHKH, 0 HeoOXoguMOCTH (KaK CKAa3aHO B HpEIu-
CJIOBUM KO BTOPOMY M3HAHHMIO) «APUYYHTh CTYIJEHTOB K JBOHHOMY 3peHHIO:
C ODHOM CTOPOHBI, CJIEAUTD 33 BHYTPERHel JIOruKoil Teopuu MHOXKeCTB, 0bmeit
TEOPUR HEINPEPHIBHBIX O0TOOpaxKeHUHE METPHYECKHUX H TOMOJIOIMYECKHX IIPO-
CTPAHCTB, JIMHEHHBIX NPOCTPAHCTB M (DYHKIMOHAJIOB M OIEPATOPOB HA HHX,
YUCTOR TEOPHH Mepbl ¥ UHTEI'PDHPOBAHMS B ODLINX «IIPOCTPAHCTBAX C MEPO»,
C IZpyrolf — He ynyckars U3 BUOY 06C/TyXUBAEMYIO 3TUMU DoJiee abCTpaK THHI-
MU 00JIACTAMH MATEeMATHKH IPOBJIEMATUKY KJIACCHYECKOrO M JAXKe IMPHKJIAJL-
HOT'O aHAJIU3A».
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Hanee, A. H. KonMoropos Bcerga nponaranaiipoBasi MbICjib O HE0OX0MMO-
CTH «CHHTETHYECKUX» KYPCOB, HIACKH OOPA30BAHMA, KAK HbI HAIIOMMHAIOUIETOQ
JIBHOKEHHE MO Ccnupanu, rge obyuatowuiics co see Gosiee u Dosiee BBICOKODO
ypoBHA 00603peBaeT BeCh NPOUAeHHEIH IyTh. B 310M yuefuuke oCcymecTBasger-
CSI CHITEe3 Uel, C KOTOPBIMU yKC HA HAYAILHOM 3TANC 0OPA30BAHUA CTYIECHTY
NPUXOAUJIOCH CTAJIKHBATLCH B KYPCAX KJACCHYECKOro aHalu3a («Ananus I»),
aredpsl, reomerpun U audrdeperuuanpipix ypasuenni («Arnanus II»). Cam
xe xypc «Aunanus IIl» obbeguunsa marepuas, paree BXOJUBIUI HA MEXMATE
B KYDCHI Teopun GyHKIUUH TeHCTBUTE/IBHOIC HepeMerHoro, (by HKIIHOHAITHLHOrO
aHaN3a, NHTErPAIBHBIX YPABHEHUH, BAPDHAIMOHHOIO UCHUCJICHHA ¥ Op. An-
apeit Hukonaesud cyirraj, 410 yHuBEpCHTeTcKHe y4ebDHMKHM NOJKHBL GHITH
HAIHCAaHbl NPOCTO H JOCTYIHO, ¢ NpUBJeUYeHneM GOJIbIION0 YHCIa OIPHMEepos,
KOTOpBIE CJIYXKII¥ Dbl MOTUBMPOBKOH AJf pasBuTus abcrpakrtioil Teopuu.
Tak 1 HanucaHa 3Ta KHUrA.

Cragana y4eGHUK OhLT 09eHb KPaTKuM (M 9TO COOTBETCTBOBAJIO LIE€PBOHA-
qansHOMYy 3ambicay A. H. Koamoroposa), HO 3areM aBTOpHl PEUHIIM 3HAYH-
TEJILHO PACIIMPHTh MAaTepUaJsl KHULH ¢ TeM, YTODbL HIPENoJaBaATe M PA3JIN YiBbIX
YHHBEPCUTETOB MOIIH OTOHpaTh Aia ceba To, 4ro UM 6osiee BCEro mOIXOMHT.
D10 pacmupenue HLT0, B OCHOBHOM, ocyiecTrieno C. B. PomuubiM npu BTO-
POM, TPETBEM M 4eTBEPTOM usganusx. ITo npocsbe aBTopoB Torina Muow GLLIO
HanucaHo «ononuHenue», nocssuernoe dbanaxosbim asirebpam. 1 suech crona
XO4€eTCs CKa3aTh 0 OOJIHIION TOMOIIH ABTOPAaM B TOT NEPHOL PABOTHI HAa KHM-
roit ee peaaxtopos — M. I1. Aenobenko (1960 r.), @. B. Hlupokosa (19721 - -
Tperse uznanue) u B. M. Anexceesa (1976 1. — gerBeproe usmanue). CmepTs
C. B. ®omuna npepsasta ero pabory Ham KHMroifl, MHOrHe 3aMbICIIBL (B OCHOB-
HOM CBSI3aHHBIE C 1epepaboTKol JecATOR IVIaBbl) OCTAJINCH HEPEATN30BAH-
HbIMU. C NSITOrO M3JAHMS CYyUIECTBEHHBIX H3MEHCHUH HEe BHOCHIIOCL. B 3TOM
H3HAHUH HECKOJIBKO MOZU(MUUUPOBAH CIHCOK JIMTCPATYPLI.

Yuebuuk A. H. Koamoroposa u C. B. PoMuHa NepCH3IaBAJICA B U3HATC -
cree «Hayka» B 1968, 1972, 1976 u 1981 romax. On 6b1a nepeBened Ha MHOI'HE
KHOCTPAHHBIE HA3BIKM: BBLACDAKAJ [ABA H3MAHUS HR AHIVIMHCKOM W SIIOHCKOM
asbikax, 6s11 u3zan B [P, YCCP u BHP, nepesenen na (bpanuy3sckuit u nc-
nmanckuit A3bIky; B 1988 1. BeLEs: B H3parenscTee «Mup» Ha A3bike gapH.

YBepen, uto ewe nosiroe spemsa kuura A. H. Kossmoroposa u C. B. @omvuna
OyZieT Hy»KHA HOBBIM IOKOJIEHHSIM MATEMATHKOB.

B. M. Tuzomupos

NPEOVCJIOBHE K YETBEPTOMY HU3JAHUIO

910 H3gmanue BbrxoauT yxe nocsae cmepti Cepres Bacuibesnva ®Qomuna.
On ycnesn, oHaKko, IPOJEJIaTh BCIO OCHOBHYIO paboTy 1O yCOBEPMICHCTBOBA-
nuio kauru. CyuecTBenno nepepaborana aecaras ryasa. B Heit nobassen na-
parpad, MOCBALMIEHHBI Teopeme 0 HesBHOH pyHEKUMH, U u3MeHeH maparpad
«IJKCTpeMabHbie 3aJa4u». DTH HU3MEHEHHsI IOBJEKJM 3a coboit Heobxomu-
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MOCTh M3MeHeHMH B YeTBeproii Tiase (ciencTeusa u3 teopemnl Xana-Banaxa
u Teopemsl Banaxa o6 obparnom oneparope).

Texcr kuuru 6611 npocmorped B. M. Anexceesbim u B. M. TuxomupoBbim,
KOTOPBIM 5 BbIPAXKAK0 HCKPEHHIOW GJ1arogapHocTb.

A. Koamozopos

IIPEJUCJIOBUE K TPETHEMY U3IAHUIO

IIpr nogroroBke HOBOTO M3LAHUSI MBI COXPAHUJIM OOWIMH 1LJIaH KHUTH U IIO-
CTapajiuch He yBeauuBarh ce obneM. Bmecre ¢ Tem Bech TekCT KHUTH ObLil
32HOBO IPOCMOTPEH U OTPEAAKTHPOBAH. BosibyIo noMours B 310l pabore HaMm
oxaszayn @.B. Illnpokos. B rnasax I u IV cuesann HekoTopble M€pecTaHOBKU
M M3MeHeHus, obsieryaoune, Ha HalWl B3IVISLA, TIepexoil oT Hojiee MPOCTHIX IN0-
HaTu# k Gosiee cnoxupiM (Hampumep, oT HaHAXOBbLIX HpocTpancTs k 6Gostee
obummM B 1. IV). ToBosIbHO CymIeCTBEHHO NEpEepaboTAHO M3JI0KEHHE TEOPUHN
Mepsl (1. V).

B nocnepune roger B xypc «Anamus III» bacro BR/IIOYAIOTCS 3/1€MEHTHI
Teopun GaHaxoBbIXx asrebp u CnekTpasibHOro anasnusa. Ilosromy MBI cCOwIH
nes1ecoobpa3HbIM BKJIIOYUTh B HaULy KHUry Hanucanunoe B. M. TuxoMuposbiM
JOIOJIHEHNE, IOCBAIEHHOE 3THM BONIPOCAM.

A. Koamozopos
C. Pomun

N3 IIPENVCJIOBU A KO BTOPOMY U3IJAHUIO

TlepBoe uznanue «dsemenToB Teopun GyHKUMH 1 GYHKIHOHAILHOTO aHa-
JIN3a» BHILLIO ABYMS OTHE/ILHBIMH BblnyckaMmu B 1954 u 1960 rogax. ITosinie-
HUE 3TUX BBINYCKOB ObLI0 cBa3ano ¢ BK/O4YeHneM B kouue 40-x romos B npo-
rpaMMy MexaHuko-maremarndeckoro ¢axyssrera MI'Y kypca «Ananus III»,
00 BEAUHABNIETO 3/IEMEHTHI TEOPHU MEpbl U TeopuH (yHKUMil, MHTErpaIbHEIE
yPpaBHEHHUd, cBeenus u3 HyHKIUOHATILHOTO AHAIKN3A, & MO3KEe H BapHAIMOH-
HOE MCcHucaeHue. ItoT Kypc, uurasmuitca 8 MI'Y cnepra A. H. Kosmoropo-
BbIM, 8 IIOTOM H APYTUMH Jiekropamu, B ToMm uncie C.B. QomunsM, pomren
B JaJIbHEHIIEM B IPOTPAMMBI ¥ APYTHX YHHBEPCHTETOB.

B croe Bpemst 3amena B MI'Y oranensHeix Kypcos teopun dbynxnuit geit-
CTBUTEJILHOTO HEPEMEHHOI'0, HHTErPAlbHBIX yPaBHeHuH ¥ BApHALMOHHOrO HC-
yucseHust equnbiM kypcom «Axanus III» seizBasia 6ospwme cnopsl. Ilepen
KypcoM Bplia 1MOCTaB/IeHA 33Ja4a NPAYYNTH CTYAEHTOB K JBOMHOMY 3pEHUIO:
C OZHOW CTODOHBI, CJIEANTH 34 BHYTPEHHEN JIOTMKOH Pa3BUTHsI TEOPDHM MHO-
)kecTs, obuweit Teopun HenpepbIBHLIX 0ToOpa)eHnit METPHYECKUX H TOIOJIOTH-
YE€CKUX MPOCTPAHCTB, JIMHEHHBIX IPOCTPAHCTB ¥ (DYHKUMOHAJIOB U ONEPaTOPOB
Ha HUX, YUCTOH TEODHH Mepbl M MHTEIPUPOBAHNHS B ODIIAX «NPOCTPAHCTBAX
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¢ Mepolt», ¢ Apyrolt — He ynyckars U3 BHY 00C/IyKHBaeMyio aTuMu Gosice ab-
CTPAKTHBIMH ODJIACTAMH MATEMATHKN MPOOJIEMATHKY KJACCHYECKOTO M jlaxe
[IPUKJTAJHOr0 aHAIN3A.

Ilpu pemmenuy 1ol 3ama4M MbL B IIAHMPOBKE KHUIH OTAAECM IPEANOYTE-
une abcrpakTHOR JiMHEHK nocrpoenusi kypca. Or ofwel Teopum MHOMKECTB
(rv1aBa I) MOXHO nepeiiTd K METPUYECKHM M TOINOJIOTHYECKHM IIPOCTPAHCTBAM
M MX HCIPEpHIBHLIM 0TOOpaxenuam (rnasa 1) subo HemocpeacTBeHHO K NPO-
CTpaKCcTBaM ¢ Mepoit (6e3 TONOIOrMM) M MHTErpHpPOBaHHMIO B HUX (niasa V).
B rasax III u IV usyqarmrcs el Hble IPOCTPAHCTBA U JIHHENbIe Dy HK -
OHAJIBI U omepaTopkl B HUX. OT 3THUX [JIaB BO3MOXKEH PAMOil repexo/l K riase
X (nenuneiinvie nuddepenuupyemple oneparopst 1 ¢pyuxuuonanst). B ria-
Be VII u3yvaroTca snuelidbie npocTpanicTra cymMMupyeMbix yskumit. Jinms
B mmapax VI u VIII Buumanue, mo cymecTBy, COCPEOOTOUYCHO Ha (DYyHKLUAX
JeHCTBHTE/TBHOIO IePEMEHHOI0.

XoTs B mepByIo o4epeh B Hamed KHHUre M3J1araioTcs odlue NOHATHA Teo-
pun pyHKUHi 1 GYHKUHOHATBHOTO AHAJIU3A, BHUMAHHE K IIpUMBIKaomel co-
Ja KJIacCH4ecK oif npobjieMaTHKe YUTaTesib MOXKET [IPOC/IEIHTh OTH BO BCEX
rnaBax. Bxmmouenue B kuury rias VI (reopua auddepennuposanns), VIII
(Tpuronomerpuyeckue paabi 1 uaTerpasa Pypoe) u IX (suneiiubie uaTErpasn-
Hble YpaBHEHHUS) NPUBOJIUT K TOMY, YTO Cefiyac Halmia KHUIa OXBATHIBAET BCIO
nporpammy npuuaaroro B MI'Y kypca «Ananus III», kpome BapHaliHOHHOIO
HCUHCIeHuA. Mbl He BRJIIOYMJIM 5TOT pasges B HAuly KHUIY, OTPAHUIHBOINCH
JIRUIb M3JIOXKEHUEM B [VIABe X CAMbIX IIEepPBbIX HPEICTAaBJICHHI O HesMHeitHOM
GYHKUHOHAIBHOM AHAJU3E.

B HOBOM M3IaHUU, KaK H B IEPBOHAYAJIBHOM, 3HAYUTE/ILHOE MECTO 3aHU-
Maer obias# Teopus Mepbl. B nocsexnmee BpeMs IOSIBHJIOCH AOBOJIBHO MHOI'O
H3JTOKEHHH TeOPHH HHTErPHPOBAHMH, OCHOBaHHOMK Ha cxeme HaHuwens, He nuc-
noJIL3yIOMER annapara TeopHH Mepbl. Mbr IosraraeM, OAHAKO, YTO TEOPHs
MephI JOCTATOYHO BaXKHa U caMa o cebe, HE3aBUCHMMO OT BBEUEHNs ITOHATHS
HHTErpaJa, ¥ 3ac/IyKUBAET BKJIOYCHUA B YHUBEPCUTETCKHI KypC.

BkiioyeHne HOBBIX IVIaB 3aMETHO yBesmuusio obbem kHuru. Crapble ria-
BBl TOX€ CYIIECTBEHHO NepepaGoTaHbl ¥ B HUX BKJIIOYEHB! HOBble naparpadl
(nampumep, 0 NOPAAKOBBIX THIAX U TPAHCHHHUTHBIX HHC/IAX, TONOJIOTHME-
CKUX NPOCTPAHCTBaX, 06obmennbx GyHKUMAX B AP.).

ITepepabarbiBast Hauly KHHLY U BKJIOYAs B Hee HOBBIC PA3leJibl, MbI CTa~
PAJIHCh, OJHAKO, COXPAHUTh B Hefl TOT CPABHMUTEJILHO 3JIEMEHTADHLIR CTIUIbL
U3JI0KEHN s, KOTOPbIH ObLT BBLOEPXaH, KaK HAM KaXKeTCH, B IePBOM W3 aHIH.
Mpr HagmeeMcs1, UTO OHA HalJET CBOE eCTECTBEHHOE MECTO B yHHBEPCHTETCKOM
NpenogaBaiuy Hapany C UPYTHMM PYKOBOLCTBAaMH, B 9YAaCTHOCTH, C KHUIOH
I E. IInnoBa «Maremaruvyeckuii aHasin3, CHEUHAJIBHBINL Kypc», B KOTODOii
6oJlee MOAYEPKHYTA AHAJIUTUIECKASL CTOPOHA IeJ1a, & MHTEPEC K MeTPHYECKUM
M TOTIOJIOrHYECKHM IIPOCTPAHCTBAM, MEPaM H T. [l. KAK CAMOCTOATE/TbHBIM 00b-
eKTaM KYJIbTHBHUPYETCH B MEHbIIEH CTerneHu.

A. Koamozopos
C. Qomun
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I'TABA 1
JIEMEHTBLI TEOPM MHO>KECTB

§ 1. Ilousitue MHOXecTBa. Onepanyu Hald MHOXeCTBaMH

1. OcHoBHbIe onpenesieHusi. B MareMaTuke BCTPEYAIOTCH CaMble
pasHoobpasubie MmHoKcecmea. MOXKHO rOBOPUTH O MHOXKeECTRe rpaHei
MHOTOFPAHHUKE, TOYEK HA NPSMOH, MHIOXKECTBE HATYPAJIBLHLIX YHCEJ
u T. 3. llonsitue MHOXKeCTBA HACTOJILKO ODIlee, 4TO TPYUHO HATH €My
Kakoe-Jiubo onpenesieHe, KOTOPOe He CBOLMJIOCH Dbl [IPOCTO K 3aMelie
CJIOBA «MHOXKECTBOY €r0 CHHOHUMAMU: COBOKYITHOCTE, CODpanye sJ1eMeH-
TOB ¥ T.TI

Pons, KOTOpYIO NOHSITUE MHOXKECTBA MCPAeT B COBpeMeHHON MaTeMa-
THUKE, OIPENEsISeTCs HE TOJIbKO TEM, YTO CAMA TEOPHUs MHOXKECTB CTAJa
B HACTOSfIEE BpeMsA BechbMa OONIMPHOM M CONePXKATELHON JMCHHILIN-
HOMt, HO IJ1aBHBLIM 0OpPa3’OM TEM BJIMSIHMEM, KOTOPOE TEOPHsI MHOKEGCTB,
BO3HHUKIIAsST B KOHIE IIPOLIJIONO CTOJIETHSI, OKA3BIBAJIA H OKA3bIBAET
Ha BCIO MaTeMaTHKY B lUesoM. He crassi coell 3anaueil ckobKo-u1by b
NOJTHOE M3JIOZKEHUE STOH TEOPHH, MbI 3/1€Ch JIMIIL BBEAEM OCHOBHBIE 060-
3HAYEHUS U NPUBEIEM NIEPBOHAYANbLHEIE TEOPETHKO-MHOXECTBEHHBIE [10-
HATHs!, HCHIOJIb3YyEMble B JaJibHelnem.

MnuoxecrBa Mbl Oyaem 0603Ha4aTh nponucHbiMu 6ykBamu A, B, ...,
4 UX BJIEMEHTBI — MAaJILIMK @, b, ... YTBepKIeHHEe «3JIEMEHT 4 NPUHAM-
JIEXXUT MHOXKECTBY A» CHMBOJIMYECKM 3aNUCLIBAETCA Tak: a € A (nin
A3a);3anucs a ¢ A (wu A F a) o3Hauaer, YTO JIEMEHT @ HE TPUHAI-
nexuT A. Ecsim Bce s51€eMeHTBI, M3 KOTOPBIX COCTOUT A, BXOHAT ¥ B B
(npuuem ciy4dail A = B de ucksirovaercs), 10 Mbl HagbiBaeM A nodmmo-
acecmeom muoxecTBa B n numwem A C B. Hanpumep, uensie auncsia
06pa3yIoT NOJMHOXECTBO B MHOKECTBE BCEX NeHCTBUTEJILHBIX YHCEe.

Huorga MbI He 3HaeM 3apaHee, COIEPIKHUT JIM HEKOe MHOXKECTBO (Ha-
[pUMep, MHOXKECTBO KOpHell JAaHHOro ypaBHeHHs) XoTs Obl OfHH 3Je-
medT. [Hosromy nenecoobpaszHo BBECTH NMOHSITHE NYCMO20 MHOKECTBA,
T. €. MHOXKECTBA, HE COJAEPIKANIETO HU ONHOTrO 3meMenTa. Mol 6yiem ofo-
3Ha4YaTh ero CUMBOJIOM &. Jli060e MHOKECTBO CONEpxKUT & B Kade-
crBe noAMHOKecTBa. [[onMHOKECTBA HEKOTOPOIO MHOKECTBA, OTJIHYHbIE
OT HEro CaMoro u OT &, HA3BIBAIOTCH CobCMEEnHbLMU.
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2. Onepauuu Haj MHOXecTBaMH. [lycts A u B — npou3BoJIbHbIE
MHOXKECTBA; UX cymmoli, uim obsedunernuem C = AU B HaseiBaercs
MHOXECTBO, COCTOAIIEe M3 BCEX 3JIEMEHTOB, NPUHAIIEKAINX XOTA ObI
onxomy u3 muoxecrs A u B (puc. 1).

A B A B

C=AUB C=ANB
Puc. 1 Puc. 2

Anasiorn4Ho onpenesnisgerca cyMmma Jiio6oro (koHeyHOro MiM Oec-
KOHEYHOI'0) YMCJIa MHOXECTB: ecyid A, — IPOU3BOJIbHBIE MHOXECTBA,
TO ux cymma | J A €CTh COBOKYNHOCTB 3JIEMEHTOB, KasK bl 13 KOTOPBIX

fe d
NPUHAIJIEKHUT XOTs ObI OHOMY M3 MHOXECTB A,.

Hazosem nepecevenuem C = AN B muoxecTB A u B MHOXeCTBO, CO-
CTOSIIIEE U3 BCEX 3JICMCHTOB, NpHHaIexamux kak A, Tak u B (puc. 2).
Hanpumep, nepeceueHre MHOXKECTBA BCEX YETHBIX YHCEJ M MHOXECTBa
BCEX YHUCEJI, NEJIANMXCS Ha TPH, COCTOUT M3 BCEX LIEJIBIX YMCes, AeJis-
muxcst 6e3 ocTaTka Ha mecTh. IlepecevenueM 1106010 (KOHEYHOrO UK
GECKOHEYHOrO) YMC/IA MHOXKECTB A, Ha3bIBaeTCsl COBOKYMHOCTH [1Aa
3JIEMEHTOB, NPUHANIEXKAIINX KAKIOMY H3 MHOXKeCTB Ag. *

Onepanun CJIOXKEHUsI U MEePEeCEYCHUsT MHOKECTB N0 CAMOMY CBOEMY
ONpEeneJsIeHNI0 KOMMYTATHBHEL U aCCOLUMATHBHBL, T. €.

AUB = BUA, (AUB)UC = Au(BuUC(C),
ANB=BNA, (ANnB)NC=An(BNC).
Kpome Toro, oHu B3aMMHO TUCTPUOYTHUBHBI:
(AuB)NC=(ANnCYu(BNC), (1)
(ANB)UC =(AUuC)N(BUC). (2)
HelcTBUTEILHO, IPOBEPUM, HAIPUMED, NEPBOC H3 ITUX paBeHcrsl).

IIycTs aneMeHT & NpUHAIJIEKUT MHOKECTBY, CTOAEMY B JIeBOI HacTy

1) PaBencTBo ByX MHOXECTB A = B IOHUMAETCS KaK TOXIECTBEHHOE PABEHCTBO,
T. €. OHO O3HAYAET, YTO KaX bl 3/1eMeHT MHOXecTBa A npuHatexuT B, u Haobopor.
Inat4e rosops, paBeHCTBO A = B paBHOCAJILHO TOMY, YTO BBLINOJIHEHBI 062 BKJIIOYE-
ausi: AC Bu B C A.
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pasenctia (1), T.e. z € (AU B)NC. 310 o3navaer, 4ro £ Bxoout B C
4, KpOMe TOoro, 1o kpaitneii mepe B omHo u3 muoxkects A wim B. Ho
TOTAA T MPHHANNEKHUT XOTs 661 onpoMy 13 Muoxects ANC win BNC,
T.€. BXOOUT B NPABYIO HacTh paccmarpuBaemoro paseHcrsa. Obpariio,
nycte £ € (ANCYU(BNC). Tormaxz € ANC wiu z € BN C. Caeno-
BaresibHO, © € C 1, Kpome Toro, £ BxoauT B A wm B, r.e. z € AU B.
Taxnm obpasom, € (AUB)NC. Pasencrso (1) nokasano. AHanorn4uo
IpOBEpAETCst PaBEeHCTBO (2).

A B

C=A\B C=A4AABR
Puc. 3 Puc. 4

Onpenennm 77151 MHOXECTB ONEpanMio BubiuuTanua. Hasosem pas-
nocmoto C = A\ B muoxecrs A u B COBOKYNHOCTb TE€X 2JIEMEHTOB
u3 A, koTopbie He conepxkarcs B B (puc. 3). Ilpn atoM, BooBuie rosops,
He npeanonaraercs, 4ro A D B. Bmecro A \ B unorna numyr A — B.

Muorpa (nanpyumep, B Teopur Mepbl) yIOHHO PACCMATPUBATH TAK Ha-
3BIBAEMYIO CUMMEMPUEcKy pasxocms nByx Mmuoxects A m B, ko-
TOpasa ONpefensieTca Kak cymMMa passocret A\ B u B\ A (puc. 4).
Cummerpuyeckyio passocts C MHOXeCTB A u B mbi 6ynem 0603HaqaTs
cumBoniom A A B. Takum 06pasoM, no onpeiesienunio,

AaB=(A\B)U(B\A).
Ynpaxzacuue. [lokazars, aro

AAB=(AUB)\ (ANB).

YacTo NpUXONUTCA pPACCMATPHUBATH TOT UJlM WUHOR 3amac MHOXKECTD,
SIBJIAIOMAXCA [TOJMHOXKECTBAMH HEKOTOPOI'G OCHOBHOTO MHOXKECTBa .S,
HAIIpUMED, PA3JIMYHble MHOXKECTBA TOYEK Ha YUCJIOBOH npsimoit. B sTom
ciayuae pasHocTts S\ A HasbiBalOT domoanenuem MHOXKecTBa A u 0bo-
snavaor GA wmm A'.

B Teopun MHOXECTB M ee NPUJIOKEHNUAX BEChMA BaXKHYIO POAb UTPaeT
TaK Ha3bIBAEMbIl NPDUHLUN ABOUCTBEHHOCTH, KOTOPLI oOcCHOBAH
Ha CJIEIYIOUMX JABYX COOTHOILIECHUSIX:
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L. Honoanenue cymmo, pasno nepecevenuro donoanenui
S\U4a =(S\ 4a). 3)
a3 a4
2. Jonoanenue nepecencnus pagho cymme gonoanenuts:

S\QAa :LQJ(S\A")' (4)

[IprHoun OBOUCTBEHHOCTH COCTOMT B TOM, YTO H3 JIIOOOrO paBEH-
CTBa, OTHOCAUIEroCs K CHCTEME [TOJMHOXKECTB (DMKCHPOBAHHOIO MHOXKE-
ctBa S, COBEPIIEHHO aBTOMATUHYECKHU MOXKET ObLITh MOJIyde-
HO Ipyroe — HBOHCTBEHHOE — PaBEHCTBO YTEM 3aMEeHbl BCEX paccMa-
TPUBAEMBIX MHOXECTB UX JOMNOJHEHUAMH, CYMM MHOXKECTB — Iepeceye-
HUAMH, a nepecedennit — cymmamu. IIpumepoM HucCrosIb30BaHMA 3TOTO
MPUHIUNA MOXET CJIy’KHUTh BBEIBOA Teopembl 3' us teopemst 3 § 2 1. I

ITpuBenem noKa3aTesIbCTBO COOTHOWEHHS (3).

Ivers z € S\ |J An. D10 03HAYAET, YTO T HE BXOAAT B OObEAMHEHHE
[23
U 4., T e. He BXOOHUT HU B OHHO M3 MHOXeCTB A,. CienoBaresbHO,
a
NPUHAJJIEKAT KajkI0My u3 gonosHenutt S\ A, u notomy z € ((S\ Aq)-

[e3
O6parso, nycts = € (S \ Aa), Te. z Bxomut B xaxuoe S \ A,; Torna
o

Z HE BXOOUT HU B OJHO U3 MHOXECTB Ay, T. €. HE MPUHANJIEKHAT UX CyMMe
(JAq: atorma z € S\J Aq. Pasencrso (3) noxasaso. Coorsomenue (4)
3 (o3

HokasbiBaercs adasornuno. (IIpoBeauTe 10Ka3aTeIILCTBO. )

HasBaune «cuMMeTpuyeckast pa3HocTby» A onepaunu A A B He coBcem
YOA4HO; 3Ta ONEpAlHsa BO MHOTOM AHAJIOCHYHA ONEPALMH B3SITHS CYMMBI MHO-
xectB AU B. [efictButessno, AU B 03nayaer, YTO MBI CBA3BIBAEM HEUCKANO-
YAOUWUM KAJIM» OBA YTBEDPKICHUS: «3JeMEHT NIPHHAJJIERNUT A» u «3itement
npuHaiexuT B», a A A B o3Hadaer, 4TO Te XK€ CaMmble IBA YTBEPXKICHUA
CBS3BIBAIOTCH UCKAONGIOUUM KUJIH»: 3JIeMeHT T npuHagnexur A A B toraa
4 TOJIBKO TOIZa, KOrAa OH NpuHamjiexutr jubo moavko A, nmubo moavko B.
MuoxectBo A A B M0xHO 66110 Ob1 HA3BATL «CYMMOIi 110 MOIYJIIO /1BA®» MHO-
xectB A 1 B (fepercs ofbeauHeHHe 9TUX ABYX MHOXECTB, HO 3JICMEHTHI,
KOTOPBIE [IPH 3TOM BCTPEYAIOTCH ABAXKADI, BHIOPACHIBAIOTCH).

§ 2. Orobpaxkenns. Pasbuenust Ha KJracchl

1. Orobpaxkenne mMHOXKecTB. OOwee noHaTHe (QYHKIMM.
B ananuze nousTtue (GyHKIMH BBOAWTCH cieayoomum obpasom. IIycts
X -— HEKOTOPOE MHOXKECTBO Ha 4ucJIoBo# npsiMoit. 'oBopsit, uTo Ha 3TOM
MHOXECTBE onpenesyieHa QYyHKUUSA f, €CAU KAOKIAOMY HUCILY
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z € X NocTaBJIeHo B COOTBETCTBHE OllpelesieHHoe wuciao y = f(z).
pu srom X naswmipaetcs obracmuvio onpedesenus nannoit byHKUNY,
a Y — COBOKYIHOCTDL BCEX 3HAYEHHH, HPHHUMAEMBIX 3TOH dyukuned, —
ce 0baacmuro 3navcHutl.

Ecnu xxe BMECTO YHC/I0BLIX PACCMATPUBATL MHOXKECTBA KAKOH yrox-
HO NPUPOAbI, TO Mbl NMPHAEM K CAMOMY ODIICMY TNOHSITHIO (DYHKIMHA.
Iycts M u N — 1Ba NpousBOJIBHBIX MHOXeCTBa. l'osopsar, yro na M
onpenenena pyHKIus f, IPUHAMAOMAs 3HAYEHNs: U3 N | eCJIH KaKIOMY
3J1eMEHTY T € M nocTaBjieH B COOTBETCTBME OAHH M TOJIBKO OIUH 3Jie-
meHT ¥ 13 N. 1051 MHOXCCTB IPOU3BOJILHON NMPHPOIB! (KAK, BIPOUEM,
¥ B CJIy4Yae YHCJIOBBIX MHOXECTB) BMECTO TePMHHA «(hYHKUHMAS HaCTO
HOJIL3YIOTCST TEPMUHOM «0TOOpaskenue», rosopa ob oTodpaxkeHnn oj-
HOrO MHOXeCTBa B jpyroe. IIpu crnenuanu3anuu IPHPOIALI MHOMCCTB
M u N BO3HMKAWT clienuaJibHble THITbI PYHKUMIl, KOTOpbIE HOCAT 0CO-
Oble Ha3BaHUsl «BEKTOP-DYHKUMA», «Mepa», «DYHKIMOHATS, «Olepa-
TOp» ¥ T. A. Mbl CTONIKHEMCSI ¢ HUMH B HaJipHeiineM.

Hna obosnagenna gyuxnnu {(oTobpawxenust) u3s M B N Mpt byoem
YACTO NOJB30BATLCA 3anucbio f: M — IN.

Ecnu a — anement us M, 1o orBevaomnii emy anement b = f(a)
u3 N naswiBaercs ofpaszom a (npu orobpazkennu f). COBOKYITHOCTE BCeX
TeX 3JEMEHTOB a u3 M, 06pa3soM KOTOPBIX SIBJIACTCA NaHHbIH ssieMelt
b € N, naspisaercs npoobpasom (WiH, TOUHEE, TOANGAM NPOOOPAZOM)
anemenTta b u obosnauaercs f1(d).

Ilycte A — Hekotopoe muHOXKecTBO M3 M; cosoxkynuocts {f(a):
a € A} Bcex snemenToB Busa f(a), rue a € A, nazpipaercst ofpazom A
n oboznavaerca f(A). B cBoio odepens s Kaxk0ro Muoxecrsa B na N
onpenenserca ero (nonuwiit!) npoobpas £~ (B), a umecnno: f(B) ccrh
COBOKYIHOCTb BCEX TeX 2/1eMeHTOB u3 A, 0bpasul KOTOPHIX IpHIaJLIIC-
xkar B. Moxer okasarnhes, YT0 HU OguH 3JieMeHT b 113 B He umeer He-
nycroro npoobpasa, Toraa n npoobpas fT1(B) 6yaer nycThIM MHOMKE-
CTBOM.

30ech Mbl OTPAHUYIMCSH PACCMOTPEHMEM CaMbIX 06X cpoficTs oro-
OpaxkeHnuii.

Beenem caenyomyio repmuuosorunio. Mt 6yjieM TOBOPHTE, YTO f eCTh
omoGpasxcenue MHoxecTBa M «wna» muoxectBo N, ecoin f(M) = N;
Takoe OTOOparKeHHe HA3BIBAIOT Takke cropsexyued. B obuem ciyuae,
T.e. xorja f(M) C N, ropopsart, 110 f ecTs omofpadcenue M «e» N.

Ecnn pnst mobeix [ABYX pasjMYHbIX 3JIEMEHTOB T M T u3 A nx
obpasel y; = f(z1) v ys = f(z2) Takke pasymyupl, 10 f HA3LIBAETCS
unsexyueli. Orobpaxenue f : M — N, KOTOopoe OAHOBPEMEHHO ABJis-
ercs CIOpPBbeKUHel M uHbLeKiueil, Ha3plBaeTCA Ouexyuetd WM G3GUMHO
OTHO3HANHBIM coOTRBEMcMEUeM Mencdy M u N.
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YcTaHOBUM OCHOBHBIE CBOHCTBA OTODpaXKEHNH.

Teopema 1. IIpoobpas cyMMbl ABYX MHOXKECTB paBEH CYMMeE HX

TPooBPAa30B:
fH(AuB) = fTH(A)U fY(B).

Hoxkaszareabcrso. IlycTth 9/IeMEHT T NPUHALJIEKUT MHOKECTBY
f7 (4 U B). 310 osnauaer, uro f(z) € AUB, te. f(zr) € A wm
f(z) € B. Ho Torna x npunajIexuT no kpaltueli Mepe oauoMy u3 MHO-
xects f1(A) unu f71(B), r.e. z € f71(A) U f~1(B). Obparuo, eciu
z € fY(A)U f~1(B), To  npuHaMNexKHUT O KpaltHeit Mepe OJHOMY
uz muoxecrs fTH{A) u f1(B), t.e. f(z) npunagnexur xora 6b1 O~
HOMY M3 MHOXKeCTB A nnm B, cnenosaresibho, f(z) € AU B, Ho Torna
z € fTH(AUB).

Teopema 2. IIpoobpas nepecedeHHst AByX MHOXKECTB paBeH Iepe-
Ce4eHHI0 HX HPooBpa3zoB:

fTHANB) = fTH(A) N fTH(B).

Hoxasatenscrso. Ecmz € f71(ANB), 1o f(z) € AN B, Te.
f(z) € An f(z) € B, cienosatensno, z € f (A) u z € f~1(B), e
r e f-1(A)N f-1(B).

Obparuo, ecmu z € f~H(A)Nf~Y(B), re.x€ f~Y(A) uz € f1(B),
to f(z) € A u f(r) € B. Unaye rosops, f(z) € AN B. CrenosaressHo,
z € fHANB),

Teopema 3. O6pas cyMMmbl ABYX MHOXKECTB PDABEH CyMMe HX 00pa-

o f(AUB) = f(A) U £(B).

HJoxaszareascrso. Ecym y € f(AU B), ro 310 03Ha4aeT, 4TO
y = f(z), roe  npuHapiexuT NO KpailHe# Mepe OJHOMY U3 MHOXECTB
A u B. CanepoBaresnbno, y = f(z) € f(4) U f(B). Obparno, eciin
y € f(A)U f(B), o y = f(z), tne T npuHamIexRUT N0 KpaliHei Me-
pe omnomy uz muoxectrs A u B, t.e. £ € AU B u, cienosaresbHO,
y = f(z) € f(AU B).

Teopemsbi 1, 2 u 3 octatoTCs B CUJIE UL CYMM H nepecedenuit moboro
(xoHE4HOro MM HECKOHEYHOrO) YUCIIa MHOXKECTB.

3amerumM, 4TO 00pa3 nepecevenur 0eyr muoxcecms, goobuje 2080ps,
He cognadaem ¢ nepecernenuem ur obpaszos. Hanpumep, nycrs paccmar-
puBaemoe oTo0paxeHue npeacTapiseT coDOU POeKTHPOBAHHE MIOCKO-
cru Ha ock z. Tornma orpesku

0z, y=0,
0z, y=1

He MEepeceKaroICcs, a B TO XKe BpeMs UX oOpa3pl COBNIAIOT.
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Ynpaxuenue. Jokaxure, 4To npoodpas JONC/IHEHUT PABEH HONOJIHE-

HMIO n1poobpasa. Bepno s anasiorinuHoe yreepxkiienne s ofpasa monosiie-
?
HUA'

2. Pasbuenne Ha kJacchkl. OTHOLEHHs BKBHBAaJEHTHOCTH.
B caMpix passMyHbIX BOOPOCAX BCTPEUYAIOTCH PasbHEHUA TCX HIJIM MIBIX
MHOKECTB Ha IONapHO Henepecekaomuecs nojaMmumxecrsa. Hanpumep,
IJIOCKOCTD {PACCMATPUBAEMYIO KAK MHOXKECCTBO TOUYEK) MOXKHO PasbuTh
Ha TIpsiMble, NapaJjijiesibHble OCH T, TPEeXMEpPHOe NPOCTPAHCTBO MOXKHO
NPEJICTAaBUTH KaK 00beIUHEHNE KOHIIEHTPUYECKIX cdep Pa3sIMUHbIX pa-
nuycoB (HayuHas ¢ r = (), kuTesell TAHHOTO ropoza MOXKHO PasbuTh
Ha TPYIIIL HO UX FO/Ly POXKIEHUA U T. 11

Kaxnsrit pas, korna HekoTopoe MEOXeCTBO M 1IpesICTaBAEHO TEM MJITH
HHBIM CHOCOO0OM KaK CyMMa NOMAPHO HeITePeCeKaoUINXCs TOIMHOKECTR,
MBI TOBOPHM O paszfuenuu muoncecmea M Ha xaacco.

OOLIYHO NPUXOIMTCS MMETh OEJIO ¢ PAa3OHEHMsIMH, MOCTPOCHHBIMU
Ha 0asze TOro WX MHOrO NPH3HAKA, 0 KOTOPOMY SJIEMEHTBI MEOMKe-
crBa M obvenuusiiorcss B kyiaccsl. Hanpumep, MHOXKECTBO BCex Tpe-
VIOJIbHHKOB Ha IJIOCKOCTH MOXKHO pa3bUTh HA KJIACCH! PABHBIX MEXTY
cobo#t MM HA KJIACCH! PABHOBEJTMKHX TPEYTOJIbHUKOB, Bce DYHKIINHE OT &
MOXHO pa3buTh Ha KJIacChl, CODMpast B OJMH Kjace QpyEKIuN, NpUHU-
Malmue B JAHHOH TOYKE ONMHAKOBLIE 3HAYCHUS, U T. 1.

[Ipu3Haku, 110 KOTOPHIM SJIEMEHTHI MHOXKECTBA Pa30NBAIOTCSI HA KJT1ac-
CbI, MOryT ObITHL CAMBIMHM Pa3noobpasubiMu. Ho Bce ke Takoil npusnax
He BriosiHe npowussosien. Ilpennonoxum, HanpuMep, YT0 MbI 3axX0TeTH OB
pa3buTs BCe OCIHCTBUTEIIBHEBIE YUCJIA HA KJIACCH], BKJIIOYAA YUC0 b B TOT
JKe KJIACC, 9TO M YMCJO @, B TOM H TOJbKO B TOM Cjlydae, KOrna b > a.
fAcHo, 9T0 HUKAKOTrO pa3OueHus AeUCTBITETbHBIX YUCE Ha KJIACCHl Ta-
KHM [yTeM MOJIYYUThL HEeJIb3s1, TAK KaK ecsu O > a, T.e. ecyn b caenyer
3aYUCJMTHL B TOT XK€ KJAcC, YTO U @, To a < b, T.e. yncino a neanas
BKJIIOYUTh B TOT Xe KJacc, 410 1 b. Kpome 1oro, Tak xax a ne 6ojibnie,
4eM CaMoO a, TO @ He JoaJcHO Monecms B OfWH KJIACC C camum coboit!
Lpyroit npumep. Ilonpobyem pa3dburb TOYKH IIJIOCKOCTH HA KJACCLI, OT-
HOCSI iB€ TOYKH K OJHOMY KJIACCY B TOM M TOJIBKO TOM CJIy4ae, KOr/a
paccrosiHue Mexay HuMH mesbiue 1. flcHo, 9T0o 100MThCsT 3TOro HeJTh3st,
TaK KaK ecju paccrosinne ot ¢ ao b meusue 1 u paccrosmue ot b Jjio ¢
Menblile 1, TO 9T0 BOBCE HE O3HAYAET, YTO PACCTOSIHUE OT @ JIO ¢ MEHb-
me 1. Takum obpasom, 3auucass a B oaun Knace ¢ b, a b B onun kjace
C €, MBI HOJIYYHM, YTO B OJIHH U TOT K€ KJIACC MOTYT NONACTD JIBE TOYKH,
paccTosiiie Mexay KOTopbiMu Oosbuie 1.

IlpuBenentbie npUMEpPHI NOACKA3BIBAIOT YCJIOBUS, NPH KOTOPLIX TOT
WM MHOW NIPU3HAK JeiCTBUTEJILHO II03BOACT PasOUTh 3J1EMEHThl HEKO-
TOPOr0 MHOXKECTBA Ha KJIACCHI.
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Ilvers M -— HEKOTOpoe MHOXKECTBO H IIVCTb HEKOTOPBIE M3 [1ap
(@, b) 31eMEHTOB 3TOr0 MHOXKECTBA ABJIAIOTCA «OTMedeHHbIMU»!). Ecim
{a,b) -— «orMeueHnas» napa, TO Mbl OyIEM FOBOPHTH, YTO BJIEMEHT a
CBA3AH C b orHOwWeEnHeM ¢, U 0003HAYATHL ITO CUMBOJIOM ar:b. Hanpu-
MED, eCJIH MMeeTCHA B BHIY pasbueHne TpeyrosbHHKOB HA KJACCHI PaB-
HOBEJIMKHX, TO aryb 03HAYAET «TPEYTOJILHMK @ MMEeT TY 3Ke IJIOWAb,

9TO H TPEYTroOJIbHUK b». ﬂam{oe OTHOILIECHHE Y HA3bIBALTCA OMHOWEHUEM
IK6UBAAEHIIHOCTNU, €CJIN OHO oG.na,uaeT CJIeAyIomuMHu CBOUCTBAMU.

1) Pediercusnocts: arya s noboro ssemMenTa a € M.
2) CYMMEeTpIYHOCTD: ecJiu af;;b, TO b:aa.
3) TpausuTUBHOCTL: ecyiu ar;ab u br:c, TO arvc.

ITU yCJIOBUA HEOOXOMMMBI U AOCTATOYHbI /I TOrO, YTOOLI OTHOLIE-
Hue o (npusnax!) nossosisiio paséurs MHOxecTBO M nHa kjaccel. B ca-
MOM Jesie, BCAKOe pasbueHne JaHHOTO MHOXKECTBA HA KJIACCHI Onpele-
JISET MEXKJIY 3J1€MEHTAMM 3TOr0 MHOKECTBA HEKOTOPOE OTHOIIEHHE SKBH-
BAJICHTHOCTH. JIeHCTBUTEIbHO, eC1M aryb 03HAYAET «a HAXOAUTCA B TOM

JKe KJjjacce, 4To U b», To oTHOUIeHMe  OyAET, KAK JIErKO HPOBEPUTH,
pedTeKCUBHBIM, CUMMETPUYHBIM H TPAH3HTUBHBIM.

O6parHo, nycTh (¢ — HEKOTOPOE OTHONICHME SKBUBAJIEHTHOCTH Me-
KOy aJsieMeHTamMu MHOxkectsa M u K, — xJjacc snementos = n3 M,
9KBUBAJICHTHLIX AHHOMY 3J/IEMeNTY a: rrva. B cuny ceoifcrsa pednek-
CHBHOCTH 3JIEMEHT ¢ caM upunaiexur kiaccy K,. Iokaxkem, yto npa
kyacca K, u K} nnbo cosnanator, imbo He nepecexkaworcs. Ilycrs ge-
KOTODBI 3JIEMCHT ¢ NPHHANNEKUT oanoBpemenno u K, u K, . e. c~a

u c~b. Torga B CUIy CHMMETPUYHOCTH A~C U B CHJIy TPAH3UTHBHOCTU
v ¢
a?b. (1)

Ecnu Teneps £ — npoussonbubli snement n3 K, T.e. Trva, T0 B CH-
gy (1) u csoficTBA TPAH3HTHBHOCTH zr:b, T.¢. ¢ € Kp.

Touno Tax XKe JOKA3BIBACTCA, YTO BCAKUI 3jleMeHT ¥y € K BXOauT
B K,. Takum obpasom, gpa xnacca K, n Kjp, uMe0mux xotsa Obl OIuH
obuuit 371eMenT, coBnanaloT Mexay coboi. Mpr mosyunsn paszduenne
MHOKeCTBAa M HA KJIACCHI 11O 3aJAHHOMY OTHOUICHHIO 3KBUBAJICHITHOCTH.

[TonaTne pasbnenus MHOXKECTBA HA KJIACCHI TECHO CBA3AUO0 C PACCMO-
TPEHHBIM B NPEIbIAYIEM NYHKTE MOHSITHEM OTODPAXKCHUA.

IIycrs f — orobpaxenue muoxecrsa A B mHOxectBo B. Cobipas
B OIMH KJIACC BCE aJIeMeHTH u3 A, 0bpassl KOTOpeIX B B COBNaaaror,

Y 1lpu aroM anementnt a m b Gepyrcs B onpenesienHoM fopsake, T.e. (a,b)
u (b, a) -— ase, BOOOWIE rOBOPA, PA3AUYHbIE 1APHL.
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MBI HOJIyYHM, OUEeBUIHO, HEKOTODOoe pasdienue mHoxecTsa A. Obpatho,
pPACCMOTPUM [IPOU3BONBHOE MHOXKECTBO A M HEKOTOpoe ero pasbuenue
Ha knacesl. [lycetb B — COBOKYIHOCTD TeX KJIACCOB, HA KOTOpBIe pa3buro
MHOx)ecTBo A. CraBsi B COOTBETCTBHE KAXKJOMY 3Jemenry a € A tor
kaacc (T.e. asiement u3 B), Kk KOTOPOMY G NPHHAJNJIENKNT, MBI HOJTYUHM
otobpazkenue MHOXKeCTBa A Ha MHOXKeCTBO B.

Hpumepsn:. 1. CopoexTupyem mwiIocKocTh 2y HA ock . IIpoobpassl
TOYEK OCU  -— BEPTHKAJIbHbIE HpsaMbe. $enoBaresibHO, aTOMyY 0T0Opa-
JKEHMIO OTBevaeT pasbueHue IJIOCKOCTH HA MAPAJINIeIBHBIE UPSIMbIE.

2. Pa3obbeM BCE TOYKH TPEXMEPHOro IIPOCTPAHCTEA HA KJTACCHL, 00b-
€QUHUB B OIMH KJIACC TOYKH, DABHOYAAJIEHHBIE OT HAYaJ1a KOOPAMHAT.
Kaxnawiit kitace npeacrabiaser coboli cepy Hexoroporo paguyca. Coso-
KYIIHOCTb BCEX 3THX KJIACCOB MOXKHO OTOXKJIECTBUThH C MHOKECTBOM BCEX
To4eK, Aexamnx Ha Jiyde [0, 00). Urax, pasbueHuo TpeXMEPHOIO mpo-
CTPAHCTBA HA KOHUEHTPHYEeCKue cdepbl 0TBEYAET OTOOPAKEHUE ITOrO
[MPOCTPAHCTBA HA HOJIYHIPAMYIO.

3. OGbenMHUM B OIMH KJACC BCE AHCTBUTEIIBHBIE YHCAA C OIUHAKO-
BOil apobuoM 4YacThio. DTOoMY pasbUCHUIO OTBedYaeT orobpaxceHHe mpsi-
Mot JITHUM Ha OKPYXKHOCTH €IMHUYHON IJTHHBL.

[TousiTue 9KBUBAJIERTHOCTH SABASIETCS HACTHBIM CJIyuaeM Gosiee obie-
ro nousaTuss GunHapuoro orHomenus Ilycrs M — nponsBonbHOE
muoxcecrso. O6osmagum yepes M x M mnu M? coBOKyRHOCTh BCex yIo-
panouensnix nap (a,b), rne a, b € M. Tosopsar, uro B M 3anano funap-
Hoe omHowenue @, ecan B M? BEIIEICHO NPOM3BOMbLHOE TOIMHOEKECTBO
R,. Tounee rosopsi, Mbl CKazKeM, YTO 3JIEMCHT (1 HAXOUMTCH B OTHOLIE-
HHY p K 2J51eMenTy b — obo3nadenue aph — B TOM ¥ TOJIHLKO TOM Cliydae,
korga napa (e, b) npunannexur R,. IIpuMepoM GUHAPHOTO OTHOMIEHNS
MOXKET CJAYKUTh OTHOLUIEHUE TOXK/ECTBA £; UMEHHO, ach B TOM U TONBKO
TOM CJIyuae, ecJid @ = D; HHAYEe MOBOPS, 3T ~—- OTHOIEHHE, 33JJABACMOe
auaronansio A B M x M, 1.e. noaMBOKECTBOM nap suiaa (a,a). Scuo,
4TO BCAKOE OTHOIICHUE IKBUBAJICHTHOCTH (0 B HCKOTOPOM MHOXKeCTBE A
ecTh DHHAPHOE OTHOUIEHNE, NOAYHHCHHOE CJICHYIOUIHM YCIIOBUSAM.

1) Jduaronans A opunajgiexxut R, (pedJIeKCHBHOCTDb).

2) Ecanm (a,b) € Ry, 10 11 (b,a) € R, (COMMETDHUHOCTD).

3) Ecimu (a,b) € R, u (b,c) € Ry, 10 u (a,¢) € R, (rpansurus-
HOCTB).

Urak, 9KBHBAJICHTHOCTb — 3TO GMHADHOE OTHOILEHHE, YIAOBJAETBO-
psoee yeaosusM pedJeKCHBHOCTH, TPAH3UTUBHOCTY M CHMMETPHYHO-
cti. B §4 Mbl paccMoTpuM Apyrofl BazKHbIA YACTHBIR cayyal GuHapHOro
OTHONIEHUS —— YACTUIHYIO YIOPAIOUEHHOCTD.
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§ 3. DKBMBaAJICHTHOCThL MHOXECTB.
IlonaTne MOIHOCTH MHOXECTBa

1. Koneunsie 1 GecKoHe4YHBI€e MHOXeCTBa. Paccmarpusas pas-
JINYHBIE MHOXKECTBA, Mbl 3aMEYaeM, YTO UHOTAA MOXKHO, ecin He hakTu-
9EeCKH, TO XOTs Obl IIPUMEPHO, YKA3aTh YHUCJIO DJIEMEHTOB B JAHHOM MHO-
s)kecrse. TakoBbl, HAIPUMED, MHOXKECTBO BCEX BEPUIIMH HEKOTOPOro MHO-
TOrPAHHUKA, MHOXECTBO BCEX IMPOCTBLIX YHUCEJSI, HE NMPEBOCXONANINX JaH-
HOTO YMCJIA, MHOXKECTBO BCEX MOJIEKYJT BOIBI HA 3emJe u T. 1. Kaxknoe
M3 DTHX MHOXKECTB COIEPKHUT KOHEYHOE, XOTs, ObITh MOXKET, U HEM3BECT-
HOe HaM 4HCJI0 3jieMenToB. C npyro# CTOPOHbL, CYMECTBYIOT MHOXKECTBA,
cocTosAmye 13 DECKOHEYHOr0 YACIIa 3JIEMEHTOB. TakoBo, HAIpUMep, MHO-
JKECTBO BCEX HATYPAJIbHBLIX YMCEJ1, MHOXKECTBO BCEX TOYEK HA NIPSIMOiL,
BCEX KPYTOB HA IUIOCKOCTH, BCEX MHOIOYJIEHOB C PAUMOHAJIBHBIMH KO-
appunuenTamu u T. 4. IIpu 510M, rOBOpPA, YTO MHOXKECTBO DECKOHEYHO,
MBI UMEEM B BHJLY, 9TO M3 HEr0 MOXKHO N3BJIE€Yb OIMH 3JIEMEHT, [BA 3JIe-
MEHTA U T.[I., TPUYEM I[OCJie KaXK/I0I'0 TAKOro Mara B 3TOM MHOXKECTBE
elle OCTAHYTCS BJIEMEHTHI.

JIBa KOHEYHBIX MHOXKECTB& Mbl MOXKEM CDPaBHHUBATHL [0 YUCILY 3J1€-
MEHTOB U CY/JThH, OJIHHAKOBO 3TO YHCJIO WJIK K€ B OJIHOM M3 MHOXECTB
anemenTos Gonnuie, wem B apyrom. Crnpamumsaercs, MOXKHO Ji 11onob-
HBIM e 006pa3oM CpaBHMBaTL OeckOHeuyHble MHOXecTBa! Ilnaye roso-
psI, MIMEET JIM CMBICJI, HATIPUMep, BONPOC O TOM, 4ero HoJibiie: Xpyros
HA IJIOCKOCTY HMJIM PANMOHAJBHBIX TOYEK Ha npsmolt, dyaxuuil, onpe-
Jenednbix Ha orpeske (0, 1], nan npsaMeix B npocrpascTse, ¥ T. 1.7

I[TocMoTpuM, KAk Mbl CDaBHUBAEM MeXAy cODOil ABa KOHEYHBIX MHO-
)KecTBa. MOXHO, HAIPUMED, COCYUTATH YUCJIO 3JIEMEHTOB B KaXKIOM
H3 HUX M, TAKMM 0Bpa3oM, 9TH JBA MHOXKeCTBa cpaBHUTh. Ho MOXkHO no-
CTYUUTb U MHAYE, HMEHHO, IIONLITATLCHA YCTAHOBUTHL OUEKUU0, T. €. B3a-
MMHO OJIHO3HAYHOE COOTBETCTBUE MEXJY BJIEMEHTAMHM 3TUX MHOXECTB,
WHAaYe roBOps, TAKOE COOTBETCTBHE, IP¥ KOTOPOM KaXKAOMY B3JICMEHTY
OIHOI0 MHOXKECTBA OTBEYZET OANH U TOJBKO OJMH 3JIEMEHT LIPYTOoro,
1 Hao00poT. SICHO, YTO B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEXKILY ABY-
Ms1 KOHEYHBIMU MHOXKECTBAMH MOKHO YCTAHOBUTD TOTA ¥ TOJILKO TOTAA,
KOTa 4YMCJIO 3JIEMEHTOB B HUX oauHaxkoso. Hanpumep, 4robsl npose-
PUTh, OIMHAKOBO JI1 YUCJI0 CTYACHTOB B TPYIIIE U CTYJILEB B 2y AU TOPHUH,
MOXKHO, HE NEPECYUTLIBAS HHU TeX, HU JPYTUX, TOCATNTH KAXKIOTO CTY-
JieHTa Ha onpenesieHHbidl crysi. Ecnn MecT XBATHT BCEM ¥ HE OCTAHETCS
HU OJIHOTO JIMIIHEro CTYJa, T. €. eCjiM OyZeT yCTaHOB/ieHa DUEKIUs Me-
KLY 3TUMH ABYMSI MHOXECTBAMM, TO 9TO U Dyler 03Ha4YaTh, YTO YUCIIO
3JIEMEHTOB B HUX OJIMHAKOBO.
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3amerum Tenepb, 4TO eciu nepsbiit cnocob (nmoacyer Yncaa ajaeMed-
TOB) FOANTCA JlMilb JUIsT CPABHEHUsI KOHEYHbIX MHOMXECTB, BTOPOM
(ycTaHoBeHME B3AMMHO OJHO3HAYHOIO COOTBETICTBHA) IPUTrOIEH M INs
6eCKOHEYHbIX.

2. CyerHble MHOXecTBa. llpocrefiuinm cpenp HECKOHEMHBIX MHO-
JKECTB SIBJIIETCST MHOXKECTBO HATYpaJibHbix uncesi. Hazosem cuemmnvim
MHONCECTNEOM BCAKOE MHOXKECTBO, 3JIeMEHTH! KOTOPOIO MOMKHO Ownek-
TUBHO COIOCTABUTE CO BCEMHU HaTypasbHbIMI yucjamu. MHadve rosops,
CYETHOE MHOMKECTBO —— TO TAKOE MHOXECTBO, 3JIEMEHTLI KOTOPOTI'O MOXK-
HO 3aHYMEPOBATh B DECKOHEYHYIO ITOCJISAOBATENILHOCTD: Qfy ..., Qg - - -
ITpusenem npumeps CHETHBIX MHOXKECTB.

1. Muoscecmeo scex YEABLT HUCEA. YcTaHOBUM COOTBETCTBHE MCKILY
BCCMH IICJIBIME U BCEeMU HATYPAJLHBIMA YHCAAMHU 110 CJICI[yIOIIICﬁ cxeMe:

0-11-22 ...,
1 23 45 ...,

BoODIIE, HEOTPUUATE/ILHOMY YHCIIY n 2 (0 CONOCTaBUM HEYeTHOE YHCIIO
2n + 1, a orpunarenbaoMy n < 0 — ueTHOE Yucao 2[n|:

n<2n+1 mpu n 20,
n < 2|n upu n < 0.

2. Mnooicecmso 6cex nemuu nosoncumenvhoir wuced. CooTBercTamne
OYEeBUOHO: N ¢ 2n.

3. Muoncecmeo 2,4,8,...,2", ... cmeneneti vucaa 2. 306Ch COOTBET-
cTBHE Takxke o4eBmaHo. Kaxknomy yucay 2" coOnocTaBssieTcst YHCIIO n.

4. Paccmorpum Hosiee CJIOKHBIH NpUMep, a UMEHHO, HOKAZKEM, YTO
MHOMCECTNBO BCET PAYUCHEADHUE “uces CueTHo. Kaxknoe panmoHansHoe
YUCJIO OMHO3HAYHO 3aIUCHIBAETCS B BU/IE HECOKpATUMOU Apobn o = p/q,
q > 0. HasoBem cymmy |p| + g 6wvicomotdt paunoHansHoro yucaa «. fcuo,
YTO YHCJIO Apobelt ¢ maHHoil BhicoTOl i kKoHeuno. Hanpumep, BoicoTy 1
uMeeT TonLKO yucsao 0/1, seicory 2 — wncsa 1/1 u —1/1, Beicory 3 -~
aucsaa 2/1,1/2, —2/1wn —-1/2 u 7. 1. ByzeM HyMepoBaTh BCE PAIMOHATIb-
HbI€ YHUCJIA IO BO3PACTAIIUIO BEICOTH, T. €. CIePBAa BBITHIIEM YUCJIA BHICO-
TBI 1, HOTOM -— 4HCIa BLICOTH 2 K T. /1. IIpH 3T0M BCIAKOE PALMOHAILHOE
YUCJIO [IOJIYYUT HEKOTOpPBbI HOMep, T.e. OyieT YCTaHOBJIEHO B3aMMHO
OIHO3HAYNOE COOTBETICTBUE MCKAY BCCMH HATYDAJILHBIMU M BCEMH pa-
UHOHAJILHBIMY UCJIAMH.

DeckoleyHoe MHOXECTBO, HE SABJIAIOUIEECS CYETHBIM, HA3BIBACTCHA
HeCUEMHbIM MHOKECTBOM.
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YcTanoBUM HEKOTOpPBIE 0DHIME CBOICTBA CHYETHBIX MHOMKECTB.
1. Besikoe nodMHOMCECTGO CHEMHOZ0 MHOMCECTNEA KOHEYHO UAU
CHEeMHO.

Hoxkaszartenscrro. [Iycts A — cyernoe Mnoxecrso, a B — ero
OJIMHOXKeCTBO. 3aHyMepyeM 3JieMeHThl MHoxectBa A: a1,..., Qn,...
Hycrs an,, Gn,,... — Te U3 HUX, KOTOpBIE BXxouAT B B. Ecum cpenu
YHCEJI Ny, T2, . .. €CTh HauboJbIuee, T0 B KOHEeYHO, B IPOTUBHOM CJly4ae
B c¢4eTHO, IIOCKOJIBKY €r0 4JIEHBI Gp,, (ny,,- - . 3AHYMEPOBAHbI YUHCITIAMA
1,2,...

2. CyMuM(l 2100020 KOHEUHO20 UAU CHETNHO20 MHONCCCTNGA CHEMHBT
MHONCECTILG ECMb CHOGA CEIMHOE MHONCECTNBO.

Hoxazareasctro. [lycts Ay, As,... — cyeTHbie MHOKeECTBA.
Mbl MOXeM CIUTATH, YTO OHHM MOHNAPHO HE MEPEeCEKAlOTCs, TAK KaK MHA-
4e Mbl paccMmMoTpesin Opl BMecTO HHX MuoxectBa Ay, Az \ Aj,

As\(A1UA2), ... — xaxnoe u3 KOTOpbIX He BoJiee YeM CYeTHO, -— UMeo-
IIMe Ty e CaMyio CyMMy, Y4TO M MHOKecTBa A, A, ... Bee anementst
MHOxecTB Ay, Ay, ... MOXKHO 3sanucaTh B BUAe caenyiomei beckonesHol
TabJIULIBL:

Gy1 Qi2 i3 a4i4
az1 Q22 Q23 Q24
az; @Gz a3z 0asz4
a41 Gq2 (A43 O44

rie B NEepBOH CTPOKE CTOST 3JIEMEHThl MHOXKecTBa Aj, BO BTOpoli —
3JIEMEHTBl MHOXeCTBa As u T. 4. 3anymepyeMm Tenepb BCe 3TH 9JIEMEH-
ThI «I10 JUAIOHAJIAMY», T. €. 33 NepBbIil 2J1IeMEeHT NIPHMEM a1, 38 BTOPOH
a12, 332 TpeTult as) ¥ T.JI., JABUTASCH B NOPHAJIKE, YKA3aHHOM CTPEJIKaMHU
Ha cjenywouie# rabnuue:

a1 — a2 a3 — Q14
v 7 v
a1 a2 az3 24
VNS v
azi az2 ass asq
v
aq1 Q42 Q43 Q44

fIcHo, 4TO NPWM 3TOM KAKIBI 9JIEMEHT KAXKIAOr0 U3 MHOKCCTB MOJYYHT
onpejIeIeHHBI HoMep, T.e. HVIeT YCTAHOBJIEHO B3AUMHO OJHO3RAYHOE
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COOTBETCYTBIE MEXKIY BCEMH 3JIEMEHTaAMH BCE€X MHOXXECTB Al, Ag, Ceey
H BCEMM HATYPAJIBHBIMH YUC/IAMU. Hame YTBepXIeHHE NOKa3aHo.

VYaopaxuenusa. 1. [JJoxa3ars, 4T0 MHOXECTBO BCEX MHOI'OMJIEHOB C PALU-
OHAJIBHBIMH KO3 PHIMEHTaMHI CHETHO.

2. Yncsro £ HA3bIBAETCH 4A260PQUNECKUM, €CJAM OHO ABJIAETCH KOPHEM He-
KOTODPOI0 MHOTOWIEHA C panuoHasibHbiMu Koddduuentamu. [Jokasarb, 4To
MHOXECTBO BCEX Anrebpamyeckux YHces CYeTHO.

3. Jdoxasarb, 9TO MHOXECTBO BCEX DANMOHAJIBHBIX MHTEPBAOB (T.€. HH-
TEPBAJIOB ¢ PANMOHAILHBIMM KOHIIAMM) HA NPpAMOH C4eTHO.

4. Joxa3ark, 4TO MHOXECTBO BCEX TOYEK [JIOCKOCTH, MMEIOIMX PALHOHATIb-
HBlE KOODHMHATHI, CYETHO.

Yxaszanue. Bocnonpaosarses ceolicTsoM 2.

3. Beakoe beckonennoe MHO®CECTNEO codepiicum CHuemnoe nodmHoxce-
cmeo.

JokaszatensctBo. llycrs M — Geckoreunoe MEOKecTBO. Boibe-
PEM B HEM NPOU3BOJILHBIH a5iemMenT a; . [lockosbky M GeckoHEUHO, B HeM
HallleTCsl BJIEMEHT G, OTJIMYHLIK OT @), 3aTeM HalHETCH BJIeMEHT a3,
OTJINYHBI} OT a1 W OT az ¥ T.4. [poigosmkasn sTor npouece (KOTOpLI
He MOKeT 000pBAThCA U3-33 «HEXBATKU» 3j1eMeHToB, n6o M beckoneu-
HO), MbI HOJIYYAEM CUETHOE TIOAMHOKECTBO

A= {al,...,an,...}
muoxkecrsa M. Ilpennoxenue g0KasaHo.

9ro NpeaJIOXKeHUe NnoxKasbiBaeT, 4T0o Cpelin HeCKOHEeYHbLIX MHOXKECTB
CYETHBIE SBJISIOTCS «CAMbIMHM MAJIEHbKMMM». HuzKe Mbl BBISICHUM, CY-
HIeCTBYIOT Ji1 HeCYeTHbIe OeCKOHEYHBIE MIIOKECTBA.

3. DKBHMBaJIEHTHOCTh MHOXecTB. CpaBHuBasi Te nwim nHbie Hec-
KOHEYHbIE MHOXECTBA C HATYPAJIbHBIM PSIOM, MBI NPHILIK K [OHSI-
THIO CYETHOIO MHOXKECTBAa. fICHO, 4TO MHOXKECTBA MOXKHO CPaBHUBATDL
HE TOJIBKO ¢ MHOXKECTBOM HATYPAJIbHBIX YUCEJI; yCTAHOBJIEHHE B3AUMHO
OOHO3HAYHOI'G COOTBETCTBUA (GHEKUHHU) MO3BOJIAET CPABHUBATH MEKIY
cobolt nobrie nBa mMuoxecTsa. Bremem crienyiomee oupenenenue.

Onpepencuue. Isa muHOxecTBa, M u /N, HasbIBAIOTCA 3KBHBA-
sienTHEIME (0Go3HaveHue M ~ N), ec/in MexRAY UX 3JIEMEHTAMH MOXKHO
YCTAHOBUTH B3aMMHO OIIHO3HAYHOE COOTBETCTBHE.

ITonsiTue 3XBUBAJIEHTHOCTH NIPAMENMMO K JIIOOBIM MHOXKECTBAM KAaK
KOHEYHBIM, TaK M DeckoHevHbIM. [IBa KOHEYHBIX MHOXKECTBA DKBUBaA-
JIEHTHBI Mexay coboil Torna (M TONLKO TOTAA), KOrA3 YUCJO BJeMeH-
TOB ¥ HUX ONuHaKOoBO. QupejesieHse CYETHOrO MHOXKECTBA MOXHO Te-
neps CHOPMYITIHPOBATE CIIEAYIONUM ODPA3OM: MHONCECTRE0 HA3HEACINCR

2—1324
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CHETNHBIM, ECAU OHO IKEUBLAEHINIHO MHONCECTNBY HAMYPAALHOLT “LUCEL.
flcno, uTO NBA MHOXKECTBA, 9KBUBAJIEHTHbIE TPETHEMY, SKBUBAJICHTHDI
Mexay coboif; B 4acTHOCTH, JIOObIE 1BA CYETHBLIX MHOXECTBA 3KBUBA-
JIEHTHBI MexKJ1y Coboil.

Mpumepsr. 1. MuoxecTsa TO4eK Ha, J0BBIX ABYX OTpeskax [a, b
a [c,d) sxBuBasieHTHs Mexiy coboit. I3 puc. 5 ACHO, Kax yCTAHOBHUTD
Mexay HuMH Ouekumio. IMEHHO, TOUKM P U ¢ COOTBETCTBYIOT IPYT APY-
I'Y, €CJIM OHM SIBJISIOTCS MPOEKHUSIMH O/THOH ¥ TOM e TOYKH T BCIIOMO-
raTeJIbHOTO OTpe3ka ef.

(o8
0
e i
a p b c q d
Puc. 5

2. MHOXKeCTBO BCEX TOYEK HA PACUIMPEHHON KOMILJIEKCHON MJIOCKOCTH
3KBHMBAJIEHTHO MHOXECTBY BCeX TO4ek Ha cdepe. Buekunio a ¢ z Mox-
HO YCTAHOBHTH, HANPHMED, C HOMOIIBIO cTepeorpaduieckoll mpoexuH
(puc. 6).

3. MuoxecTtBo Bcex uncen B uutepsadie (0, 1) 5KBUBAJIEHTHO MHOMXE-
CTBY BCex ToueK Ha npamoit. CooTBeTCTBHE MOKHO YCTAHOBHUTD, HAIIPU-
Mep, C IMOMOIBLI0 GHyHKUUU

=1 1
Yy = zarctgzr + -

PaccmaTpuBas npuMepsl, TPUBEISHHDBIE 3HECh U B 1. 2, MOXKHO 3aMe-
TUTb, YTO HHOTIA 6GCKOH(“)‘{H08 MHOXKECTBO OKAa3bIBACTCA 2KBUBAJICHT-
HeIM cpoell mcTunHO#l yacTu. Hanpnmep, HaTypashbHbBIX HHCEST OKa3bI-
BAETCH «CTOJNBKO X€», CKOJIBKO M BCEX LEJIBIX HJIM [a/Ke BCEX Paiio-
HaJIbHBIX; HA uaTepBase (0, 1) «CTosBKo XKe» TOYEK, CKOJIbKO U Ha BCel
npaAMOH, U T. 1. DTO ABJIEHNE XAPAKTEPHO IJIsT BECKOHEUHbIX MHOXKECTB.
HefictBurensno, B n. 2 (cBoiictBo 3) MBI MOKasajH, 9TO U3 BCAKOLO
BeckoHedHOro MHOKeCTBA M MOXKHO BHIOPATH CYETHOE IOIMHOAKECTBO;
nycts A = {ay,...,an,. ..} TAKOE IOAMHOKECTBO.
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Pazobsem ero ua B2 CYETHBIX NOIAMHOXECTBa
Alz{al,ag,as,...} b4 ,42:{(12,(14,(1,6,...}

# ycranosuM Mexny A u A; B3aUMHO OTHO3HAUMHOE COOTBETCTBHE. DTO
COOTBETCTBHE MOXHO 3aTEM IPOAOIKUTH 10 B3aUMHO OAHO3HAYHOIO CO-
orBercTeus Mexay muoxecrsamu AU (M\A) =M n A, UM\ A4) =
= M\ A, otneca xaxioMmy anementy u3 M \ A cam a10T 3neMeHT.
Mexnay tem mMuoxectBo M \ A; ne conauaer ¢ M, 1. e. smsisiercs cob-
CTBEHHBIM NOIMHOXECTBOM A7s1 M . M1 nony4aem, TakuM 06pa3omM, ciie-
AYLIee NPENJIcKEHUe:

Beaxoe beckonennoe MHOMCECTNEO IKGUBLAEHIIHO HEKOTNOPOMY CGUE-
MY CODCTNEEHHOMY NOTMHONICECTEY.

DT0 CBOMCTBO MOXHO NPHHSATH 334 Onpenesienne HeCKOHEYHOro MHO-
JKeCTBa.

Yunpaxuenue. [Joxasars, uro eciiu M —— npouseosibHoe GeckoHedHOE
MHOXeCTBO ¥ A cuetHo, To M ~ M U A.

4. HecyeTHoCTh MHOXecCTBa mefcTBHTENBHBIX uHucea. B m. 2
MBI IIPUBEJIH IPUMEDBI CYETHBIX MHOXKECTR. UHCJI0 3TUX HPHMEPOB MOXK-
HO Ob110 Obl yBesiMunTh. Kpome TOro, Kak Mbl 10Ka3aJju, cyMMa Ko-
HEYHOTO WJIM CHETHOrO YHCJIA CYEeTHLIX MHOKECTB CHOBA €CTh CUETHOe
MHOXKEeCTBO.

EctecTBEHHO BO3HUKAET BONPOC: 8 CYWECTBYIOT JIH BOOOUIE Hecuer-
Hble MuoxecTsa? IlosoxkUTeNbHBIH OTBET Ha HEroO J2eT CIISHYIONAs TEo-
pema.

Teopema 1. MHOXeCTBO HeHCTBHTEJIBHBIX MHCEJI, 3AKJIOYEHHBIX
MeX Iy HyJeM W eanHunedl, HecyeTHo.

,H OKa3aTeJlbCTBO. HpellHOJIO)KHM, HTO HJaHO KaK0e-TO CYEeTHOe
MHOXKECTBO (BCGX WJIN TOJbBKO HeKOTOprX) NeRCTBUTENBHBIX YHCESL o,
Jrexkamnux Ha orpeske [0, 1]:

ayp = O, a11212Q13 ... Aip -« -,
Qg = 0, 21422493 ...Q27 - . -,
3 :O, a31(32a33 ...8357 .- .,

(1)

3nech ay, — k-5 necarnynas undpa yucaa a;. Hocrpoum apobn

B=0,bby.. . by...
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duazonaavnol npoyedypoti Kanmopa, a uMeHHO: 33 b; npumem MpoOU3-
BOJIBHYIO LDy, He COBNANAIOULYIO C d11, 34 by — NPOU3BOJIbHYIO Lud-
Py, HE COBNAMAMYIO C dgg, U T..; BoobIuE, 3a b, npuMeM MpPOU3BOJIH-
HY10 LHDPY, HE COBIAJAIOULYIO C Gnp. JTA AECATUIHAA APODb HE MOKeT
COBIIACTH HAU C OAHON Apo6bIO, comepxainetica B nepeune (1). Hedcrsu-
TeJIBHO, OT ] APodb B oryimyaeTcs no kpalineit mMepe neppoit uudpolt,
OT @y — BTOPO# nudpolt u T. A.; BoOOWE, TaK KaK by # an, A5 BCEX N,
10 Apobs B oTnu4uHa OT Jbol u3 apobeit a;, BXoAAWHX B nepeyess (1).
Taxum 06pa3zoM, HUKAKOe CYETHOE MHOKECTBO JelCTBUTEbHBIX YHCeIT,
Jexamux Ha otpeske [0, 1], He nCYEPNBLIBALT ITOTO OTPE3KA.
[IpuBeneHHOe TOKA3ATEILCTBO COUEPKUT HEDOIBION «obMman». Hemo
B TOM, YTO HEKOTOPbIE Yucsa (8 uMenHo, yucna suga p/107) moryT 66iTh
3aNMuCaHbl B BUJE NECITUYHON 1pobu aByMsi cnocobaMu: ¢ GECKOHEIHbIM
YHCJIOM HyJiett miin ¢ GeCKOHEYHBIM MUCIOM JEBATOK; HANPUMED,

1 _5 _g= R
1= 5 =05000-=04999. ..

Takum 006pa3oM, HECOBNAAEHUE ABYX AECATUYHBIX Apobell ewe He ra-
PaHTUPYET PA3J/IUYNs U300PaAKAEMBIX UMH YHCEJI.

Onuako ecsin ApoOH F CTPOUTH OCTOPOKHEE, TAK, YTOOBI OHA HE COJIED-
JKaJia HU HyJiell, Hu AeBATOK, oJiarasi, Haupumep, b, = 2, ecsit ay,,, = 1
u b, =1, ecnut a,, # 1, TO I0KA3ATENLCTBO CTAHOBUTCS BIOJIE KOP-
PEKTHBIM.

Yupaxuenue. Ilokazare, 4o 4ucs1a, obsagaomue ABYMI PA3IHIHBIMU
JECATHYHBIMU PA3JIOXEHUAMH, 00pa3yoT CYeTHOE MHOXKECTBO.

Urak, orpesok [0, 1] zaer npuMep HecuerHoro maoxecrna. IIpusesem
HEKOTOPbIE NPUMEPHI MHOXKECTB, 9KBUBAJIEHTHBIX oTpesKy [0, 1].

1. MHO®KeCTBO Beex TO4YeK JIo6oro orpeska [a, b] mu untepnada (a, b).

2. MHOXecTBO BCceX TOYEK Ha NpsaMoi.

3. MHOXKeCTBO BCEX TOYEK MJIOCKOCTH, IIPOCTPAHCTBA, NOBEPXHOCTH
cdepbi, TOYEK, JIeKAIMX BHYTPH chepbl, u T. J.

4. MHOxKecTBO BCEX MPAMBIX HA MJIOCKOCTH.

5. MHO%€eCTBO BCeX HelpepbiBHbIX GYHKIME OOHOrO UJIH HECKOJIBKHUX
HepeMeHHbIX.

B cayuasx 1 u 2 1oKkasaTesbCTBO HE MPEACTaBIACT Tpyda (cM. npu-
Mepsl 1 u 3 0. 3). B ocTtanbHBIX CJiy4adX HENOCPEACTBEHHOE J0o-
Ka3aTeJIbCTBO JOBOJIBHO CJIOHKHO.

Vnpaxnenue. Hcnonssys pesynbTarbi 3TOr0 MyHKTA U YIPAXKHEHUE
2 o 2, [DoKa3arb CYMECTBOBAHHUE MPAHCYEHIEHINHMT UUCESI, T.€. HHceJI,
HE SABJIAIOMUXCH arebpanvyecKuMu.

5. Teopema Kanropa—-Bepumreiina. Caenyiomas reopeMa sipJis-
€TCsl OJIHOI N3 OCHOBHBIX B TEOPUH MHOMKECTB.
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Teopema 2 (Kaurtop-Bepnwmreinu). IIycre A u B -— uBa
MIPOU3BOJILHBIX MHOXeCTBa. Eciy cymecTByioT B3auUMHO OJHO3HAYHOE
orcbpaxenune f MHOxecTBa A HA NOAMHOXECTBO By MHOX)ecTBa B 1 B3a-
HMHO OJIHO3HAYHOE OTOBpaxeHne ¢ MHOXKeCTBa B Ha nmonMmHoxkecTtBo A
muoxecTBa A, T0 A u B 3KBHBAJIEHTHBL.

HokasareascTBo. He orpannuuBas oOuHOCTH, MOXHO CYUTAT,
410 A 1 B He nepecekawrcs. Ilycrs & — npousBosibHEBI a51eMentT u3 A.
flonoxkum z = Ty 1 onpenesUM MOCJIEIOBATEILHOCTh 3JIeMEeHTOB {T,}
chenyommM obpaszom. Ilycte asiement z, yxe onpegener. Torma, ecomu n
YETHO, TO 3& Tp41 PUMEM JIEMEHT H3 B, yIOBJIETBOPSIIOUMY YCJIOBUIO
9(Tnt+1) = z, (eciid TAKOH 3JIEMEHT CYLIECTBYET), & €CJIM 1t HEUEeTHO,
TO Tp41 — BJAEMEHT U3 A, yaoBJeTBOpAOMME YCAOBHIO f(Thy1) = Zn
(ecoiu ou cymectByer).

Bosmoxubi gBa cinydasi.

1°. ITpy HEKOTOPOM 7t IJEMEHTA Tyyi, YAOBJICTBOPAIOWErO YKA3AH-
HBIM YCJIOBHSIM, He CyulecTByer. UHC/IO N Ha3pIBaeTca nopadkom sae-
Menma T.

2°. IocnegoBarensHocTh {z,} 6eckoneunal). Torma z HasmBaeTcs
anemenmom beckoneunozo nopsdra.

Pazobbem reneps A Ha Tpu MHOXKECTBA: AfE, COCTOSIIEE U3 DJIEMEHTOB
YeTHOrO NOpAnKa, Ao — MHOXKECTBO 3JIEMEHTOB HEYETHOrO HOPAIKa
H Ay — MHOXECTBO BCEX 3JIEMEHTOB OECKOHEYHOro mopsaxa. Pasbus
aHaJIOruYHbIM 06pasoM MHOXKeCTBO B, samerum, uto f orobpaxaer Ag
wa Bo u Ay na By, a g7! orobpaxaer Ap ma Bg. Urax, B3ammMHO
ofHO3Ha4YHOe oTobpaxenne 1, cosmaawomee ¢ f na Ag U Ay nwc g™t
Ha Ao, ecTh B3aMMHO OfHO3HAYHOE 0TOGpaxenne Bcero A Ha BcE B.

6. IToHarue MOIIHOCTH MHOXKecTBa. KEc/iM SKBUBAJICHTHLI ABA KO-
HEYHBbIX MHOXECTBa, TO OHU COCTOST M3 OJHOrO H TOrO XK€ YUCJIa 3Jjie-
MeHToB. Ecim xe 3xkBUBaseHTHBIE Mexiy coboit muoxecrtsa M u N
NPOU3BOJILHLI, TO TOBOPAT, 4T0 M U N HMEIOT OAMHAKOBYIO MOULHOCTIVb.
Takum 0bpasom, MOIWIHOCTE -— 3TO TO 0bIIee, 4TO eCTh y JIObIX ABYX
AKBUBANEHTHBIX MEX Ay coboit mHoXkecTs. 11 KOHEYHBIX MHOXKECTB HO-
HATHE MOUIHOCTH COBIIAAAET C IIPUBLIYHBIM [TOHATHEM HHUCJIA 3JIEMEHTOB
MHOXeCTBa. MOIMHOCTh MHOXKECTBa HATYDPaJbHLIX duces (T.e. Jo6oro
CYETHOIO MHOKECTBA) 0003HAYaercst CUMBOJIOM Ng (duraercs: «ajted
Hysb»). IIpo MHOXECTBa, 9KBUBAJICHTHBIE MHOXECTBY BCEX AclicTBH-
TeJILHBIX w4uces orpe3ka [0,1], roBOpsAT, YTO OHH HUMEIOT MOUHOCTRUL

1) HPH BTOM HYHCJIO PA3AUNHBI IJICMEHTOB Ty MOXET 6I>[Tl> H KOHEYHO: OHU MOU'YT
«3AUUKJIUBATHCAY, 00pa3ys GecKoHeuny10 nocaedosameasHocmsy, CONCPK ALY JIUILE
KoHeuHoe YUC/IO NIOIIAPHO PA3JIMYHBIX DJIEMEHTOB.
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KOHMUHYYMaE. DTa MOUIHOCTH ODO3HAYAETCHA CUMBOJIOM ¢ (MJIK CHMBO-
oM N).

Becsma rny6oxuii Bonpoc 0 CymecTBOBAHMM MOILIHOCTEH, IPOMeEXy-
TOYHBIX MeXAY Ro ¥ ¢, byner 3arponyrt nwke B §4. Kax npasuso, Gec-
KOHEYHbIE MHOXECTBA, BCTPEYAIOUIMECS B AHAJIN3E, WM CHETHBI, UJIH
MMEIOT MOIIHOCTh KOHTHHYYMA.

Jna momHocTE#l KOHEYHBIX MHOXECTB, T.€. IJIs HATYPAJIbHBIX YH-
cesl, KpoMe NOHATHA PABEHCTBE MMEIOTCA TaKXKe MOHATHA «Gosibuies
n «Mmesbine». [TonbiTaeMcs: pacopoCTpPaHUThL 3TH TIOCTIEnHNe Ha Hecko-
HEYHBIE MOLIHOCTH.

IIycrs A 1 B — nBa npomsBoJibHBIX MHOXKeCTBa, a m(A) u m(B) —
ux MowHocTH. Torna JOruyeck BO3ZMOXHBI CJICAYIOIME CIYYau:

1. A 9xBHBaJIEHTHO HEKOTOPOH YacT MHOXKecTBA B, a B skBUBaJIeHT-
HO HEKOTOpOH JacTu MHOKecTBA A.

2. A ComHEepXUT HEKOTOPYIO 4acTb, 9KBMBAJIEHTHYIO B, Ho B B Her
YaCTH, SKBUBAJICHTHOR A.

3. B comepKuUT HEKOTOPYIH 4acTh, 3KBUBAJIEHTHY! A, Ho B A Her
4acTH, 3KBUBAJIEHTHOU B.

4. Hy B OZHOM M3 9THX [IBYX MHOXKECTB HeT 4acCTH, SKBHBAJIEHTHOM
ApyTOoMy.

B nepBoM cayuae Muoxkecrsa A u B B cuiy Tteopemnr Kantopa—
BephinreiiHa sxBuBaneHTHB Mexay cobol, T.e. m(A) = m{B). Bo Bro-
DOM CJlyuae eCTeCTBEHHO cYuTarth, 4ro m(A) > m(B), a B Tperbem, —
yro m(A) < m(B). HakoHen, B 4eTBEpPTOM CJlyvae HAM NPHILIOCH Obi
CYMTATDH, YTO MOIIHOCTH MHOXeCTB A # B HeCpaBHUMBI Mexay cObGOM.
Ho na camoMm pene 310T cay4alt HeBozmoxken! D10 cienyer u3 TeopeMsbl
Uepmento, o koropoit peus byaer natu B §4.

Wrak, aobue daa muoscecmea A u B aubo 3xeusanermuve Mesncdy
coboti {u mozda m(A) = m(B)), aubo ydosremeoparom odnomy u3 deyx
coomnowenut: m(A) < m(B) uau m(A) > m(B).

Msb! OTMETHMIIM BBIIIE, YTO CYETHBIE MHOXECTBA — 3TO «CAMbIE Ma-
JIeHbKHE» U3 OEeCKOHeUHBIX MHOXECTB, & 3aTeM MOKAa3aJIM, 4TO Cylie-
CTBYIOT B 6ECKOHEYHbIE MHOXECTBa, GECKOHEYHOCTb KOTOPLIX MMeeT 60o-
Jiee «BBICOKHH MOPALOK», —— 9TO MHOXKECTBA MOIHOCTH KOHTHHYYMA.
A cymecTBy0T S BECKOHEUHBIE MOUIHOCTH, NPEBOCXOMSIIME MOITHOCTD
koHTHHYyMa? Boobiie, cymecTByeT JiM Kakas-TO «HaMBBICHIAA®» MOMI-
HocTh uiin HeT? OKaswiBaeTCsd, BEpHA CJENYIOUIAs TEOPEMA.

Teopema 3. Ilycte M -— HekoTOpoe MHOXeCTBO H nycts I —
MHOXECTBO, 3JIEMEHTAMH KOTOPOI'O SABJIAIOTCA BCEBO3MOXHbBIE MOIMHO-
xecrBa MHOXecTBa M. Torna M umeer MOWHOCTE BO/IBOIYIO, Y€M MOI-
HOCTH HCXOJHOrO MHOXecTBa M.
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HokaszartenncTso. Jlerko BUAETh, YTO MONHOCTh M MHOXECTBA,
I He MOXKeT ObITh MEHbIIE MOIHOCTH M HCXO/IHOrO MHOX)eCcTBa M, nei-
CTBUTEJIBHO, OJIHOJIEMEHTHBIE» NOAMHOXeCTBAa n3 M obpasyior B I
YaCTh, SKBUBAJIEHTHYI0 MHOXkecTBy M. Ocraercs noKasarh, YTO MOII-
HOCTH WM ¥ m He coBuanaior. [lycrh MeRay 3nemeHTaMu a, b, ... MHO-
xectBa M W kakumu-to asjementamu A, B,... moOoxecra M (T.e.
KAKUMH-TO MOAMHOKECTBAMM U3 M) yCTAHOBJIEHO B3aMMHO OJHO3HAY-

HO€ CoOOTBeTCTBUE
a+x A, be B, ...

ITokasxem, 94TO OHO HaBepHsKa He uc4deprnbiBaeTr scero M. Mmenno,
CKOHCTpyUpyeM Takoe MHOxKecTBO X C M, KOTOpOMY He COOTBETCTBYET
Hukakoi snement uz M. Ilycrb X — COBOKYNHOCTBH 3j1€MEHTOB u3 M,
He BXOHSUIMX B TE€ IOJMHOMXKECTBA, KOTOPBIE MM COOTBETCTBYIOT. Ilo-
npobHee: ecn a ¢+ A u @ € A, TO 37€MEHT ¢ Mbl He BKJouYaeM B X,
aeciua & Aua¢ A 1o MBI BRITIOUaeM 3jieMeHT a B X. fcuo, 9ro
X ecTh nOAMHOXECTBO MHOXeCTBa M, T.e. HeKOTOpEIH ss1eMent u3 M.
ITokaxeMm, 4TO HOAMHOXKECTBY X HE MOXKET COOTBETCTBOBATH HUKAKOMH
anemenT u3 M. onyctum, 4To Tako#t asiemMeHT T > X CylecTByer;
nocMoTpuM, Oyaer s on comepxkarbca B X usm Her? Ilycrs z ¢ X
HO Be[lp M0 ONPEIeIeHHIo B X BXOAUT BCAKUH 3JIEMEHT, He CONepxka-
IIUHCS B MOIMHOXECTBE, KOTOPOe eMy COOTBETCTBYET, CJIEI0BATENIHEHO,
3j1EMEHT I AOJDKeH ObiTh BJoYeH B X . O6paTHO, NPENIOSNIOKUB, YTO
T COHEPKMUTCA B X, Mbl IOJIYYHM, 9TO & HE MOXKET COHEPKATHCS
B X, Tak Kax B X BKJIIOUEHBI TOJIBKO T€ 3JIEMEHTbI, KOTOPBIE HE BXOIAAT
B COOTBETCTBYIOIIME UM (TOOMHOXKeCTBA. Tax, aneMent ¢, orBeuanomui
NOJIMHOXKeCTBY X, JOJDKEH OHOBPEMEHHO W COJePXKAaThCsi, U He couep-
xkarbcs B X. OTciona cienyer, YTO TAKOTO dJIeMeHTa BoodIue He cyie-
CTBYET, T. €. YTO B3aUMHO OJIHO3HAYHOIO COOTBETCTBHS MEXKY 3JIEMEH-
TaMH MHOXeCTBa M U BCeMu ero NOoIMHOMXKeCTBAMM YCTAHOBHTDL HEJIb3S.
Teopema nokazaHa.

Nrak, njst 10608 MOIIHOCTH MBI JEHCTBUTESIHHO MOXKEM MOCTPOUTH
MHOzKeCTBO DoJiblieit MouHOCTH, 3aTeM enle boabmelt u T. 1., noJyyas,
TakuM 00Pa30M, He OrPAHUYEHHYIO CBEPXY LKAy MOIHOCTEH.

3aMeuyanne. Momuocte MHOXecTBa D 0603HAYAIOT CHMBOJIOM 2™,
roe m — MomwHocTh M. (Uuraresib jerko noiMer cMbICH 3TOro 0603Ha-
4YeHUsA, pacCMOTPeB cJirydail konedsoro M.) Takum obpasom, npensiay-
Y0 TEOPEMY MOXKHO BBIPa3WTh HepaseHCTBOM m < 2™. B wactHOCTH,
npu m = Ny noayyaem HepaseHCTBO Ng < 2%¢. [Tokaxewm, yro 270 = R,
T. €. [IOKAXKEM, UTO MOUHOCITIL MHONCECTNNBA BCET NOIMHOHCECTNE HaTIY-
PaALHOZ0 PpAJa PABHA MOWHOCTRU KOHIMUHYYMA.
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PaszobbeM nopMuOXeCTBa HATYPAJILHOIO psija Ha JBa Kjacca, P
u 8, — Ha te (knacc P), y KOTOpbix NonosHeHUe OECKOHEYHO, U HA Te
(xs1ace B), y KoTopeIx 0HO KoHedHO. K kxnaccy & oTHOCHTCA, B 4aCTHO-
CTH, CaM HaTypaJibHbIl psan, nbo ero mononuenue nycro. Yuciao noamMHo-
kecTB B kyacce ® cuerHo (nokasars). Kiace ® He Bimsier Ha MOIHOCTD
MuoxkecTBa M =P U &.

Mexny noaMhuoxecTBaMH KJacca P ¥ OefiCTBHTENBHBIMEA YHCTIA-
MH @ u3 nosycermenTta [0,1) MOXHO yCTAHOBUTH B3AMMHO OJHO3HAY-
HOe cooTBeTcTBHE. VIMEHHO, CONOCTABUM NMOAMHOXECTBY A € P uncno a
(0 € @ < 1) c ABOMYHBIM Pa3IOKEHUEM

=&l 2. 4
a—2+22+ tom ...,

rae €, = 1 nim 0 B 3aBHCHMOCTH OT TOrO, NPUHALJIEKHUT JIN N MHOXE-
cTBy A unu Her. IIposepky nerasieft npenocTaBisieM YNTATEIIO.

Yupaxuenue. JJokazaTp, 4T0 COBOKYHMHOCTb BCEX MMCJIOBBIX (hyHKuUMH
(ns1 BoOGmEe dyHKIMH, IPMHUMAOINX 3HAYEHHST B MHOXECTBE, COOEPKALIEM
He MeHee JIByX 3JIEMEHTOB), ONPeJesIeHHLIX Ha HEKOTOPOM MHOXecTBe M, ume-
€T MOMHOCTb B/IbIIYIO, YeM MOIHOCTh MHOXecTBa M.

Yxasanue. Bocnosib30Barbca T€M, YTO MHOXKECTBO BCEX MHIMKATOPOB, T. €.
byuxuuit Ha M, EpEHMMAONNX TOJIBKO ABA 3Havenusd, 0 u 1, IKBUBAJIEHTHO
MHOXKECTBY BCEX ITOIMHOXKeCTB u3 M.

§ 4. YnopsanodyeHHusle MHOXKecTBa. TpancdHUHUTHBIE YHCIa

B srom naparpade u3oxes psajg NOHATUHR, CBA3AHHBIX ¢ Haeell ymo-
PAMNOYEHHOCTH MHOXeCTB. MBI OrDaHUYHUMCA 31€Ch CaMBIMU IIEPBOHA-
YaJILHBIMM CBeneHusiMy; Bosiee moapobHOE H3JI0KEHHME MOXKHO HaiiTu
B JINTEPAType, YKA3aHHON B KOHUE KHUI'H.

1. YacTuyso ynopsano4deHHble MHoXecTBa. Ilycts M — npo-
HU3BOJIbHOE MHOXECTBO H ¢ — HEKOTOpOoe OMHApHOE OTHOINEHHE B HEM
(onpenesnisieMoe HEKOTOPbIM MHOXKecTBOM R, C M X M). Msl Hasosem
3TO OTHOLICHUE “ACTMUMHOU YNopsadoMeHROCMbI0, €CJIN OHO YAOBJIETBO-
psieT YCJIOBUSM:

1) pedaexcusnocmu: apa,

2) mpanzumuenocmu: ecim apb n byc, To ape,

3) anmucummempuunocmu: ecim awb u bpa, To a = b.
HacTU4YHYI0 YHOPAAOYEHHOCTh NPUHATO 0003Ha4YaTh cuMmBosioM K. Ta-

kuM 00pa3oM, 3anuch a < b osHayaer, yro napa (a,b) IpUHAIVICKUT
cooTBercTByMOMEMy MHOXKecTBY R,. IIpo snement a nmpu aTom rosopsr,
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YTO OH He npesocTodum b wiu 4To oH nodvuner b. MHoX)ecTBO, B KOTO-
POM 33aJaHa HEKOTOpAsl YACTHYHAS YIOPSHAOYEHHOCTb, HA3bIBAETCA “ac-
TMUNHO YNOPRAoOUEHHBLM.

IIpuBeneM mpuMeps! YaCTHYHO YIIOPSHOYEHHBIX MHOXECTB.

1. Bcakoe MHOXECTBO MOXHO TPUBHAJILHBLIM 00pPa30M PacCMaTpHUBATh
KaK YaCTUYHO YIIOPSIAOYEHHOE, eCJIM MOJIOKHTh @ £ b B TOM M TOJBKO
TOM cjydae, korja ¢ = b. Inaue rosops, 3a 4YaCTHUHYIO YIOPAJOYEH-
HOCTb BCEr[a MOXHO [IPUHATL GMHAPHOE OTHOIIEHUE TOXIECTBA £. DTOT
TIpUMep He NPeACTaBJIseT, KOHEHHO, GOBIIOro NHTEpeCa.

2. Ilycte M — MHOXECTBO BCEX HENpepbiBHbIX GYHKIMH Ha OTpe3Ke
[, B]. Tonoxus f € g B TOM U TOJLKO TOM cayuae, korga f(t) < g(t)
i Beex t (a0 €t < B), Mbl HOJIyYHM, OUEBUAHO, YACTUIHYIO YIIOPSAIO-
YEHHOCTb.

3. MHOKeCTBO BCEX OAMHOXKECTB HEKOTOPOro (GMKCUPOBAHHOTO MHO-
JKECTBa YACTHYHO YIHOPSAOYEHO MO BKJAO4eHuio: My < My o3Hauaer,
gyro M; C M.

4. MHOXeCTBO BCEX HATYPaJIbHBIX YUCES YACTHYHO YIIOPAIOYEHO,
ecnu a < b o3nagaer «b mesuTcs 6e3 ocrarka Ha a».

ITycte M — npousBOJIBHOE YACTUYHO YHOPAIOYEHHOE MHOXKECTBO.
B ciayuae, korna ¢ € b u a # b, Mbl ByeM NOJIB30BATECA CHMBOJIOM
<, T.e. mucars ¢ < b U TOBOPUTH, YTO a Menbue b WK 4TO @ cmpozo
nodvwunero b. Hapsiny ¢ samucoio a < b Mbl 6yOeM OJIb30BATHLCA PAaB-
HOCUJILHOR 3aMUCBIO b > @ ¥ FOBOPHTHL LPHU 9TOM, 4YTO b He MeHbwe a
{6oavwe a, ecnu b # a) unm 9T0 b caedyem 3a a. DEMEHT a Ha3bIBA~
eTCA MAKCUMAABHBM, eClu 13 a < b cuemyer, 4to b = a. DJeMeHT a
Ha3bIBAETCH MUHUMAALHBIM, ECJTA U3 ¢ < G CJIEIYET, 9TO ¢ = a.

YacTH4HO yHOpPAZOYEHHOE MHOXECTBO, OJIst JIODBIX ABYX TO4eX a,b xoTo-

poro Haiimercs cienyromasa 3a HuMu Touka ¢ (a < ¢, b < ¢), HaspBaerca
HANDPABACHHDIM.

2. Orobpaxenus, coxpansiomue nopanok. [lycre M u M' —
IIBA YACTUYHO yIOPALOYEHHBIX MHOXKECTBA U TYCTh f eCTh oToOpazkeHme
M B M'. Mbl ckaxeM, 4TO 3TO OTOOpaXKkeHHE COTPAHAET TOPAJOK, eCoiu
u3 a < b, rme a, b € M, cnenyer, f(a) < f(b) (8 M'). Orobpaxenue
f Ha3BIBAETCs U3OMOPPHUIMOM JACTHIHO YHOPAIOUEHHBIX MHOXKECTB M
u M', ecniu oo GHekTHBHO, a cootnomenue f(a) < f(b) BbimossHeno
B TOM H MOABKO MOM caydae, korna a < b. Camu muoxecrsa M u M’
HA3BIBAIOTCSH TIPU 3TOM UOMOPPHBIMU MEKIY CODOH.

HycTb, Hanipumep, M eCTh MHOXKECTBO HATYPAJIbHBIX YUCEJI, HACTUY-
HO YHOPAOOYEHHOE MO <«iejauMocTu» (cMm. npumep 4 . 1), a M’ — To
e CaMOe MHOXECTBO, HO YIOPSAZOYEHHOE eCTECTBEHHBIM 06pasoM, T.e.
TaK, 4T0 b > a, ecsiu b — @ — noJtoxkuTeIbHOE Yucso. Toroa orobpaxe-
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aue M na M', crapsiiee B COOTBETCTBHE KAXKIOMY HHCJIY 72 €r0 Camo,
COXPaHAET NOPAHOK (HO He ABJIAETCA M30MOPGUIMOM).

OTtHowenne u3zomopduaMa MEKAY JACTHYHO YIOPAROYEHHLIMM MHO-
>KeCTBaAMH MPEACTaBJIAeT cobol, OYeBHUIHO, OTHOLIEHUE BKBUBAJICHTHO-
cTi (OHO CUMMETPUYHO, TPAH3UTHBHO U peduiekcnbro). CnenoBaTennbHo,
€CJIM y HaC MMeeTCsa Kakoli-To 3anac ) 4yacTHYHO yNOPsUIOYEHHBIX MHO-
>KECTB, TO BCE 3TH MHOXKECTBA MOXKHO Pa3bUTh HA KJIACCHI M30MOPMHBIX
Mexkay coboit. fcHo, 4TO ecsim HAC MHTEPECYET He PHUPOLA BJIEMEHTOB
MHOXECTBA, a TOJILKO MMEOUAACA B HEeM YaCTHYHAA YHIOPALOYEHHOCTD,
TO ABa n3oMopdHBIX Mexay coboil HacTUYHO YNOpAAOYEHHBIX MHOXKE-
CTBa MOXKHO PaCcCMaTPUBATh NPOCTO KAK TOXKIECTBEHHBIE.

3. IlopsnkoBble TUIIBI. Y HOPAOOYEHHBIE MHOX ecTBa. [1po u30-
MopdHbIe MeXIy cODOI YACTHYHO YyNOPSIOYEHHbIE MHOXKECTBA MbI Oy-
€M TOBOPHTb, YTO OHM MMEIOT OAWH U TOT xKe nopadroswii mun. Ta-
KuM 00pasoM, MopAnKOBBIH THI — 37O TO o0luee, YTO NpPHUCYIIe JIOObIM
IBYM u30MOpGHBIM MexAy coBOM YaCTUYHO YHNOPSIIOYEHHBIM MHOXKEe-
cTBaM, HOoAOOHO TOMY KakK MOLIHOCTb — 3TO TO obiee, 4To mpucyle
3KBUBAJIEHTHBLIM MeXxAy coOoH MHOXKeCcTBaM (PacCMATPUBAEMBIM He3a-
BUCHMO OT KaXoro 6l To HH ObL7I0 OTHOIIEHUSI IOPSAJIKA B HUX).

IIycts @ n b — 3J51€MEHTBHI YACTUYHO YIOPSAAOUEHHOTO MHOXKECTBA.
Moxer okaszarbcs, 94T0 HA OOHO u3 cootHomenuit a €< b u b < a He ume-
eT MecTa. B aTOoM ciiy4ae 9J1eMenThl @ ¥ b HA3BIBAIOTCA HECPASHUMBLMU.
Takum 00pa3soM, OTHOWIEHHE NMOPAIKA ONPENEseHO JIMUIb JIJI HEKOTO-
PBIX Nap 3JIEMEHTOB, IIOSTOMY Mbl U TOBOPMM O HaCTHYHOR ynopsano-
4eHHOCTH. Kcity ke B 4aCTUYHO yHnopsI0ueHHOM MHOKecTBe M Hecpas-
HUMBIX BJIEMEHTOB HET, TO MHOXeCTBO M HasblBAeTCH YNopadorneHHbiM
(aunetino ynopadouernnvm, cosepuenno ynopadouennom). HMrax, mao-
KeCTBO M yNOpSIIOYEHO, eCM OHO YACTUYHO YHOPANOYEHO U eCJIH [/
JOOBIX ABYX Pa3JIMYHBIX 3JIEeMEHTOB a, b € M obazarensHo aubo a < b,
aubo b < a.

flcHo, 9To BCsKOE MOAMHOKECTBO YIOPAA0YEHHOTO MHOXECTBA CaMO
VHOPAIOYEHO.

MuoxecTBa, yKazaHHble B npuMmepax 1-4 n. 1, ABNAKTCA JIMIIE Ya-
CTUYHO ynopsanoueHHsiMu. [IpocreiiumMn npumepamMu JiMHeHO ynops-
JIOYEHHBIX MHOXECTB MOIYT CJIYKHTb HATYPaJibHBIE YHCJIA, COBOKYI-
HOCTh BCEX PAlMOHAJILHBIX YMCEJN, BCeX NeHCTBUTENILHBIX YHCeJ Ha OT-
peske [0,1] u T. 1. (¢ eCTECTBEHHBIMH OTHOIIECHNAMU «OONBIIE» H «MEHD-
me», KOTOPbIE B 9TUX MHOXECTBAX MMETCH).

1} Mbl BO3nEpKMBAEMCA OT NOHATHI BPOAE «BCE YACTHYHO YNOPAKOYEHHDBIE MHO-
KeCcTBa», TaK KaK OHM, NOAOGHO NMOHATHIO «MHOXECTBO BCEX MHOXECTB», 110 CyIle-
CTBY, BHYTPEHHE IIPOTUBOPEUYMBL! N HE MOTYT ObITb BKJIIOYEHLI B YE€TKHE MATEMaTH-
4eCKUe KOHUEILMH.
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[ockosibky yHOpPAIOYEHHOCTD €CTh YacTHLIH ciiy4ail yacTuunol yno-
PAAOYEHHOCTH, X YHOPALOYCHHBIM MHOMKECTBAM IPUMCHHUMO IOHATHUE
0OTODpaXKeHUs, COXPAHAIOUIETO NOPANOK, ¥, B YaCTHOCTH, [IOHATHE U30-
mopdusma. [HoaToMy MOKHO rOBOPUTH O TIOPSIKOBOM THIIE YIODAIO-
YEHHOrO0 MHOXKeCTBa. Psaj HarypanbHeix uncest 1,2,3,... ¢ ecrecTBeH-
HbIM OTHOLIEHUEM IMOPAAKA MEXIY ero 3JIeMeHTaMH IPeACTaBJIAET CO-
boit npocrefuit npumep GECKOHEUHOrO YMOPSIOUYEHHOIO MHOXECTBA.
Ero nopsanxoBelil THII DPUHATO 0B03HAYATH CUMBOJIOM W.

Ecnu nBa 9acTHYHO yNOPSAOYEHHBIX MHOXKECTBA H30MODMHBI Me-
®K1y cobOi, TO OHH, KOHEYHO, MMEKT OJMHAKOBYIO MOLIHOCTH (H30MOp-
husm — 970 BueKIUs1), IOFTOMY MOKHO MOBOPUTH O MOIHOCTH, OTBEYA-
jomelt TaHHOMY MOPSIIKOBOMY TUIly (HANPYMED, THIY W OTBEYAeT MOII-
HoCcTh Np). OnHako 06paTHOe HEBEPHO; MHOXKECTBO JAHHOH MOMIHOCTH
MOKeT OBITH YIOPSIOYEHO, BOOBLIE rOBOPA, MHOTMMH PAa3HBIMH CIIOCO-
6amu. JIuib DOPAIKOBLIR THII JIMHEHHO YIOPSATOUYEHHOIO KOHEYHOT O
MHOXKECTBA OJHO3HAYHO ONPEIEIIAETCs YUCTOM N €ro 3JIEMEHTOB (1 060-
3HAYAETCS TAKKe 4epes n). YKe I CUeTHOrO MHOXKECTBa HATYPAaJib-
HBIX 4YHCeJI BO3MOXKEH, HallpHMep, Hapady C ero «eCTeCTBeHHBbIM» TH-
IIOM w, Taxkoit Tui:

1,3,5,...,2,4,6,...,
T. €. Takoll, koraa ymoboe YeTHOe YUCJIO CJeAyeT 3a JIOObIM HEeYETHBIM,
a HeYeTHBIC U YeTHhIE 4ucja Mex iy coDoil ynopsamoueHs! 110 BO3pacTa-
HHI0. MOXHO TOKa3aTh, YTO YHCJI0 PA3JIMYHBIX HOPSAAKOBLIX THIIOB, OT-
BEYaIOIUX MOIIHOCTH Ng, BECKOHEYHO U IaXKe HEeCYETHO.

4. YoopsamodeHHast cyMMa YIOPSIOUeHHLIX MHOXKecTB. [lyvcTh
M; u My — 5Ba HemepeceKalwUxes ynopsagOYeHHbIX MHOXKECTBA C [10-
DSIAKOBBIMU THOaMHu 6; u #s. B obbemunenun M; U My muoxects M
n M MOXKHO BBECTH MOPSJIOK, CYUTAs, 4TO JIBA dJIEMEHTAa n3 M; yno-
pAagodensl Kak B My, aBa 3aJsiementa u3 My ynopsagodeHsl Kak B M,
u 9yT0 BCAKHUE sneMent u3 M; npenurecTByeT BCAKOMY 3Jie-
Mernty us M,y. (IlposepbTe, UTO 3TO MEHCTBUTENHHO JIMHEHHAS yNOPS-
nouyerHocts!) Takoe ymopsiIoYeHHOE MHOXKECTBO MBI OyneM Ha3bIBATD
ynopadovennott cymmolt muoxecrs M; u Mo v obosuavars M; + Ms.
ITomyepkreM, 9TO 3HECH BAXKEH MOPAA0K CJiaraeMeix: cymma Ms + M,
He usoMopdHa, Boobiue rosops, cymme M; + Ms. llopsankoseiil Tum cym-
MBI M7 + M3 Mbl ByieM Ha3bIBATh Ynopadonennoti cymmoti IOPAIKOBbIX
TunoB 8; u 8 u obosnagars 6, + 5.

9710 onpenesienne JIETKO PACIPOCTPAHAETCA HA NPOU3BOJILHOE KOHEY-
HO€ 4HCJIO cJiaraemMbix 8, ...,60;,,.

Hpumep. PaccMoTpuM nopsigxoBele THUIbl w M 1. JIErko BHAETH,
YTO N + W = w; JEHCTBUTEJIBHO, €CJIM Mbl K HATYPaJbHOMY PAIY
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1,2,3,...,k,... npunuiieM cjepa KOHEYHOE YMCJIO 4JIEHOB, TO MBI 110~
JIyYHMM TOT K€ NOPAAKOBBIA TN w. B TO e BpeMs nopsakosblit Tun
w + n, T.e. NOpAIKOBLIX Tun mHoXkecTBa 1,2,3,..., k,..., a1,...,0n,
He PaBeH, OUeBUIHO, W.

5. BoonHe ymnopsimoyeHHble MHOXecTBa. TpaHcdhHHHTHBIE
yucJsa. Belme Mbl BBEU IOHATUA YAaCTUYHON yNOPAIOYEHHOCTH U VIO~
pagodyeHHocTH. Beenem enie Oosiee y3KO€, HO BEChbMa BAKHOE MOHATHE
NOJHOH yHOPALO4YEHHOCTH.

Oupenenenne. YnopsaiodeHHOE MHOKECTBO HA3BLIBACTCH 6TOANHE
ynopadoienHovim, eCiiN KaXKA0e ero HEMyCTOe NOIMHOXKECTBO CONEePKUT
HauMeHbIIH (T.€. NpeqwecTBYOUHMi BCEM 3J1EMEHTaM 3TOrO MOIMHO-
JKECTBA) 3JIEMEHT.

Ecinu ynopsanoueHHoe MHOXKECTBO KOHEYHO, TO OHO, OYE€BHIHO, U BIIOJI-
He yropsnodeHo. [IpumepoM ynopsaoueHHoro, Ho He BIOJIHE YIIOPSLIO-
YEHHOIO MHOYKECTBA MOXeT ciiyxurb orpesok [0,1]. Camo a10 MHOXKE-
CTBO COAEPKUT HauMeHbnil ssement — uucsio 0, HO ero monIMHOXKe-
CTBO, COCTOSIIEE U3 TOJIOXKUTEJbHBIX YUCEs, HAMMEHBUIEro 3Jie-
MEHTA HE COJIEPKUT.

fAcHo, uTo 6caxoe (nenycmoe) NOIMHONCECTNEO BNOANE YNOPAJouEH-
HO20 MHONCECTNEA CAMO GNOAHE YNOPATOLEHO.

IopsigxoBbiit THI BNOJIHE YIIOPSAOYEHHOTO MHOXKECTBA HA3BIBAIOT N0~
PATKOBBM HUCAOM (NPAHCHUHUMHBIM NLOPATKEOGHLM YUCAOM WITH, KOPOUE
MParcHuUHUMOM, KOTIA XOTAT MOAIEPKHYTH, YTO PeYb UIET 0 HeCKoHed-
HOM MHOECTBe).

Harypanbhbiii pan (¢ eCTeCTBEHHBIM OTHOLIEHHWEM IOPANKA) IPE-
craBiisieT cobofi MHOXKECTBO HE TOJILKO YIOPSAAOYEeHHOe, HO W BIIOJIHE
ynopsinodenHoe. Taxum obpasoM, ero nOpsiIKOBLIA TUII W €CTh NOPsA-
koBoe uncso (rpancunut!). IllopsaakossiM yucaom byner u w + k, T.e.
THIN MHOXECTBA
1,...,n,...,01,...,0-

d

Hanporus, MHOXECTBO
=Ny, —3, =2, -1 (1)

YyIOPAM0UEHO, HO He BIIOJIHE yNOPSJOYEHO. 31ech B KaK/IOM HEImyCTOM
MOJIMHOKECTBE eCTh HanboIbIi aJ1eMeHT (T. €. cenyomuil 32 BceMn),
HO, BOOOIIE IOBODsI, HET HAMMeHbIuero (HanpuMep, HAMMEHBUIETO 3Jie-
MenTa Her BO BceM mHoxectse (1)). ITopsaxosstit Tun (He asssomunti-
CA NOPAAKOBBLIM uncyiom!) mMuoxkectsa (1) npuHsATO 0603HAUATH CUMBO-
JoM w*.
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Hokakem caenyowmit npoctoil, Ho BaxHbI hakT.

- YeHHasa C HEYAHOrO YHC. -
Jlemma 1. Yo AQOYCHHAST CYMMa KOHEYHOro YHc.jaa BIIOJIHC YITIO
PATJOYCHHBLIX MHOXECTB €CTh BIIOJIHE YHODRSALOYEeHHOC MHOXKCCTBO.

B camom nene, nycts M — NpoOM3BOJIBHOE MOIMHOXKECTBO YIHOPS-
jaodeHno#t cymmer M, + --- + M, BUOJNHE YHOPAJOYEHHBIX MHOMKECTB;
PAacCCMOTPHUM HIEPBOE U3 MHOXKECTB My, colepxaiee 3jeMeHTh u3 M.
Ilepeceuenne M N M), siBnsiercsa NOOMHOXKECTBOM BIOJIHE YIIOPSJIOYEH-
HOrO MHO)KecTBA M} n, 3HAYNT, UMEET NEPBbIY a/1eMenT. DTOT 3JIeMEHT
OyIeT nepBbIM 3JIEMEHTOM U BCero M.

Cne JCTBUEC. yHOpHﬂO‘{eHHaﬂ' CYMMa HOPAAKOBBIX YHCEJI ABJIACTCA
HopsAaAOKOBbIM YHCIIOM.

Mb1 MOKeM, TakuM 0OPA30M, OTIPABJSIACE OT HEKOTOPOrO 3a1aca I1o-
PAIKOBBIX YHCEN, CTPONTH HOBbIE NMOPsAAKOBbe uucia. Hanpumep, or1-
NPABJIAACH OT HATYPAJILHBIX YUCES (T. €. KOHEIHBIX MOPSIKOBBIX YHCEJ)
1 TIOPAIKOBOTO YKCJA w, MOXKHO HOJYYHTH NOPAIKOBbIE YHCIa

w+n, wtw, wHtw+n, wHwtw HTO

Unrarens JIerko NOCTPOUT BIOJTHE YNOPAAOYCHHLIC MHOXECTBa, OTBE-
Yawumue 3TUM TpaHC(bI/IHHTaM.

Hapsany ¢ ynopsinoyesHo# cyMMO# HOPAAKOBBIX THIIOB MOXKHO BBECTH YNo-
psidonennoe npoussedenue. Ilycrs M1 u Mz — MHOXeCTBa, ynopsagodeHHble
mo Tvnam 6 u 2. BosbmeM MHOro 3x3eMILIsipoB MHOXecTBa M) -— 110 OfHO-
My Ha KaxXIbli ssiemeHT M — 4 3aMeHuM B MHOXeCTBe Ay €ro sJ1eMeHTH
aTHMH 3K3eMILIgpamMu M. [TosnyyenHoe MHOXECTBO HASBIBAETCS YIIOPALOYEH-
HbIM npousBenenuem My u My u obo3navaercsa cumsosioMm M, - My. PopMaIbHO
M - My crpourcst kak MHOKecTBO nap (a,b), rne a € My u b € M, npudem
(a1,b1) < (a2,b2), ecsin b1 < by (npn yO6BIX a1, a2), u (a1,b) < (az,b), ecom
a; < az.

AHaJIOTHYHO ONpenesiseTcs ynopaA04eHHOe MPousBeaeHue To00ro KoHe -
HOrO 4KcJ1a coMHOXuTesel My -Ma-. . .- M. Tlopaakosbtii Tun § nponssesenus
M, - M7 ynopano4eHHLIX MHOMXKECTB Ha3blBACTCs npouseedenuem nopadxoeur
munoe 6, u #s:

0= 616,.

Kax ¥ ynopsamoueHHas CyMMa, YIOPAZOYEHHOE IPOM3BEIECHHE HEKOMMYTa-
THUBHO.

Jlemma 2. YunopsgoyeHHOe 1pou3BeaeHHe ABYX BIOJIHE YIOPAXOYCHHDIX
MHOXXECTB €CTh BIOJIHE yIMOPsHA0YE€HHOE MHOXECTBO.

Hoxasatenbcrno. I[lycrs M — HEKOTOPOE NMONMHOXKECTBO NPOU3BEIE-
aua M; - Ms; mhoxecrso M ects Muoxectso nap (a,b). Paccmorpum sce
BTOpbBIE 3j1eMeHTH! b nap, pxonsumx 8 M. Oun o6pa3yior #exoropoe nogMHo-
xecTBO B Ms. B cnny nonusolt ynopsinouennocrn Ma 310 nogMHOXKECTBO uMe-
er nepsbiil anement. O60o3nauuM ero b M paccMoTpuM Bee naps! Buaa (a, bo),
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Bxousimue B M. Fx nepsele asieMeHThL @ 06pa3syoT HEKOTOPOE MOIMHOXECTBO
B M. B cuny nosno#t ynopanodennoctu M cpenn HUX uMeeTcs lepBbiil aute-
menr. Obo3znauum ero ag. Torma napa {(ag,bo), Xax Jierko BuaeTb, u Oyuer
flepBLIM 3JIeMeHTOM M.

Cne JACTBHE. yHOijIO‘IeHHOE NIPOH3BEACHHE NOPAAKOBBLIX YHCEJT ABJIA-
erca NoOpPAAKOBBIM YUHCJIOM.

IIpumepsr. Jlerko Buaers, yro w + w = w - 2, w + w +w = w - 3. Jlerxo

TaKKe MOCTPOMTH MHOXKECTBA, YIOPAAOUEHHBIE 10 THIAM w - 1, W2, w? - n, w®,

., wP, ... Bce atu MHOXeCTBa OyAyT HMETH CUETHYIO MOLIHOCTD.
MoxHo onpegesnuTs U Apyrue geHcTBUs Had MOPAJKOBBIMHM THUIIAMH, Ha-
pUMep, BO3BENEHNE B CTEIEHb, H BBECTH B PACCMOTPEHHE Takue MOPAAKOBEIE

YHCJIa, KaK, CKaxeMm, w", w’ T o

6. CpaBHeHMe NOPAMKOBBIX YHceN. Eciu n; u ny — ABa KO-
HEYHBIX TOPSIKOBBIX YMCJIA, TO OHH WJIKM COBMAJAIOT, HJIM OOHO U3 HHUX
HoJibne Apyroro. PacnpocTpaiiuM 3To OTHOWIEHNE IOPAAKA HA TpaHchu-
HUTHBbIE TIOPSIAKOBbIE YMCAa. BBemeM AJIst 3TOrO CJIEAYIOIHE MOHSITHS.
Besikuil srieMenT a TUHEHHO ynopsiqoueHHoro MHoXkecTBa M onpenens-
er Hawaavhbill ompedox P (COBOKYIIHOCTB 3J1eMEeHTOB < a) U ocmamox @
(COBOKYNHOCTDH 3JIEMEHTOB > a).

Mycrs @ u B — nBa nopsagxosblx yncsaa, a M u N — MHOXeCTBa,
TUNa & ¥ B COOTBETCTBEHHO. MBI CKaxeM, 4To a = [, €CJIM MHOKECTBA
M u N usoMmopdubi, yro @ < 3, ecnin M uzoMmopdHO KakoMy-aubo Ha-
YaJILHOMY OTpe3Ky Muoxecrsa N, n 4to a > 3, ecnu, obparuo, N u30-
MOpGHO HAYAJILHOMY OTPE3KY MHOxKecTBa M.

Teopema 1. JIo6pie qBa IOPAAKOBBIX YHCIA ¢ U 3 CBSI3AHBI MEXKIY
co60if OIHAM U TOJIBKO OAHHM H3 COOTHOIICHUI:

a=0, a<fB wm a>f.

JJ1s1 10Ka3aTeIbCTBA YCTAHOBHM IIPEXAE BCETO CIIAYIOMYIO JIEMMY.

Jlemma 3. Eciam f — m3omMopgHOE 0TOOpasKeHHe BIOJIHE YIIOPALO-
YeHHOro MHOXKECTBA A Ha Kakoe-1nbo ero moamaoxecTso B, 1o f(a) 2 a
U1 BCex a € A.

JeficTBuTeIbHO, eciiu Obl UMEJNCHL TAaKue 3JIeMeHTbl a € A, 4ro
f(a) < a, 1o cpenu Hux 6bw1 66l Nepsblit (IOJIHAS YyIOPSILOUEHHOCTS!).
[Tycts 310 — 3JieMeHT ag U nycTs by = f(ap). Torma by < ap u, NOCKOIIb-
Ky f — usomopdusm, f(by) < f(ag) = by, T.€. ag He 6b1 GbI MEPBLIM
Cpeay 3JIEMEHTOB C YKA3AHHBIM CBOMCTBOM.

U3 310il sieMMBI Cpa3y e BLITEKAET, YTO BHOJIHE YHNODPAIOYEHHOE
MHOXKECTBO HEe MOXKeT ObITh u30MophHO cBoeMmy orpesky. Eciu 661 A 6b1-
JI0 U30MOPHO OTPE3KY, ONPEAETIAEMOMY 3JIEMEHTOM @, TO BBIIOJIHAIOCH
6n1 coorHowerue f(a) < a. [ostomy coorHomenus a = fu a <
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He MOT'YT MMETh MeCTa OJHOBPEMEHHO. AHAJIOrMYHO He MOXeT ObITb O-
HOBpeMeHHO a = § un « > . Touno Tak 3xe HeCOBMECTHbl COOTHOMIEHHST
a < fAua > 3, Tak Kak MHaYe MBIl IOy 91K 66! (Tpan3uTUBHOCTE!), 4T0
o < @, a 9T0, KAK MBI BILEJH, HEBO3MMKHO. MTax, Mbl NOKa3anu, 4To
HAJIMYME OJHOrO M3 COOTHOUIEHHH « % B MCKIIOYAET JBA OCTAJIBHBIX.
ITokaxxem Teneps, UTO OJHO U3 STUX COOTHOLIEHHH BCerjga HMeeT
MECTO, T.€. YTO JIHODbIe JiBa NOPAJKOBBLIX YHCJIA CPABHHUMBL.

CHavana a1 KaXJOr0 [IOPAOKOBOrO YUCIA & NIOCTPOUM MHOMXKECTBO
W (a), ciyxainee ero «CTanapTHBIM NpejacTaBuresiems. ViMento, npn-
meM 33 W{a) MHOXECTBO BCex NOPSIAKOBBIX YHCEJ, MeHbUX . Yncna,
Bxoaamue B W), Bce cpaBHuMbl Mexny coboif, a camMo MHOXECTBO
W{a) (ynopanodeHHoe Mo BEJIMYMHE TOPSAKOBBIX UHCEJI) MMEeT THII .
JelcTBRTETBHO, €CIM MHOXKECTBO

A={..,a,...,b...}

UMeeT THUI (&, TO, IO CAMOMY ONpEAEsICHHIO, MOPAIKOBbLIE YHACIA, MEHb-
e, YeM ¢, B3aUMHO OJIHO3HAYHO OTBEYAIOT HA4YaJIbHBIM OTPE3KAM MHO-
KecTBa A, a CJIef0BaTebHO, 1 BJEMEHTAM 3TOrc MHoxecrsa. Muave ro-
BOD3I, 3JIEMEHTHI MHOKECTBA, HMEIOUIEr0 TUTT ¢, MOXKHO NIEPEeHYMepOBaTh
C IIOMOIIBIO TOPALKOBBIX “HCEJI, MEHBIIUX

A= ((10,(11,...,a,\,...).

Ilycts Teneps a u § — [Ba HOPAAKOBBLIX yuchaa; toraa 4 = Wi{a)
u B = W(8) — muoxecrsa Tunos a u 3 coorsercrsenno. llycrn, nasnee,
C = AN B — nepeceuenue MHOXkecTB A n B, T.e. COBOKYNIHOCTb 110~
PAOKOBBIX YHCE, MEHBINUX & U [§ opiHOBpeMeHHOo. Muoxkectso C BoJiHe
yNoOpAno4eHo; 00o3na4nM ero tun . Ilokaxem, uro v £ «. Hefictu-
TesbHo, ecot C' = A, 10 7 = @, ecou we C # A, 10 C ectb 01pe3okK
MHOxKecTBa A u Torma

v < a.

B camom gnene, npu seex £ € C, n € A\ C aucna € u 5 cpaBHuMBI,
T.e. £ £ 7. Ho cootHomenue i < £ < a HEBO3MOXKHO, TAK KaK TOTJA
n € C. Uraxk, & < 7, otkyna u BUaHO, 9170 C' €CTh OTPE30K MHOKECTBA, A
n v < a. Kpome Toro, v ects nepsplit asiemenrt muoxecrea A\ C. Urax,

v £ a u anajoru4yHo vy < 3.

IIpn stom cayuai ¥ < a, v < 3 HEBO3MOXEH, TA4K KaK TOTH3 Mbl
umesn 661 v € A\ C, v € B\ C, 1. e. c ognoii cropousl, v ¢ C, ¢ apyroi
cropousl, v € AN B = C. Ciegosare/ibHO, BO3MOXKIB! JIML CJIy4an

Yy=a, =0, a=4p,

y=a, Y<pB, a<p,

¥<a, y=8 a>p,
T.e. a 1 § cpaBuuMbl. Teopema MOJHOCTBIO JOKA3aHA.
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Kaxxnomy mopsaaxoBoMy 4HC/y OTBEYAeT ONPENEICHHAS MOUIHOCTD,
a U3 CPABHUMOCTH MOPAIKOBBIX 4MCEJI CJIeAyeT, OYEeBHAHO, U CPABHH-
MOCTh COOTBETCTBYIOIMX MoiHocTeH. IToaTomy:

Ecau A u B — dea enoare ynopadonennols muodxncecmea, mo aubo
OHU IKBUBAAEHTIHYL MeHCTY 000l (PasroMOwHbL), AUOO HCE MOUSHOCTILL
001020 U3 WU Goavise, wem MmMowHocmy dpyzozo (T.€. BOOJHE YIOPALO-
YeHHBIE MHOXKECTBa He MOI'YT MMETh HECPABHMMBbIX MOIIHOCTEH).

PaccMoTpuM COBOKYNHOCTb BCEX HOPAAKOBBIX 4HCEJI, OTBEHAIONUIHX
KOHEYHOW uau cueTHOU momuocTu. OHH 00pa3yioT BHOJIHE YIO-
psinmodenHoe MHOXecTBO. Herpynuo ybenuTses B ToM, 4TO CAMO 3TO MHO-
JKEeCTBO yxke HecdeTHO. [leficTBurennno, 0603HaUUM B COOTBETCTBUU
¢ obmenpunsaToit CUMBOIMKOH Yepes w; NMOPSIKOBLIM TUI MHOXKECTBA
BCEX CYETHBIX TPAaHCOUHUTOB. Eciu Ob1 0TBeHaONIaa €MY MOUIHOCTD ObI-
J18, CYETHOM, TO CHYeTHbIM ObLIIO ObI 1 MHOXXECTBO, UMEIOIIEee OPSAKOBbII
TN w; + 1. BMecre ¢ TeM 4ucs0 wy cyIenyerT, 0YeBUIHO, 338 BCEMH TPAHC-
$UHUTAME, OTBEYAIOUIMMY KOHEYHOR MU CUETHON MOIIHOCTH.

0O603Ha4KM MOLIHOCTL, OTBEYAIOLLY IO TIOPAIKOBOMY TpaHChUHATY wy,
cuMBoJIoM N;. Jlerko BHIeTh, YTO HMKAKUX MOUHOCTER M, YIIOBJIETBO-

PSUOMIUX HEPABEHCTBY
Ng<m< Nl,

Het. JeltcTBHTENMBbHO, €ciin Obl TAKAsh MOLIHOCTH M CYIIECTBOBAJIA, TO
B MHOXecTBe W (w1) BCEX MOPSAAKOBBIX TPAHCHUHUTOB, NPENIIECTBYIO-
HI¥X Wi, IMEJIOCH Obl HOGMHOXECTBO MOIIHOCTH M. DTO MNOAMHOXKECTBO
BIOJIHE YTOPSANOYEHO i HecdeTHO. Ho Torma ero mopsaaxoewit Tuil «
NpenIIecTBOBA Obl W) U B TO XK€ BPEMsi CJIEI0BAJI 33 BCEMH CUETHBIMU
tpanchurnTamM. Mbi nosyyusiy 661 TPOTUBOPEUYUE C ONPEICIICHUEM W) .

7. Axcuoma BpIOOpa, Teopema llepmenio U npyrue 3KBHUBa-
JIEHTHbIe MM yTBepXKaeHusi. CpaBHUMOCTH BIIOJIHE YIOPSIIOYEHHBIX
MHOXKECTB 110 MOIIHOCTH IMOICKA3BIBAET CJIEAVIOULYID ITOCTAHOBKY BO-
[IpOCa: HEJb3si JIH BCSAKOE MHOXKECTBO BIIOJIHE YHOPSJOUHUTH KAKHM-
anbo obpaszom? IostoxutesbHblil 0TBET 03HA4YAJ OBl, B YACTHOCTH, YTO
HECPAaBHUMBIX MoOmHOCTe! BoODOImE He cymecrByer. Takoil oTeBer gaut
IlepMmento, nokasas, YTO xadxcdoe MHOMHCECTB0 Modicem Obvimb 6noaAHe
ynopsadovero. JoxkazarensCcTBo 3Tol Teopemsl (Mbl He OYAEM BOCIPON3-
BOJUTH €r0 31€Ch, CM., HANPHUMED, [2]) CyNIECTBEHHO OMUPAETCs HA TaK
HA3BIBAEMYIO GKCUOMY 6b00pa, COCTOAILYIO B CJESAYIOLIEM.

IIycte A — HEKOTOpPOE MHOKECTBO MHIEKCOB (¢ M NYCTh JJIs1 Ka-
JKJIOTO (¢ 33/IaHO HEKOTOPOE MPOoU3BOSIbHOE MHOXKeCTBO M,. Torna, kak
YTBEPKIAET aKCHOMA BbIOOpA, MOHCHO nocmpoums dynxyuro ¢ na A,
OMHOCAULYI0 KAHCIOMY ¢ € A Hexomopwuil 3aeMEHM My U3 COOTEEM-
cmeyroue20 mMuodxcecmsea M, . VIHbIMU CITOBaMM, MOXKHO COCTABUTD HEKO-
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TOPOE MHOXKECTBO, BHIOPAB M3 KAXK/I010 M, 110 OIIHOMY I TOJLKO OJHOMY
3JIEMEHTY.

Teopusi MuoxecTs B T0d opme, B KOTOPOH MBI €€ H3JIAraeM, BOCXOUHUT
k Kautopy v lepmesio u sBgerca «mauBHOM» TeopHell MHOXeCTB. AKCHM-
oma BeIGOpa, HasbiBaeMas Takke axcuomoit Ilepmesio, BO3HHKIIAS B paM-
KaX HAMBHOH TEOPHH MHOXKECTB BMECTe C APYIMMH BONPOCAMH, TAKUMH, KAK
KOHTHHYYM-THIOTE3d, T. € BONPOC O COBNAJEHHN MOMHOCTH KOHTHUHY-
yMa ¢ nepBoif HecHeTHOH MOMHOCTBIO Nj, OIPUBESA K MHOTOYHCIEHHBIM CHO-
paM u K JJIMHHOH cepus paGoT 1o MaTeMarudeckoil JIOTMKe H OCHOBAHHAM
MAaTeMaTHKU. BT IOCTPOeHBl AKCHOMATHYECKKE TEOPUH MHOXKecTB ['émesns-
Bepnaifica u Llepmeno-Ppenxens. B pamkax atux Teopuit Os11a ycTaHOBJIe-
Ha HeNpOTHBOPEYNBOCTh H HE3aBUCHMOCTL aKCHOMBI BblOOpa. Mul orchriaem
yuTaTend x crueunansusiM paboras: A. @penxeas n M. Bap-Xuasea. OcHoba-
HuA Teopun muoxects. — M.: Mup, 1966; /1. Jorc. Koawn. Teopna Muoxects
H KOHTHHYyM-rurnore3a. — M.: Mup, 1969. 3amerun, 4TO OTKa3 OT aKCHOMBI
BbIGOpa CyLieCTBeHHO 0GENHAET TEOPCTUKO- MHOXKECTBEHHbIE [TOCTPOCHHS.

Bumecre ¢ Tem kpuTHKa HAMBHOH TEOpPHH MHOKECTB M HONBITKHM 00OHTHCH
6e3 aKCHOMBI BEIGODA IIOBEIM K CO3JAHMIO TAKMX 3aMEYATE/IbHLIX Teopuil, Kak
TEOpUs PEKYPCUBHBIX (DYHK UMM, X TAKMX NOHATHH, KAK IIOHSTIE BLIMUCJIHMOIO
qUCIA.

CdopmysmpyeM HEKOTOPBIE MPEAIOXKEHHUs, KAXKI0C U3 KOTOPBIX 3K-
BUBAJICHTHO aKCUOMe BHIOGOPA (T. . KaxKI0€e U3 HUX MOXKeT ObITh J0Ka3a-
HO, eCJ1/1 IPHHATH aKCHOMY BbIOODA, U 06PATHO, AKCHOMY BbIOOPA MOMXKHO
IOKa3aTh, AOIYCTUB CINPABEAIMBOCTD KAKOIrO-IHD0 U3 3TUX [PEII0Ke-
nuii). Ipexne BCEro siCHO, 9YTO TAKMM IPENIOKEHHEM sBJIACTCHA CaMa
Teopema llepmesno. JelicTBUTE/IBHO, €C/N OPENIIOJIOKUTD, 9TO KAKIOE
M3 MHOXKeCTB M, BIOJIHE YIIOPAOOYEHO, TO A5 NOCTPOeHHA DY HKIUN @,
CYIIECTBOBAHUE KOTOPOU yTBEPXKIAETCH akcuoMoil Bbibopa, JOCTATOYHO
B K&KIOM M, B3ATb NepBbIi 3/1eMeHT.

st opMYSTMPOBKYU APYIMX NPEAJIOKEHHH, SKBUBAIEHTHRIX AKCHOME
BBIOODA, BBEJEM CJICAyIomue noHsTusA. Ilycrs M — dacTu4Ho ynopsamgo-
YeHHOE MHOKEeCTBO. Bcskoe ero moiaMHOKeCTBO A, B KOTOPOM JIOOLIe
JIBa 3JIEMEHTA CPABHUMBI MeXiy coboit (B cMmbicse BBenenno# B M ua-
cruyHOl ynopsamouerHocTH), OyaeM HasbIBATH yenvio. llens HasniBaeT-
CS MAKCUMAADHOT, €CJIN OHA HE COMEPIKUTCS B KadeCTBEe COOCTBEHHOIO
[IOJIMHOYKECTBA HH B Kakofl apyrofi uenwn, npunagiexameit M. Hanee,
Ha30BeM B YaCTHYHO YIOPSAOYEHHOM MHOXKeCcTBe M 3jeMeHT a eepx-
netl epanvio nogMmHoxecrsa M' C M, ecou moboit ssiement o' € M’
NOAUYUHEH Q.

Teopema Xaycnopda. ByacTuuHO yropsigoYeHHOM MHOMECTBE
BCAKAs LENH COAEPKHUTCA B HEKOTOPOH ero MaKCHMAaJILHON L.

Crenyiomee npeajoxeHye Ipeactasiiser coboit, moxanyit, Hauboee
ya06HYI0 u3 Beex GHOPMYJINPOBOK, 3K BUBAJIEHTHEIX aKCHOME BbIOOpA.



46 w. 1. Daemenmu meopuu muodncecms

Jlemma Hopua. Ecan Besxasi uenb B 4aCTHYHO YIOPA0YE€HHOM
MHoxkecTBe M umeeT BEepXHIOIO IpaHb, TO BCAkuI aynemeHT 3 M non-
YHHEH HEKOTOPOMY MAKCHMAJIbLHOMY.

JokazaresscTBO paBHOCHIIBHOCTH BCEX NPHUBEACHHBIX YTBEpPXKIEHUM
(axcroma BbIGOpa, Teopema llepmeno, Teopema Xaycnopda, nemma Hop-
Ha) umeercs, Hanpumep, B Kaure A. I Kypow. Jlekuun no obued an-
rebpe. — M.: ®usmarrus, 1962; cm. taxxe [8]. Mbr ne 6ynem ero 3mechb
BOCIIPOU3BO/IUTD.

Ecsim MHOXECTBO BEepXHUX rpaHedl mOAMHOXeCTBa A HMeeT HauMeHbUIUH
AJIEMEHT a, TO @ Ha3bIBalOT moyrot eepzmaﬁ 2PpaHb NNOAMHOXKECTBa A, aHa-
JIOTUYHO ONPEHENAETCS MOYHAA HUNCHAA 2Z2PAHD. YacTtuaHO YIopAXOYEeHHOEe
MHOXECTBO, BCAKOC HENyCTo€ KoHEHHOE IIOIMHOXECTBO KOTODROTC oﬁna,uaeT
TOYHOH BepxHell IpaHbpI0 ¥ TOYHOH HUXXKHelf rpaHblO, Ha3blBaeTCA pewemxot,
W cmpyKmypot.

8. TparncdunutHas unnyknusi. [Ilupoxo pacnpocrpanesusiii me-
TOO A0KA3aTEeJILCTBA TeX WUJIU UHBIX yTBepxneHuﬁ — 3TO MEeTOoJ MaTeMa-
Tiyecko# muaayknuu. OH, Kak U3BECTHO, cOCTOUT B cienyoueM. ITycrs
HMeeTcst HeKoTopoe yreepxaenne P(n), koropoe ¢popMyaupyercs 1Jis
Ka/KJI0r0 HaTYPAJIbHOTO YUCIIA 1, ¥ IYCTh H3BECTHO, 4TO:

1) yrsepxaenne P(1) Bepro;
2) us toro, uro P(k) Bepno nna seex k € n, caenyer, yro P(n + 1)
BEPHO.

Torpa yreepxaenne P(n) sepuo gmisa Bcex n = 1,2,... HeilicTsu-
TEJILHO, B MIPOTHBHOM CJIydae CPeIu TeX 7, i KOTopuix P(n) Heeepho,
HAILIOCh Obl HAMMEHbINEE YUCJI0, CKaxkeM, ny. O4deBuaHo, 9ro ny > 1,
T.€. N1 — 1 TOXKe HATYPAJILHOE YUCJIIO, M Mbl IIPUXOIUM K IPOTUBOPEUHIO
¢ ycnosueM 2).

AnxajiorngHbiil pueM MOXer OBITH KCHOJIB30BAH C 3aMeHOH HaTy-
pajpbHOro pspia  J106bIM BUIOJIHE YHNOPAJOUYEHHBIM MHOXEe-
CcTBOM. B 3TOM ciiyyae OH HOCUT Ha3BaHUE MPAHCHUHUMHOT UHOYKYUU.
Taxum obpazom, meron TpaHChUHUTHON UHAYKIUH COCTOUT B CIJIEOYIO-
wem. ITycTs naHo HEKOTOpOE BHOJIHE YHOPSNOYEHHOE MHOXKecTBO A
(ecsim yrozmHo, ero MOKHO CYMTATH MHOXKECTBOM BCEX HOPANKOBBIX TPAHC-
¢UHATOB, MEHPIIUX HEKOTOPOrO AAHHOro) M mycrb P(a) — HekoTopoe
yTBepxaenne, (GopMy.aupyemoe s Kaxnoro a € A u takoe, uro P(a)
BEPHO HJ1A [IGPBOrO 3jiemedTa M3 A M BEpHO IS @, €CJIM OHO BEPHO
IJIsT BCEX BJIEMEHTOB, npemmectByomux a. Torna P(a) BepHo njiA BCex
a € A. HelictBuresibHo, ecam Obl CymiecTBOBajIM 3JIEMEHTHl B A, 1is
kotopeix P(a) He uMeeT mecTa, TO B MHOXKECTBE TAKUX 3JIEMEHTOB Ha-
mesicst Ob1 nepsblil, CKaxeM, a*, ¥ Mbl NpHIJIK Obl K NPOTHBOPEYHIO,
HOCKOJIBKY A7ist BceX a < a* yTBepxkaenne P(a) 6bw10 661 BepHO.
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Tak xak B cuny Teopemsl Llepmesio BCAKOE MHOKECTBO MOXKHO BIOJI-
He YIOPAJI0UUTD, TPAHCHUHUTHAA HHAYKIHA MOXET ObITh, B IPUHLMITE,
npuMeHena K Jjiobomy Muoxectsy. OQHAKO npakTniecku ObIBaeT yioo-
Hee IOJIb30BAThCA 3aMeHsoweit ee nemmofl Llopua, koTopas onupaercs
JIMLIL Ha HAJIMYHEe YaCTHYHOH yHOPSIIOUEHHOCTH B PACCMATPHBAEMOM
MHOXKeCTBE. A HEKOTOpast 4yacTHYHasl YHOPALOUYeHHOCTh paccMarpuBae-
MbIX 0DbEKTOB B 3ajaadax, Tpebymmmx npumeHeHusi Jjemmsnl [lopha,
OBGBIMHO BO3HMKAET €CTECTBEHHBIM 00pa3oM, «caMa coboil».

§ 5. CucTemMbl MHOXeCTB )

1. Konsuo MHOXKeCTB. Cucmemot] MHOKHCECTNG HA3BIBACTCS BCAKOE
MHOX€ECTBO, 3JIEMEHThl KOTOPOT0 CaAMH IPEACTaBJIIOT coboilt Kakue-1ubo
MHOXKeCTBa. EC/ii He OroBopeHo NpoTHBHOE, MbI OyjeM paccMarpuBath
CHUCTEMBI TAKHX MHOXECTB, KAXKI0e U3 KOTOPBIX SBJISIETCS MOAMHOMKE-
CTBOM HEKOTOPOro (bHKCUPOBAHHOTO MitoxKecTBa X . CUCTeMbl MHOXKECTB
MbI OyaeM 0O0O3HAYATEH NPOMUCHBIMHI roTHYecKuMu OykBaMu. OCHOBHON
MHTEepeC /1A Hac OyAyT NPeNCTaBJIsATL CHCTEMbBI MHOXKECTB, Y/IOBJIETBO-
psaompe (10 OTHOIIEHNIO K BBEIEHHBIM B § 1 onepauusiM) HEKOTOPBIM
ONPEESIEHHBIM YCJIOBUAM 3AMKHYTOCTH.

Onpepenenne 1. Henycras cuctema mMHONXeCTB R HasbBaeTcCs
KOALYOM, ecliu OHa 00J1a1aeT TeM CBOMCTBOM, yto u3 A € R u B € R
cienyetr AABeERu ANB e R

Taxk xax pyst 1oboix A u B
AUB=(AAB)U(ANB) u A\B=A4A(ANB),

o 3 A € R u B € R BLITEKAET TAKKE NPUHAIJIEKHOCTb K R MHO-
xkectB AUB u A\ B. Taknum 06pa3som, KOJIBIO MHOXKECTB €CTh CUCTEMA
MHOXKECTB, 3aMKHYTas I10 OTHOIIEHHIO K B3ATHIO CYMMBb! U TIepeCedenns,
BLIYUTAHUIO H 06pa30BAHHIO CUMMeTpIYecKof pasnocTH. QUeBUIHO, YTO
KOJIbBLO 3aMKHYTO M IIO OTHOIIEHUIO K 06pasona1—1mo JIIOOBIX KOHEYHBIX
CyMM U Nepecedenuil Buaa

c=U A, D=( A

k=1 k=1

1) PaccmarpusaeMsie B 9TOM mnaparpade IOHATHA NOHaI0BATCA HaM B 1. V npu
n3stoxeHun obmell reopuu mepsi. [ToatoMy urenue gaunoro naparpada Moxer 6bITh
oTIoOKeH0. JuTaTesnb, pemiuBHINH OTPAHKYNTLCS NPH W3YUEHHM TEOPHUH MepHl Mepol
Ha miockoctu (§ 1 1. V), Moxer aTOT naparpach nponmyCcTHTh COBCEM.
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JI10boe KO/blUO CONEPKHT NYCTOE MHOXKECTBO &, TAK Kak BCeria
A\ A = o. CucreMa, cocTOAMAA TOJILKO U3 IIYCTOTO MHOMXKECTBA, MPE-
craBasier coboii HauMenbuiee BO3MOXKHOE KOJIbIIO MHOXKECTR.

Muoxecrso E nazniBaercs edunuueti cucreMsl MHOXKecTB &, ecnm
oHo npuHamexuT G n ecnu nia nwboro A € G uMeeT MECTO PaBEHCTBO

ANE = A

Takum obpaszoM, eaqnHuLa CHCTeMbl MHOXKecTB & eCTh He 4YTO HHOE,
KaK MaKCHMAaJILHOC MHOXXECTBO 3TOU CUCTEMBI, CO/IepIKalllee BCe ApyTrue
Bxonsime B & MHOXKecCTBA.

Kosibo MHOXKECTB ¢ enuHuIlell Ha3pIBAETCs an2edpoli MHOXKEeCTB.

Npuwmepsl. 1. Ias moboro mHOkecTBa A cucrema P(A) Bcex
€ro NOAMHOXECTB NPeacTaBssieT coboii asrebpy MHOXecCTB ¢ enuuuilett
E=A.

2. Ins mobBoro wenycroro muoxkectsa A cucrema {@, A}, cocrosmas
U3 MHOKECTBA A M IyCcTOro MuoKecTsa &, obpasyer anrebpy MHOXKECTB
c enunueit E = A.

3. Cucrema Bcex KOHEYHBIX NOIMHOXKECTB IPOU3BOJIBHOTO MHOXKe-
crBa A npeacrassisier cobHol KOIBIO MHOXKECTB. DTO KOJILIO Oyner aJj-
rebpoit B TOM U TOJILKO TOM CJYV4ae, KOTAa MHOXKECTBO A CaMO KOHEYHO.

4. CucremMa BCeX OrPDAHHYEHHBIX [OJMHOMXKECTB YHCJIOBOR INpsiMoit
ABJISIETCs KOJIBIIOM MHOXKECTB, HE COOACPXKAIIUMM €IAHUIIbI.

s onpenesieHus KOJIblla MHOXKECTB HenoCpPeaCTBCHHO BLRITCKAET

Teopema 1. Ilepeceyenne R = (R, J1060ro MHOKECTBA KOJIEN
[a3
€CTH KOJIBIO.

YcraHoBuM CIeAYIOMUR NpoCcTOH, HO BaXKHBI JU1s JaJjibHERIero
dakT.

Teopema 2. /Lisa sroboit Henycroii cucrembr muoxecrs G cynie-
CTBYET OHHO H TOJILKO 0fHO k04b10 R(S), conepxammee & u conepxa-
meecst B JiioboM kouibnie R, conep:xxamem S.

HoxasaTtenanbcTno. Jlerko Buners, 4ro koibuo R(G) onpenens-
erca cucremoit & onuosHaHo. 17151 1OKA3aTe/IbCTBA €0 CyHIeCTBORAHUA

pacemorpim ob6bennnenne X = |J A Bcex mHoxects A, BXOAAIMX
AES
B 6, u xosbio IM(X) Bcex nonmuoxects Muoxecrsa X. Ilycts ¥ —
COBOKYHHOCTB BCEX KOJIEl MHOXEeCTB, coaepxaumxcs B IM(X) u conep-
xamux 6. ITepecevenne P = ) R Beex 3Tux koJrel 1 Byner, OUEBRAHO,
Rexn
HCKOMBIM KoJIbHoM R(6).
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HeitcTBuTensHo, KakoBo 6bl HM ObIJIO KobLUO R*, comepxkaliee G,
nepeceuenne R = R* N IM(X) Gymer koabuoM U3 L u, CJICAOBATENLHO,
G C R C R*, T.e. P nelicrBuTesIbHO YA0BIETBOPsET TPEOOBAHUIO MU~
HYMAaJBHOCTH. DTO KOJILIO HASBIBAETCH MUHUMEALHBIM KOALYOM HAL &
WK KOABIOM, nopoxcdennum &, u oboznavaerca R(S).

2. Ilomykonsuo mMHoXecTB. B prie BONPOCOB, HANPUMEP, B TEO-
pHM Mepbl, HAPANY € OOHATHEM KOJIbIA BaXKHYIO PoJb wurpaer Oosree
obilee NOHsITHE TIOJIYKOJIbIIA MHOKECTB.

Onpenenenue 2. Cucrema MHOKECTB & HA3BIBACTCA 7OAYKOAL-
YoM, €CJIM OHA CONEPKUT IIyCTOe MHOXKECTBO &, 3aMKHYyTa II0 OTHO-
HMIEHUIO K 00Opa3oBanuio nepecedennil u obnamgaer rem CBOUCTBOM, YTO
u3 npunagiaexnocty k & muoxecrs A u A; € A BBITEK4eT BO3MOXK-

n
HOCTbL mpexacrassienns A B suge A = |J Ag, rue Ap -— nonapho ne-
k=1
repeceKkalouMecs MHOXKeCTBa n3 G, nepBoe U3 KOTOPLIX €CTh 33aHHOE
MHOXKECTBO A;.

B nanpneitmiem Besikuit HADOp MONApHO HENEPECEKAIOLIUXCA MHO-
XKeCTB A1, ... , Ap, OObeIMHEHNE KOTOPBIX €CTh 3aAHHOE MHOXKECTBO A,
Mbl 6yIEM HA3BIBATH KOHEUNULM PA3AOHCEHUEM MHOKECTBA A.

Besikoe xonbio MHOXKECTB R ABJIACTCA MOJIYKOJIBIOM, TAK K&K €CJIH
Awu Ay C A sxogar B R, TO HMEET MECTO Pa3JioKeHue

A=A UA,, tne 4 :A\Al e R.

[TpuMepoM MOJIYKOMDBIA, HE ABJIAMIErOCA KOJIbIOM MHOKECTB, MO-
JKET CIIYKHTb COBOKYITHOCTb BCEX HHTepBaJios (a, b), orpeskos a, b] # no-
JIyuHTEepBaOB [a, b) u (a, b] Ha uncnoBoit npsamoii 1). Eme onnum npame-
POM CJIYKUT COBOKYIHOCTH BCEX «IIOJIYOTKPBITHIX®» HPAMOYTOJILHUKOB
a <z <b ¢ <y < dHa WIOCKOCTH UM COBOKYIIHOCTDL BCEX MOJIyOT-
KPBITBIX NAPAJJIESICIIMIIEIOB B IPOCTPAHCTERE.

YeTanoBuM CIELYIOMIME CBOHCTBA NMOJIYKOJCH, MHOKECTR.

Jdemma 1. Ilycrs mHOXKecTBA Ajy,...,An, A IPpHHALIEXAT HOJLY-
kosiey &, npHyeM MHOXeCTBA A; HONAPHO He NEPEeCeKAIOTCA H BCE CO-
Jepxarca B A. Toraa nabop maoxecrB A; (1 = 1,...,1n) MOXHO HOIIOJI-
HHTh MHOXECTBaMH Ap4, ..., Ay € © 40 KOHEYHOro pasJioxKeHus

s

A= J A, s2mn,
k=1

MHOXecTBa A.

1) Tpu 270M B YKCI0 HHTEPBAJIOB BKJIOYAETCH, KOHEYHO, «NyCTOH» MHTEpBan
(a,a), & B 4MCII0 OTPEIKOB —- OTPE3OK, COCTOAUIMA K3 oaHOf TO4KA [a,a].
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HoxasarenpcTBO nposeiseM no uHaykuuu. Ilpu n = 1 cupasen-
JIMBOCTH YTBEPXKICHUS JIEMMb! BLITEKAET U3 ONPENE/IEHUs T0JIYKOJIbIA.
ITpenmonoxum, YTO 3TO YTBEPKICHHE CIPABEIJIMNBO IJIs 1L = 1 U Pac-
CMOTPHUM M+ 1 MHOXKECTBO Ay, ..., Ay, Amt1, YIOBJIETBOPSIOUMX YCIIO-
BuAM JieMMbl. 110 cliestaHHOMY NMPEMIIOIOKEHHIO

A=A1U"'UAmUBl"'UBp,

roe sce mHOxectBa By (¢ = 1,...,p) npunagnexar 6. Ilosoxum
By = Amq1 N By. Ilo onpejiesieHdIo HOJMIYKOJbIA, UMEETCA Pa3J/IoiKe-
nue By = By U---U By, rue Bce By; npunagnexar G. Jlerko suuers,
4TO P, T
A=A1 U"'U‘4mUAm+1 U U (U Bq])

g=1 *j=2
Taxum obpasom, yTBepKAEHNUE JJeMMbI JOKa3aHo Aad n = m + 1, a cie-
JIOBATEJILHO, K BOOOILE AJ1st BCEX 7.

Jlemma 2. KakoBa Obl HH Oblla KOHEYHAs CHCTEMA MHOMXKECTB

Ay, ..., Ay, npuHaiexanux nojiykossny S, B G Hainercs Takas Ko-
HeYHas CHCTEMA MONAPHO HENEePeCeKaINuxcsi MHOxecTs By, ..., By,
g0 Kaxaoe Ay Moxer GbpITh NPEACTABJICHO B BUAE CYMMBI
Ak = U B,
sEM;

HEKOTOPBIX U3 MHOxeCTB B,

Hoxkasarenncrso. Ilpu n = 1 jlemMa TPUBHAJILHA, TAK KAK [10-
cTarodHo noJsioxuth t = 1, By = A;. Honycrum, 4ro ona crpasei-
JIMBA, OJIsL T = M, 1 PACCMOTPUM B & HEKOTOPYK) CUCTEMY MHOXKECTB
A1, ..y Apm, Ay Hlyers By, ..., By — muoxecrsa u3 &, yIoBiaeTBo-
PSAIOLIME YCJIOBUAM JIEMMBI 10 OTHOMEHUIO K A1, ..., Ap. [Homoxum

By = Am-H M B,.
B cuny siemmel 1 umeeT MecTo passiokeHue

t q
Ami1= U BaU U B, B,e6, (1)

s=1 p=1
a B CHJ1y CaMOro onpejnesieHus MNoJIyKOoJiblia UMeeT MECTO Pa3JIOXKEeHNe

B; =B, U---UBys;,, B, €6.
Jlerko BHOEThH, 4TO

fs
Ak= U Ust) k:l,...,m,
seM, j=1

U 4TO MHOXKECTBa '
B,j, B,
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nonapHo He nmepecexkatorca. Takum obpasom, muoxecrna B,j, B; yo-
BJIETBOPSAIOT YCJIOBUSIM JIEMMb! IO OTHOWIEHUIO K Ay, ..., Apn, Amat1-

3. Koapuo, mopoxieHHOe HOOJYKOJbIOM. Mbl vxe BHOENH
B 1. 1, 4TO A1 KakA0H cucTteMbl MHOXKeCTB & CymecTBYCT €IMHCTBEH-
HOE MEHUMaJIbHOE Kouibllo, copepxamee &. OnHako juist NPOH3BOJILHOM
cuctemnl & paktuueckoe nocrpoenne koasua R(G) no & posossHO
cnokno. OHO CTAHOBUTCH BHOJIHE OGO3PHMBIM B TOM BasKHOM CJIydae,
koraa G npencrasisier cobol MoayKoIbUO. DTO NOCTPOEHHE J1aeTCA Ciie-
aywouieit reopeMmoit.

Teopewma 3. Ecin© -— poaykoabsuo, to R(G) coBnamaer ¢ cucre-
MOH 3 MHOXeCTB A, HONYCKAIOIIHX KOHEYHBIC Pa3JI0XKEHHS

n
A= 4
k=1
Ha MHOXecTBa A € 6.
HokazarenabcTBo. [okaxeM, 4To cucremMa 3 0obpasyer KOJIbLO.

Ecnn A 1 B — aBa npomsBOJILHBIX MHOXKECTBA U3 3, TO UMEIOT MECTO
pa3JI0KEeHUsI

T m
A:UAi: B = UBj7 A; €6, BJ'EG.

=1 j=1

Tax kax © — NOJIYKOJIBIO, TO MHOXKECTBA

Cij = Ai n Bj
toxe BXxoaAT B &. B cuay siemmbl 1 UMEIOT MECTO pa3/ioKeHus
T 53
A =UCy; U U Du; B =UC;U U B, (2)
J k=1 i =1

roe Dy, E; € 6. U3 pasencts (2) BbiTekaer, uro mMHOkecTsa A N B
1 A A B nonyckamT passioKeHus
AﬂB:UCij, AABZUDikUUE]'l
ij ik gk
U, CJIENOBATENbHO, BXoHAT B 3. Taxum obpasoM, 3 m1eficTBHTENIBHO pe-
craBJisieT cobOH KOJIbIIO; €ro MUHHMAJILHOCTD CPEIU BCEX KOJ1ell, CoOaep-
xamux G, ouyeBuIHA.

4. o-ayrebpsl. B pasnuyunbix BOONPOCax, B Y4aCTHOCTH, B TEOPUH Me-
Pbl, NPHXOOUTCA PACCMATPUBATH CYMMbl U NEPECEYEHHsI HE TOJILKO KO-
HEYHOI'0, HO ¥ CYETHOrO Yucsia MHoxecTB. [loaromy nesecoobpasHo, no-
MUWMO MOHATHUA KOJIbLI@ MHOXECTB, BBECTH elle CHEYIONHE TIOHSITHA.
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Onpenenedue 3. Konmbuo MHOXKECTB HA3BIBAETCA O-KOABYOM,
€C/TH OHO BMECTE C KaXJOH [I0CJIeI0BATESIbHOCTHIO MHOXKECTB Ap,. ..
., Ap. ... CONEPKUAT CyMMY
S =4

n

Onpenenenne 4. Kosbmo MHOXECTB HA3BIBAETCA O-KOALUOM,
€CJIM OHO BMECTe C KaXXIOH MoCJemoBaTe/IbHOCTBI) MHOXKECTB Aj,...
.o, Ap, ... comepXKUT nepecedenne

D =) An.

EcrecTeHHO Ha3BaTh 0-aszebpoti 0-KoJbLO ¢ equHuIed u d-aaze6pots
4-xoMbUO ¢ enuHuued. JIerko, 0JHAKO, BUOETb, YTO 3TH JBA NOHITHA
COBIIAJAIOT: KAXKIAsA 0-ajirebpa ABNAETCs: B TO Xe BpeMs §-ajrebpof,
a xaxpgas d-asrebpa ~— g-anredpofl. ITo BHITEKAET U3 COOTHOIIEHUM
asoiicteennocr (cM. § 1)

Udn=E\N(E\ Ay), NA.=E\U(EN\ 4,).
n n n n

ITpocretimnm npuMepom o-aJrebpbl ABJISETCSH COBOKYIHOCTH BCEX
TIOJIMHOXECTB HEKOTOPOTO MHOXKECTBA A.

Ecnu umeercs Hekotopas cucrema Muoxkects &, To BCeraa CyueCcTBy-
et x0T Ol oHa o-asirebpa, cogepxamad aTy cucremy. deficrButenbHo,
TIOJIOK MM

X= 4
Ae6
M paccMOTpuM cucTeMy B BCex NOAMHOXKECTB MHOXKecTBa X. flcHo,
uro B ects o-anrebpa, comepxamas &. Ecnu B — npoussosbHas
o-anrebpa, conepxauas G, u X — ee enuHMNa, 1o Kaxmgoe A € &

conepxurcs B X wu, cieposaressHo, X = |J A C X. Haszosem
AEG
o-anrebpy B uenpueodumoti (10 oTHoweHmio K cucreme &), ecyu

X = |J A.Unavye rosops, nenpusogumas o-ajrebpa — ato o-anrebpa,
AEG
He cofepyKaniasi TO4YeK, He Bxousamux Hu B oiHo u3 A € 6. EcrecrBenno

B K&KIOM CJIy4Yae PACCMOTPEHHMEM TOJIBKO TAKHUX 0-aJirebp U OorpaHuYu-
BATHCSI.

s HenmpuBOAMMBIX o-ajredp MMEeT MeCTO TeopeMa, aHAJIOTMYHAA
TeopeMme 2, 10Ka3aHHOH BhIlIE AJIS KOJIEI,

Teopema 4. Hra jmoboii Herycroit cucrempr muoxecrs G cy-
IECTBYeT HenpuBoaumas (110 OTHONIEHHIO K 3TOi cHcreme) o-ajrebpa
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B(6), comepxxaman & n conepxamazca B a1060# a-anrebpe, conepxa-
meti 6.

JdoxaszaTenbCcTBO HNPOBOAUTCH B TOYHOCTH TEM XK€ METO/IOM, YTO
1 JOKA3aTeIbCTBO TeopeMbl 2; o-asrebpa B(G) Ha3bIBAETCH MUHUMAAD-
Hoti o-aazebpoti ned cucmemoti G.

B anasmse BakHYI0 DPOJIb UIPAIOT Tak HashiBaeMble fopeaescrue
MHODICECTNEA, M B-MHoocecmea - — MHOKECTBA HA YMCJIOBOH NPAMOIL,
NPHHAJIEKANINEe MUHUMAJILHOR o-anrebpe Hall COBOKYITHOCTBIO BCEX
cerMentos [a, b].

5. CucreMb! MHOXKECTB M oToGpakenusa. OTMeTuM cienyiouie
GaxThl, KOTOPHIE HAM MOHAAOOATCA [PH U3YUYECHUH M3MEPUMBIX (QPYHK-
uuit.

Mycts y = f(z) — dynkuus, onpenenennasn Ha Muoxecrse M ¥ npu-
HUMAOWAs 3Ha4YeHusl u3 MHOkKecTBa N, u nycrs I — Hekoropas ci-
creMa nogMHOXKecTB MHOKecTBa M. OGosnavum uepes f(P) cucremy
Bcex 0bpasos f(A) muoxecTs, npunagexaux IN. [Iycrs, kpome 1oro,
M — HeKoTopas CHCTEMAa MHOXKECTB, cojepxamuxcsa B N, n f~1(0) —
cucrema Bcex npoobpaszos f~1(A) muoxects, Bxonsamux 5 N. Cnpasen-
JIMBBI CJIEAYIOIHE YTBEPXKIEHUS!, IPOBEPKA KOTOPHIX NPEAOCTABNALTCH
YATATENIO:

1) Ecrm M ecth koablo, TO 1 f 71 (M) ects K0ABIO.
2) Ecsm N ectpb anrebpa, o u f (M) ects asrebpa.
3) Ecnu M ects o-asrebpa, To u f~1(9) ects o-anrebpa.
4) N(f71(B)) = f1(N(B)).
5) B(f71(B)) = fH{B(M)).
OcTranyTcs JIn 9TH yTBEP:KACHUA CIPABEIJIUBLIMH, ecnn 7! samenntn

va f, a 9 — ma M7



FJIABA II

METPUIYECKHUE U TOITIOJIOTNYECKHE
ITPOCTPAHCTBA

§ 1. IToHATHE METPHYECKOT0O MPOCTPAHCTBA

1. Onpenenenue u ocHoBHbIe TpuMepbl. OIHON U3 BAXKHBIX Olle-
paunt anannza siBJasieTcs npenesibHbill nepexon. B ocHose 3Tolt onepa-
LU JIEXUT TOT PAKT, YTO HA YNCJIOBOH NPAMON ONpenesieHo paccToaHue
OT OMHON TOYKM ;0 jApyro#. Muorue dpyunamentanbuble HpaKThHl aHa-
JIN3a He CBS33aHBbI C aJirebpandyeckoil npupouoit 1eltCTBUTEILHBIX YHCeN
(1.€. ¢ Tem, 4TO OHHM ODPA3YIOT I0JIE), a ONUPAIOTCH JIMIIL HA MOHATHE
paccrosnusi. Obobwas npeacraBjieHue O HeHCTBUTEIIBHBIX YUC/IAX KaK
O MHOXKECTBE, B KOTOPOM BBEIEHO PACCTOAHHUE MEXKY DJIEMEHTAMH, MbI
NPUXOJIMM K [TOHATUIO METPHYECKOT0O NPOCTPAHCTBA ~— OOQHOMY
U3 BaXKHEHIINX ITOHATHH COBpeMEHHON MaTeMaTuk. HuKe Mbl H3710KHM
OCHOBHBIE (DAKTHI TEOPUHM METPUYECKHUX IIPOCTPAHCTB U HX 00001IeHUA —
TONOJIOTHYECKUX NPOCTPAHCTB. Pesyiibrarsl 310l [JIaBbI Cyuie-
CTBEHHBI JJI BCEro JaJIbHEHIIEro U3JI0XKEHUS.

Onpenesienune. Mempuneckum npocmpancmeom Ha3bIBACTCA Na-
pa (X, p), cocroamas u3 HEKOTOPOro Mmhoxcecmsa (npocrpancrsa) X
aeMenmmoe (TOYEK) U PACCMOAHUR, T.€. OJHO3HAYHOU, HEOTPHUATESb-
HOMU, gelcTBuTebHON Qyrkuun p(r,y), ONpeneseHHol A JIO0BIX
1y u3 X U NOAYMHEHHOI CJeNyIOUMM TPEeM aKCHOMAaM:

1) p(z,y) = 0 Toraa u TONBKO TOTAA, KOLAA T = ¥,
2) plz,y) = p(y, z) (akcuoma cuMMeTpUH),
3) p(z,2) € p(z,y) + p(y, z) (axcuOMa TPEYroOJIbHHKA).

Camo mMeTpuYecKkoe NpocTpaHcTBo, T. €. napy (X, p), Mol Oymem obo-
3HAYATDL, KAK [PaBHJIIO, onHoil DyKBOM:

R = (X,p).

B cnyuaax, korga HeOpa3yMeHUs UCKJIIOYEHbl, Mbl OyIeM 3a4acTyio
0603HAYATh METPUYECKOE NPOCTPAHCTBO TE€M K€ CUMBOJIOM, YTO M CaM
«3amac To4exk» X.

TIpuBeaem npuMepsl MeTpuuecKux npocrpadcts. Hekorophle n3 atux
NPOCTPAHCTB UIPAKT B AHAJIU3E BECbMA BAaXKHYIO POJIb.
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1. onoxns AJ151 3N1eMCHTOB ITPOH3BOJILHOI'O MBOXeCTBa

plz,y) = {

MEbI TIOJIYYHNM, OYCBHMAHO, ME@TPHYECKOe NIPOCTPAHCTBO. Ero moxuo nHa-
3BaTh NPOCTPAHCTBOM H30JITHPOBAHHLIX TOYEK.
2. MuoxecTBo JIEeACTBUTEIILHBIX YUCE C paccroanneM

plz,y) = [z - y|
obpasyeT MeTpHuecKoe npocTpancTso R .
3. MHOXECTBO yNOPSI/I0UYEHHBIX TPYIIT U3 N JIeHCTBUTENIBHBIX YHCE
z = (xy,...,2n) C PACCTOIHNEM

0, ecau I =y,

1, eciM T #y,

plz,y) = (1)

Ba3bIBACTCSA 1 -MEPHHIM QPUPMEMUNECKUM €6KAUTOSLIM TPOCTPANCT-
eéom R™. Cnpapenmsocts akcuom 1) u 2) nust R* ouesnana. Hokaxenm,
yro B R" Buito/HeHa ¥ aKCHOMA TPEYTOJIbHUKA.

IIycrs

mz(z17'~‘:zn)) yz(ylv"'7yn): Z:(zl‘,"'yzn);

TOrXa aKCHOMa TPEYroJIbHMKA 3allChiBaeTCsl B BHJIC

n 7

Dol —am)? < | D e — )24 | D (e —w)? (2)
k=1

k=1 k=1

Ilonaras y;, — x1 = ag, zr — Yr = b, HOJIYyYaeM 2z — X = ap + by,
a HepaBeHCTBO (2) IpUHHMAET [IPA BTOM BUIL

n 7n n
Dak+be)2 <, (> ak | > b (3)
k=1 k=1 k=1

Ho 2T0 HepaBeHCTBO Cpasy CJEMyeT W3 M3BECTHOrO HepasercTna Ko~
Bynsxosckoro')

(Z akbk>~ g Zai - Zbi (4)
k=1

k=1 k=1
1Y Heparerctpo Komu-ByHAKOBCKOrO BLITCKACT M3 TOMXIECTBA
n 2 n n 1 n n
— 2 2 2
(arte) =2 at- S0 - 33 3 taty - by},
k=1 k=1 k=1 i=1j=1

KOTOPOE NPOBEPAETCH HENOCPEICTBEHHO.
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HelicTBUTENIBHO, B CUJIY 3TOrO HEPABEHCTBA, HMEEM

n

Z(ak + bk)2 = i(l‘i + Qiakbk + Xn:b% <
k=1 k=1

k=1 k=1

n n n n n n 2
2 2 2 2 __ 2 2 .
Siak+22ak-gbk+ib— Eak+ Ebk,
k=1 k=1 k=1 k=1 k=1 k=1
TEeM CaMbIM HepaBeHCTBO (3), a clenoBaTesbHO, U (2) [oKa3aubl.
4. PaccMOTpHM TO XK€ CaMOe MHOXECTBO YHOPSLIOYEHHbIX I'PYIII U3 N
TeficTBUTEIbHBIX uucesl £ = (T1,...,Tn), HO PACCTOSHUE OUPEIEITHM
B HeMm hopmyJIoi

pi(@,y) =Y |k — il ()
k=1

CropaBengmusoctb akcuoM 1)-3) spech ouesnnua. O6o3HAUUM 31O METDPH-
YecKoe MpoCTpaHcTBo cuMposioM RY .

5. Bo3bMeM cHOBA TO XKe CaMOe MHOXKECTBO, YTC i B puMepax 3 u 4,
U OIpEeNesIUM PACCTOSHUE MEXAY ero asieMeHTamu Gpopmysioh

Poo(T,Yy) = R lye — Tkl (6)

CrnpaseanusocTs akcroM 1)-3) oueBuana. T0 IPOCTPAHCTBO, KOTOPOE

MmbI 0603Ha4uM RY, , BO MHOrMX BOonpocax aHaJiu3a HE MeHee YIobHO, 1eM
eBKJINIOBO NpocTpaHcTBo R™.

Ilocsientue Tpu mpuMepa NMOKA3BIBAIOT, YTO UHOTIA M B CAMOM Je-
Jie BaXKHO MMETb DAa3jN4Hble OO03HAYEHUs UL CAMOr0 METPHYECKOrO
[NPOCTPAHCTBA M [IJIs1 MHOMXKECTBA €r0 TOYEK, TAaK KaK OIMH N TOT Xe
34I1aC TOYEK MOXKET ObITh I0-pA3HOMY METPH30BAH.

6. MuoxectBo C|a, b] Bcex HenpepbIBHBIX JeHfCTBUTEIbHBIX DYHKIUH,
OIPE/IEJICHHBIX Ha cerMenTe [a, b], ¢ paccrosHuem

o(f.9) = Joax, lg(t) — F(B)] (7)

rakxe 06pasyer MeTpHUIecKoe npocTpancTso. Axcuomst 1)- 3) nposeps-
IOTCSA HENOCPEACTBEHHO. JT0 NPOCTPAHCTBO UTPACT OYEHb BAXKHYIO POJIb
B anasuse. Mpl 6ymem ero obosnauaTrh Tem xe cumposiom Cla, b], 4To
# CAMO MHOMKECTBO TOYeK 3TOTC npocTpaHcTsa. Baecro C[0, 1] mbr By-
jleM nucars npocto C.

7. Obo3Ha4uM yepe3 [y METPUHECKOE NMPOCTPAHCTBO, TOYKAMH KOTO-
POrO CJIyKAT BCEBO3MOXKHbBIE MOC/IEAOBATELHOCTH £ = (L1, ..., Tn,-..)
[eMCTBUTENIBHBIX YUCeJ1, VIOBJIETBOPIOIIUE YCIOBHIO

oo
E zi < 00,
k=1
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a paccTostuue orpesesaercs HopMysion

plr,y) = | D (e — z)?. (®)
k=1

U3 snementapuoro Hepanenctsa (zx £ yx)? < 2(z? + yi) coenyer, 4To
o>

dbyukmusa p(z,y) uMeeT CMBICH JLTs BCeX T,y € Iy, T.e. pan Y. (yr — ¢ )?

k=1
oo oo
72 2
T <00 H Yr < 0.
k=1 k=1

[okaxeM Tenepb, 4T0 hyuruus (8) yvImOBIETBOPsET AKCHOMAM METPH-
YeCKOro npocTpaHcTBa. AkcuoMbl 1) u 2) oueBuiHBI, a4 AKCHOMA Tpe-
YLOJIbHUKA OIPUHEMAET 3[eCh BUL,

CXOauTca, eCiau

o0 o oo
> (e =) < (| D (2 — k)2 + | Dk — )2 (9)
k=1 k=1 k=1
B CHJTY CKa3aHHOT'O BbIIIC Ka)KlIbIﬁ U3 Tpex HallMCAHHLIX 34eCh DANOB
cxoputes. C Apyroit CTOPOHBL, NPH KaXIOM 7t CHPABE/INBO HEPaBEHCTBO

n n n
> (e —w)? < 4| D (e — w2+ | D (ke — 2x)?
k=1 k=1 k=1
{cm. mpumep 4). [lepexons 3neck x npegeny npu n — 0o, nodayyaem (9),
T. €. HEPABEHCTBO TPEYIOJILHHKA B lg.
8. PaccMoTpuM, kak 4 B npumepe 6, COBOKyNHOCTH BeeX (pyHKUUA, He-
IPEPBLIBHBIX Ha OTpeske [a, b], HO paccTosiHue onpesesum HHaYe, a IMeH-

HO, NOJIOXKUM b

plz,y) = (/

(w(t) - y(e)ar) . (10)

Takoe MeTpU4ecKOe MPOCTPaHCTBO Mbl Gydem obosHaudars Cala,b]
¥ Ha3bIBATb NPOCTPAHCTMBOM HENpepuieHnr Hynrkyuld ¢ xeadpemunnod
Mempurol. 3aech aKCUOMBL 1) 1 2) METPUYECKOIO IPOCTPAHCTBA ONATh-
TAK{ OUEBUIHBI, & AKCHOMA TPCYIOJbHUKA HENOCPEICTBEHHO BHITCKAET
U3 uHTerpanbHOM dhopmMbl HepapencTsa Komu-Bynaxoscxoro!)

b 2 b b
(/ z(t)y(t) dt) < /m2(t) dt- [ y2(t) dt.

a a

1)BTO HEPABCHCTBO MOXeT OLITh MOJIy4YeHO, HAMPHMED, U3 JIETKO IPOBEPSIeMOro
TOXKAECTBA
b 2 b b b b
(/ z(t,)y(t)dt) = /Iz(t) dt/y2(t) dt — % / /[z(s)y(t) - y(s)x(t)]?ds dt.
a a a a

a
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9. PaccMOTpHM MHOXECTBO BCeX OTPAHHYEHHBIX MOCTIEN0BATEIIBHO-
crefi o = (z,..., Zn,...) DefcTBHTENbHBIX uncest. Ionoxus

i s

plz,y) = sup lye — x|, (11)

MBI [IOJIY UMM METPHYECKOE IPOCTPAHCTBO, KoTOpoe obosnadum m. Cupa-
BCIJIMBOCTDH aKCHoM 1)-3) oucsunHa.
10. MHOXKeCTBO yHOPSA0UEHHBIX I'PYIIT U3 N JeHCTBUTEIILHBIX YACC

C pacCCTOsAHUEM 1/
n P
mien) = (Sl -al) 12)
k=1

rae p — soboe dukcupoBantoe yucao 2 1, npeacrasssier coboit MeTpu-
4eCKO€ IPOCTPAHCTBO, KOTOpoe Mbl 0bo3Haymm RY . CnpasennnsocTs ak-
cuom 1) 1 2) 3pecs onare-taku oyesunna. [Iposepunm akcuomy 3). Ilycrs
T=(T1,..,ZTn), ¥ = (Y1,---,¥n), 2= (21,...,2n) — TPH TOUKHK n3 R}.
Honoxum yy — z; = ax, 2x — Yx = by, TOrAa HEPABEHCTBO

pp(:I:, z) < pp(-’L‘, y)+ Pp(y, z),

CIpaBeIJIMBOCTL KOTOPOrO MBI OOJIZKHBI YCTAHOBUTDL, TPUMET BUJ

(Z |ax + bkl”>1/p < (i Iakl”)l/p + (an lbklp)l/p. (13)

k=1 k=1 k=1

D10 — Tak HasplBaeMoe Hepascnemso Munxoeckozo. Ilpn p = 1 Hepa-
BEHCTBO MMHKOBCKOTO OYeBHIHO (MOAYJ/Ib CyMMBI HE MTPEBOCXOJUT CyM-
MBI Mofytelt), noatomy Gymem cauTaTh, yto p > 11).

HokaszarenbcTso HepaseHcTBa (13) npu p > 1 OCHOBAHO Ha Tak Ha-
3bIBaeMOM HepaseHcmee I'éavdepa

3 faxhil < (Z lakV’)l/p (Z ibqu)l/q, (14)

k=1 k=1 k=1

rae yucsia p > 1 u ¢ > 1 cBA3aHb! YCJI0BHEM

1.1 - P 15

ptg=1 me ¢ o1 (15)

3ameTum, 4TO nepasenctso {14) onHOpOAHO. DTO BHAYMT, YTO €CJIH
OHO BBINOJIHEHO [JIA KaKux-mbo [BYX BEKTOPOB a = (ai,...,an)
nb = (b,...,bn), TO OHO BBHINOJIHEHO M AJiA BEKTOPOB Aa u b, roe A

Y lpu p < 1 HepasencTso MuHKOBCKOTO ne umeeT mecra. Wnave rosopsi, ecoin Grl
MBI 3aXOTEJIH PACCMATPUBATL IPOCTPAHCTBO R;,‘ npu p < 1, TO B TRKOM IPOCTPAHCTBE
He Obl71a Ob! BLINOJIHEHA BKCHOMA TPEYI'OJIbHUKA.



§ 1. Ilonamue mempuvecxozo npocmparcmaea 59

N [ — NpOU3BOJIbHBIE YucHaa. [JosTomy HepasencTso (14} nocrarcydo
JOKAa3aTh 1A CJIy4asi, KOraa

D laglP = [bel? =1, (16)
k=1 k=1

Hrak, nycre Bomonnero yenosue (16); poxaxem, 410
T
> larbi] < 1. (17)

k=1

PaccMoTpiy na 1nockocTy (£€,1) KpUBYIO, ONPeesieMylo YPaBHeHH-
em 7 = £P71 (£ > 0), wim, uTo TO Xxe camoe, ypapHennem £ = pi71
(puc. 7). U3 pucynka sAcHO, Y4TO IPU JIO-

60oM BpIOOPE MOJIOKUTEILHBIX 3HAYEHUN @ K
u b 6ymer S; + S > ab. Beiyucinm nio- b 4
wmagu Sp # So: S
7 -1
= [ lge = & n=¢g°
Su= o= g 4
b . 5 . :
Sy = /nq_ldn =Y
0 7 Puc. 7

Taxum 06pasoM, CnpaBeniuBo YHCAOBOE HePaBeHCTRO
p bq
ab < & + &
Sty

3amenuB 3nech a Ha |ax] u b Ha by u cymmupys no k or 1 mo n,
nostyuuM, yuuteiBas (15) n (16),

n
Zlakbki <L
k=1

Hepasencrso (17), a ciienoBarensHo, n o6mee nepasenctso (14) moxa-
zanbl. Ilpn p = 2 uepasencrso ['énpnepa (14) nepexonuT B HEpaBEHCTBO
Komu--Byusakosckoro (4).

IepefineM Teneps K [OOKA3ATE/LCTBY HepaBeHCTBA MUHKOBCKOrO.
o1t 3TOr0 paccMOTpUM TOXKAECTBO

(lal + )P = (la] + [B)P~ |a] + (laf + [b)P~*|b].

3aMeHsAsA B HAIIHCAHHOM TOXKIECTBE @ Ha ap U b Ha by u cymmupys no k
or 1 mo n, noaydum
n 7n n
S Gar + 10D = S (laal + 15D fal + 3 (lael + bel)?bel.

k=1 k=1 k=1
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Ipumenss Teneps K Kaxao# U3 AByX CYMM, CTOSIIMX CIIPABA, HEPa-
BeHCTRO ['€nbiiepa u yuurtsiBast, uto (p — 1)g = p, nonyqum

n

7 1/q n 1/p n 1/
>+ < (3 (ol 1) ([Dam} +[Z|bklf’] )
=1 k=1 k=1

k=1

Hesns obe 4acTn 9TOrO HEPABEHCTBA HA

(é(lakl " mnp)l/q,

IIOJIY UM

k=1 k=1
OTKyAa cpasy cieayer Hepapenctso (13). Tem caMbiM YyCTAHOBJIEHA AK-
CHOMa TpPeyroJibHUKa B npocTpancTse Ky .

PaccMoTpennas B 9TOM NpuMepe METPHKA fp IPEBPALIAETCA B CBKJIU-
noBy MeTpuky (npumep 3) npu p = 2 u B MeTpuky npumepa 4 npu p = 1.
MoxkHO MoKa3aTh, YTO METPHKA

poc(t,y) = max lyi — o,

BBEIEHHAA B NpPUMEPe 5, SIBJIAETCA NPEAESIbHBIM CJIy4aeM MeTPUKH
pp(Z,y), IMEHHO:

n 1/p
— 5 _ P
poo(@,y) = lim (; lyr =zl ) :

W3 nepaseHcTBa
P b 1 1
abg< & +%, 24+ 2=1
=~ p + q’ P q ’
YCTaHOBJICHHOTO BBIIIE, JIETKO BLIBOARTCS U UHIMEZPAALHOE HEPAGEHCINEO
T'énvdepa

b b 1/p s b 1/q
[ twtotar <  f storar) ([ woar)
a a a
cnpasenusoe s uobnix dbynkmuit z(1) u y(1), 11s KoTopeIX cTozmue
CIipaBa MHTETPaJibl HMEIOT CMBICTI. OTClOJIa B CBOIO OoMepenb 1oJiydaercs
UHMEZPAADHOE HEPABEHCTNEO Munxosecxozo

(1w +vora)” < ([ wra)

1/p

o (fwora)”
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11. YkaxkeM elre O1{H UHTEPECHBIH IPUMED MCTPHYECKOro mpocTpan-
crBa. Ero ssieMenTamMut sBASIOTCA BCEBO3MOXKHBIC 110C/IEIOBATEJILHOCTH

JeHCTBUTELHBIX YUCeA T = (X1,...;Lp,. .- ); TAKNAE, ITO
oQ
Z |z |? < oo,
k=1

roe p 2 1 — HekoTopoe PUKCHPOBAHHOE YMCIIO, & PACCTOSAHUE Orpene-
nsiercest popMyJIoh

plz.y) = <i lys — :cklp>]/p. (18)

k=1
ITO METPHYECKOE IIPOCTPAHCTBO Mbl 0003HAYNM lp.
B cuny uwepasencrsa Munkosckoro (13) umeem npu mobom n

k=1 P

Tax kKak, 00 IPEANOJIOKEHNIO, PSIAbI

Dozl m Dl
k=1 k=1

CXOASATCA, TO, NEPEXOJS K MPEIESIY NPH 7L — 00, HOJYIHM

(i lyx — $k|p)1/p < (i |zk|p)l/p + (i |yk[”)1/p < 00. (19)
k=1 k=1

Takum 0bpasom, AokazaHo, 9To dopmyaa (18), onpenensomas paccro-
sauue B I, peffcTBuTesnbHO MMeeT cmblcs na mobbix z, y € L. Onno-
BPEMEHHO HepaBeHCTBO (19) MOoKasbIBaeT, YTO B [, BLIIONHEHA AKCHOMA
Tpeyrosapiuka. OcTalbHble aKCHOMBI OYEBUIHLL.

HeorpanuyeHnoe KOJNYECTBO Ja/IbHEHITUX NIPUMEPOB JAET CJCAVIO-
uwit npuem. Ilycers R = (X, p) — meTprucckoe npoCTPaHCTBO M M —
aw06oe nogmuoxkectso B X. Torna M ¢ Toit xe dyuxumeit p(x,y), Ko-
TOPYIO Mbl CIMTAEM TEIEPh OlPeNeNeHHON Ui £ ¥ ¥y u3 M, Toxe npel-
craBisieT cobBOM MeTprdYeckoe MpOCTPAHCTBO; OHO HA3LIBAETCH Nodnpo-
cmpancmeom npoctpasHcTea R,

2. HenpeprIBHBIe 0TODpaXXeHN MeTPHYECKMX IPOCTPAHCTB.
Nszomerpusa. Ilycrs X n Y — nBa merpudeckux npocrpaucrsa u f —
orobpaskenue npocrpancTea X B Y. Takum obpasoMm, xaxnomy z € X
CTaBUTCSH B COOTBETCTBUE HEKOTOPLIH 3semenT y = f(x) uz Y. Br1o oro-
6pazKeHue Ha3bIBAETCA HENPepueHu.M B TOYKe Tg € X, eCan O/ KaoK-
noro € > 0 cymecrByer Takoe é > 0, 4To 1 Bcex £ € X TaKHX, 4TO

p(m7z(}) < 61

31324



62 Ia. 1. Mempuveckue u monoaczuneckue npocmpancinea

BBIIIOJIHEHO HEpaBEHCTBO

pi(f(z), f(z0)) <&

(3mech p — paccroanue B X, a p; — paccrosnue B Y). Ecou otobpa-
)xeHue [ HENpEepbIBHO BO BCEX TOYKAX IMPOCTPAHCTBA X, TO IOBOPAT,
gyro f uenpepusro Ha X. Eciiw X u Y — 4uc/ioBble MHOXKECTBA, T.e€.
f — uucaoBas GYHKiUs, OTpedesIeHHas Ha HEKOTOPOM TIOAMHOXECTBE
X 4ucsioBOi OCH, TO NPUBENEHHOE ONPelEsIeHIe HEMTPEPBIBHOCTH 0TODpa-
JKEHUS NPEBPALIALTCs B XOPOIIO U3BECTHOE K3 3JICMEHTAPHOIO aHAJIM3A
ONpenesIeHne HENPEPbIBHOCTY PYHKIMY.

AHAJIOrHYHO MOXHO ONPEACHTh HENpepblBHYIO (MyHKIHIO (0To6pa-
xeHUe) f OT HECKOJLKEX NepeMeHHbix 1 € Xi,..., z, € X, (tme
Xi,..., Xy — MeTpuuecKHe MPOCTPAHCTBA) CO 3HAYEHUAMH B METDH-
YEeCKOM IPOCTPAHCTBE Y.

3aMeTuM B 9TOH CBsA3M, YTO caMoO paccrosiHue p(z,y), eciau paccMma-
TPUBATH €ro Kak (PYHKUMI EPEMEHHBIX T K § U3 X, HEIPEPBIBHO. JTO
Ccpa3y e CJIeNyeT M3 HePABEHCTBA

lo(z,y) = p(20,y0)| < p(z0, ) + p(Yo.¥),

JIETKO BBIBOJAHMOIO U3 HEPABEHCTBA TPEYIOJIbHUKA.

Ecnn orobpaxkenne f : X — Y B3auUMHO OMHO3HAYHO, TO CYLIECTRY-
et obparHoe otobpaxenne £ = f1(y) npocTpancTsa Y Ha NpoCTpaH-
crBo X. Ecsii orobpaxkenne f B3aMMHO OZHO3HAMHO U B3aHMHO Herpe-
peiBEO (T.e. f u f~! — HempepbIBHBIC OTOBpAXKEHHA), TO OHO HA3DI-
BAGTCS 20MEOMOPPHBIM OMOBPAHCEHUEM HITU 20MEOMOPPUIMOM, 8 Ci-
My mpoctpaHcTBa X u Y, MeXOy KOTOPHIMH MOXKHO YCTAHOBUTH [O-
MeoMOpPGhU3M, HA3BIBAIOTCA 20Me0MOPPHuMU MexNy coboil. [Tpumepom
roMeoMOp(MHBIX METPHYECKUX IIPOCTPAHCTB MOTYT CJAYKUTEH BCS YUCJIO-
Bas npsMas (—o0, 00) 1 HHTEepBaJ, Hanpuvep, uarepsan (—1,1). B atom
caydae roMmeoMopdu3M ycTaHaBauBaeTcs GopmyJioi

y= %arctg .

BaXHBIM 9aCTHBIM CJIy4aeM roMeoMopdusMa ABJIAETCS TAK HA3IBAEMOE
U30METPUYECKOE OTODpAKEHUE.

ToBopsit, 4To OGuekuusi f Mexay METPUYECKUMU IIPOCTPAHCTBAMH
R=(X,p) u R = (Y,p') asnaerca usomempuet, eciu

p(x1,z2) = pl(f(wl)af($2))

Iuis obbiX 21, 2 € R. IIpoctpascTsa R u R, MeX Ay KOTOPBIMH MOXKHO
YCTAHOBUTH M30METPUYECKOE COOTBETCTBUE, HA3BIBAKTCSH UIOMEMPUL-
HOLMU.

Hszomerpus npocrpanctsa R u R’ o3Hayaer, 4To MeTpu4eCKUe CBS3H
MCKIY WX 3JIEMEHTAMU OJHU U T€ Ke; Pasju4HOl Moxer 6bITh JIMIIb
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NIPUPONA UX 3JIEMEHTOB, UTO C TOYKHN 3PEHHsT TEOPUU METPHUYECKUX NPo-
CTPAHCTB HECYINECTBEHHO. B nanpueiimem nsoMerpuynsie Mexay coboit
IIPOCTPAHCTBA MBI Dy/IeM PACCMATPHUBATH NPOCTO KAK TOXKJIECTBEHHBIE.
K u3710KeHHBIM 371eCh MOHATUAM (HENpPEepLIBHOCT, IOMeOMOpdhH3M)
Mbl BepHeMcsI, ¢ bosee obwelt TouKM 3peHus, B KoHue § 5 3Toit tJ1aBhI.

§ 2. CxonumocTh. OTKPBLITHIE U 3AaMKHYThIEe MHOXECTBA

1. Ilpenesibable TOYKH. 3amMbiKaHue. Mbl BBeIEM 3/71€Ch HEKOTO-
PBIE HOHATHS] TEOPHUM METPUYECKUX TPOCTPAHCTE. DTH NOHSTUS Mbl He-
OJIHOKPATHO HCIIOJIL3YEM B JlaJIbHEMIeM.

Omxpvimuvim wapom B(zg, r) B Merpudeckom npocrpancree B mul 6y-
JIEM Ha3bIBATL COBOKYNHOCTL TOUYEK X € R, yIOBJAESTBOPAIOUIIX YCIIOBHIO

plz,xg) < 1.

Touka zp HA3BIBAETCS YEHINPOM ITOCO LIAPA, & HUCJIIO T —- er0 paduycom.
Samrnymotm wapom Blzg, r] Mbl HA30BEM COBOKYIHOCTh TO4eK T € R,
VJOBIJIETBOPSIOHINX YCIJIOBUIO

p(l'azﬂ) < T

OTxpeIThIl WIAP PAAMYCa € ¢ HEHTPOM o Mbl OyJieM HA3BIBATH TAKXKE
£-0KPECMHOCIBIO TOIKN Lo 1 0603HaYaTL cuMBosioM O (Zg).

Ynpaxuenue. [IpuBecTn npuMep METPUYECKOTO NPOCTPAHCTBA M Ta~
kux asyx mapos B(xz,p1), B(y,p2) B Hem, 9t0 p1 > p2, X TCM HE MeHece
B(z,p1) C Bly, p2).

Muoxectso M C R Ha3bIBACTCH 02DAHUMEHNDBIM, €CJIH OHO COIEPIKUT-
Cs1 HEeJIMKOM B HEKOTOPOM IIape.

Touka x € R HasbBaeTca mMoOuKolY NPUKOCHOBEHUA MHOMXKECT-
Ba M C R, ecsin n106ast ee OKPECTHOCTb COAEPAKUT XOTs ObI OJIHY TOUYKY
u3 M. COBOKYTTHOCTh BCEX TOUEK IIPUKOCHOBEHUSI MHOXKeCTBa M 0Bo3HA-
wyaercs [M] 1 HaspIBAETCA 3aMBIKAHUEM DTOTO MHOKecTBa. Takum obpa-
30M, MBI OHPEIETUIIN JJIS MHOMXKECTB METPUYECKOro NPOCTPAHCTBA one-
PAYUI0 3AMUKAHURL — TIEDEXOJ 0T MHOXkecTBa M K ero saMbikaduio [M].

Teopema 1. Onepauns 3aMpIKaHusa 06J1a0a6T CIHCAYIOMHMHA CBOH-
CTBaMH:
1) M c [M],
2) [[M]) = [M],
3) ecom My C Mo, 1o [M;[C [Ms],
4) [M; U M,) = [My] U[Ms).
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Hokasarenscrtso. [lepBoe yrBepxaeHue 04eBUIHO, TaK KaK BCS-
Kasf TO4YKa, IpuHaaexamas M, sssasterca g M TOYKOM MpUKOCHOBeE-
HuA. JokazxkeMm BTOpOE.

Ilyctes = € [[M]]. Torna B swoGoit oxpectroctu Of(xr) 3TOH TOUKH
Haltnerca touka x, € [M]. Iosoxum € — p(z,T1) = €1 ¥ paccMOTpuUM
urap O, (z1). 9T1oT wap nenmkom jexut BayTpu mapa O, (z). deltcru-
TesIbHO, ecyiu z € O, (z1), 10 p(z,z1) < €1, u Tak Kaxk p(z,r1) = € — &1,
TO MO AKCHOME TPEYLOJIbHUKA,

plz,z) <er+ (e —e1) =&,
T.e. z € O.(x). Tak xak z; € [M], 0 B O, (x;) HalineTcs Touka 22 € M.
Ho roraa zo € O.(z). Tak xak O.(r) — npousBosibHAs OKPECTHOCTH
TOUYKHU Z, TO = € [M]. Bropoe yTBepxaeHHE AOKA3AHO.

Tperbe cpoiicTBo o4eBunHO. JJOKaKeM, HAKOHEL, YeTBEPTOE CBOMH-
CTBO.

Ecin z € [M; U Ma], 10 z conepxuTCa no KpaifHell Mepe B 0JHOM
u3 MHOXKecTB [M1] wu [Ma], T.e.

[M1 U M,) C [My] U [M,].

Tax xaxk My C My UM, n My, C M; U M,, To obpaTHOe BKJIIOUYEHUE
caenyer us caotictea 3). Teopema noka3aHa NOJTHOCTHIO.

Touka x € R HasbBaerca npedeasvroti mowkot mHoxkecrsa M C R,
ecsid Jiobasi €é OKPECTHOCTh CONEPKUT OECKOHEYHO MHOTO TOYeK u3 M.

IMpenenbHas TOYKA MOXKET NPUHANJIEKATh, & MOXKET W He NPUHAJL-
nexarb M. Hanpumep, ecoiu M — MHOXECTBO PALHOHAJILHBIX Y-
ceJst u3 otpeska [0, 1], ToO KaxJas TOYKA 3TOr0 OTPE3Ka — [PENeTbHAA
s M.

Touka x, npuHagaexauas M, HA3BIBACTCA U30AUPOSAHHOU
mouxotl 3TOr0 MHOXECTBA, €CJIX B HOCTATOYHO MAaJIOi ee OKPECTHOCTH
O (z) mer Touek uz M, ormunpx oT z. [IpessaraeM yurareso QOKa-
3aTh B KA4YECTBE yIPAaXKHEHUsI CJIEAYIOIEe Yy TBEPKIACHUE:

Beaxas mouwxa npuxocnosenus muoxncecmea M ecmsv aubo npedens-
HAR, AUOO USOAUPOBAHHAR TMOYKE 3020 MHOWCECTIEA.

Orciona MOXHO 3aKJIOMHTh, 9TO 3amblkanue [M] cocrour, Boobiue
FOBOPst, U3 TOYEK TPEX THUIIOB:

1) usonupoBaHHbIe TOYKU MHOXKeCTBa M

2) npeneJsibHBIE TOYKU MHOXKeCcTBa M, npuHanexammne M;

3) npenennHbie TOYKKU MHOXKeCTBa M, He npuxaaiexanume M. Takum
obpasom, 3ambikanne [M] nony4aerca npucoeaunenreM k M Bcex ero
NpPEAEeSIBHBIX TOYEK.

2. Cxogumocts. Ilycts z1,22,... — NOCJEI0BATEJIBHOCTE TOYEK
B METPUYECKOM IIpoCcTpaHcTBe K. ['OBOPAT, 4TO 3TA MOC/I1EI0BATEIEHOCTD
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cxodumes K MouKe T, eCJIM KAk Jas oKpecTHOCTh (), (x) TOYKM T conep-
JKUT BCE TOYKH T, HAYMHAS C HEKOTOPOU, T. €. €CJN AN BCAKOro € > 0
Hafinerca takoe uncno N, 110 O, (T) COOePXKNT Bee TOUYKH Ty C 1L > N,
To4uka T Ha3BIBAETCH NPedesom NOCIIENOBATCALHOCTH {Xy, }.
ITO OIpeneseEne MOXHO, OUEBUITHO, ChOPMYJIMPOBATD CLIIE U CIISTY-
oMM 00pa30M: HOCHELOBATENLIOCTD { Xy, } CXOMNTCH K T, €CJIH
lim p(z,z,) =0.
n—o00
HenocpeacTBeHHO U3 onpeneieHns Npeiesa BbITeKaeT, 4To 1) Huka-
Kasl MOCJIEIOBATEIbHOCTb HE MOXKET UMETh ABYX PA3JIHIHBIX [PeSesioB
H 4TO 2) eC/IM MOCJIEA0BATENBHOCTD {Zp } CXOOUTCA K TOYKE &, TO ¥ BCA-
Kasl ee NOAIOCIIEIOBATE/ILHOCTh CXOAUTCSL K TOH Ke caMOil TOUKe.
Crienyronas TeopeMa yCTAHABIMBAET TECHYIO CBA3L MEXKAY HOHATUA-
MU TOYKU [PUKOCHOBEHUS U TIPEIeJIa.

Teopema 2. [Ina toro uyrobel ToYka T ObLIA TOYKOH HIPHKOCHOBE-
HHA MHOXeCTBa M, Heobxonqumo M O0CTATOYHO, YTOOBI CYIIECTBOBAJIA
HOCIEN0BATENLHOCTD {Ty } TOYek u3 M, cXOuAmMAaaCA K .

HJokazarenbcTBO. Ye0BHE HEOGXOAMMO, TAK KAK €CJIH T — TOY-
Ka MPUKOCHOBEHA MHOX)ecTBa M, 10 B KAk 10# ee oxpecTHOCTH O /1 (2)
COIEPHKUTCA XOTsI Obl OHA TOYKA T, € M. D1t Touku 06pa3yIoT 1ocsue-
JI0BATENbHOCTD, CXOAMYIOCH K Z. JJOCTATOYHOCTH OYEBHUAHA.

Ecnu x — uopenenpHast To4YKa MHOxecTBA M, TO TOYKH
Tn € O1/n(x) N M, oTBeYaOmMYE PA3HBIM 7, MOKHO BLIGPATH MOMAPHO
pasJinunbiMi. Taxum 06pazoM, das mozo wmobv movxa x 6viaa npedeas-
noti das M, wneobrodumo u docmamouno, wmobw ¢ M cyuwecmeosana
NnocAedoBAMEADHOCTNG NONAPHO PASAUNHBEL MOYEK, CTOORULAICA K T.

ITousTHe HENPEPLIBHOCTH OTOOPAXKEHUsI METPUHECKOTO MIPOCTPAHCT-
Ba X B MeTPHYECKOE MPOCTPAHCTBO Y, BBemenHoe B § 1, MOXKHO Te-
nepb ¢hopMyIHPOBATH B TEPMHHAX CXOAUMOCTH HOCIEI0OBATEILHOCTEN.
Hnmenno, orobpaxenune y = f(x) HENPepbIBHO B TOYKE Tg, €CJIU AJIs BCH-
KoM Ioc/1enoBaTeNbHOCTH {2y, }, CXOMAMEHCSA K o, NOCIIE/I0BATEIBHOCTD
{yn = fzn)} cxomurcak yo = f(zo). JOKa3aTENLCTBO PABHOCUILHOCTH
ATOrO ONpeAesIeHUs IPUBEASHHOMY B § 1 HUYEM He OTJINYAeTCs OT JI0KA~
34TEJILCTBA PABHOCHUJIBHOCTH NBYX ONPEISAEHUNE HENPEePHIBHOCTH («HA
A3BIKE £,0» U «HA A3bIKE NOCJIENOBATENbLHOCTEH») hyHKIUHE YUCTIOBOTO
APTYMEHTA U MOXeT ObITh IPEIOCTABICHO YHTATEIIIO.

3. ITnoruble mogMmuoxecrtBa. [lycrs A 1 B — nBa MHOXKECTBA
B METpHU4YECKOM npocTpaHcTBe K. MHOXeCTBO A HA3BIBACTCA MAOTIHbIM
B B, ecsim {4] D B. B uactnocts, MHOXecTBO A HasbiBaercst 6cwody
naomusm (B ipoctpanctse R), eciid ero 3ameixanue [A] coBnanaer co
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BceM npocrpaHcTtBoM R. Hanpumep, MHOXECTBO PAUMOHAJIBHBIX YUCET
BCIOAY IJIOTHO Ha yuc/IoBOd npamoii. MuoxecTBo A HaseiBaeTcs nuzde
He NAOMMHbLM, ECJIM OHO He ILJIOTHO HY B OJITHOM LIape, T. €. CJIN B KK I0M
wape B C R conepxurcs npyroit wap B’ ne umetomu#t ¢ A Hu onHol
obmeit ToukH.

ITprmepnl OPOCTPAHCTB, MMEKIIUX BCIOAY HOJOTHOE
cyeTHOe MHOXecTBO. [IpocTpancrsa, B KOTOPBIX UMEETCS CYETHOE
BCIOJly IIJIOTHOE MHOXEeCTBO, Ha3bIBAIOT cenapabesvhumu. PaccmMorpum
C 9TOH TOYKM 3PEHUs] NPUMEPHI, KOTOPbIE MPUBEJEHHI B § 1.

1. «JluckperHoe» mpocTpaHcTso, onucanHoe B npumepe 1 § 1, conep-
JKUT CYETHOE BCIO/Y ILJIOTHOE B HEM MHOXECTBO TOT/14 M TOJIbKO TOTIA,
KOTJIa OHO CaMO COCTOMT JIMIIb M3 CYETHOrO 4ucja Todek. Jleso B Tom,
4T0 3aMbikanue [M] soforo MHOXecTBa M B 9TOM NMpOCTPaHCTBE CO-
Bnajgaer ¢ M.

Bce nmpocrpancTBa, nepeuncsieHHsle B npuMepax 2-8 § 1, conepxkar
CUeTHBIE BCIOMLY IIJIOTHBIE MHOKECTBA. Y KAXKEM B KKJIOM U3 HUX [10 Ta-
KOMY MHOXECTBY, HACTOATEJIBHO PEKOMEHYsI MUTATEJI0 POBECTU MO~
ApoOHbIE NOKA3ATEILCTBA.

2. Ha pelictBurenbuoit ocu R — panuonanbHble TOUKH.

3-5. B n-MepHOM €BKJIMIOBOM MpOCTpancTBe R” M B NPOCTPAHCTBAX

7, R}, — COBOKYNHOCTbH BEKTOPOB C PallMOHAJIbHBIMU KOODIMHATAMHU.

6. B npocrpancrse Cla, b] — COBOKYIHOCTb BCEX MHOTOYJIEHOB C pa-
LIMOHAJIbHBIMU KOahdunpesTamu.

7. B npocrpancTBe 3 — COBOKYITHOCTH NTOCJIEI0BATEILHOCTEH], B KaXK-
JI0i U3 KOTOPBIX BCE YJIEHb! PANMOHAJILHBI M JIMIIb KOHEYHoe (CBOE IJIst
KX I0H TIOCTIeN0BATENILHOCTH) YHCJIO ATUX YJIEHOB OTJIMYHO OT HYJIA.

8. B npocrpaucrse Cs[a, b] — COBOKYHHOCTb BCEX MHOI'OYJICHOB C pa-
[MOHAJIBHBIMHE KO3 dULIMEHTAMU.

Bumecre ¢ TeM npocmpancmeo ozpanunennunx nocaedosamesvHocmeti
m (npumep 9 § 1) necenapabesbHO.

HefAcTBUTEIIBHO, PACCMOTPUM BCEBO3MOXKHbBIE IIOCJIEHOBATENILHOCTH,
cocrosmue u3 Hyaedt u eguaui. OHu 06pasyoT MHOXKECTBO MOUIHOCTH
KOHTHHYyMa (TaK KaK MeXIy HHMM U IOAMHOXECTBAMU HATYPAJIbHO-
ro psAJa MOXHO yCTAHOBMTDL B3aMMHO OJIHO3HAYHOE COOTBETCTBUE). Pac-
CTOSTHUE MEXY ABYMsi TAKMMU TOUYKAMH, onpenessemMoe Qopuyaott (11)
§1, paBno 1. OKpyXHM KQXKAYIO U3 3TUX TOUYEK OTKPHITHIM MAPOM Da-
axyca 1/2. Dru wapsl He nepecekaroTcs. ECin HEKOTOPOE MHOXECTBO
BCIOAY IIJIOTHO B 1M, TO KaX bl M3 MOCTPOEHHBIX MAPOB JOJDKEH COomep-
JKaTh XOTs ObI 10 OJIHOM TOYKE U3 HTOr0 MHOXKECTBA, U, CJISIOBATE/LHO,
OHO HE MOXET ObITb CHEeTHBIM.
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4. OTKpBITHIE U 3aMKHYTbhIe MHOXeCTBa. PaccMOTpuM BaxkHeli-
WHE THIIBI MHOXKECTB B METPUYECKOM [POCTPAHCTBE, & UMEHHO, OTKPhbI-
Thi€ U 3aMKHYThIe MHOKECTBA.

Muoxectro M, nexaiee B METPUIECKOM NMpOCTPaHcTBe R, Ha3biBa-
eTCA 3GMEHYINBLM, €CJH OHO COBIIRJIaeT €O CBOMM 3aMbIKaHHEM:
[M} = M. HMHaue roBOpsi, MHOKECTBO Ha3bIBAETCH 3aMKHYTHIM, €CJIH
OHO COHEPXKHT BCE CBOU MPENEsbHBIE TOYKU.

B cuny teopemnr 1 sambikanue aoboro muoxkectsa M ecTh 3aMKHY-
Toe MHOXKeCTBO. VI3 TOlf e Teopembl BBITEKALT, 410 [M] ecTh HAMMEHb-
1Iee 3aMKHYTOe MHOKECTBO, cogepxawee M. (Joxaxkure 31ol)

Hpuwmepsr 1. Besakuit orpesok [a, b] 4ucsiosoit npsiMol ecTh 3aMK-
HYTOe MHOXECTBO.

2. 3aMKHyTBI} HIAp UPEINCTABIACT CODOH 3aMKHYTOE MHOXECTBO.
B gacrrocri, B npocrpancrse Cla, b] muoxecrso pynkuuit f, ynosser-
Bopsaomux ycsosuo | f(t)] < K, 3aMxHyTO.

3. MuoxecrBo dyuxuuit 8 Cla,b], yHIOBJIETBOPSIOUHX YCJIOBHIO
|f(t)] < K (orkpbiThl#l map), He 3aMKHYTO; €r0 3aMBIKAHUE €CTh COBO-
kynHocts byHKudi, yaosiersopsoomnx yeaosuo | f(t)] € K.

4. KaxkoBo 6bl HU 6BLIO METPUYECKOE NPOCTPAHCTBO IR, mycToe MHO-
JKecTBO @ M BCE R 3aMKHYTHI.

5. Besakoe MHOXECTBO, COCTOAMEE U3 KOHEYHOrO YUCIIA TOYEK, 3aM-
KHYTO.

OcHOBHBIE CBOHCTBA 3aMKHYTBIX MIIOXKECTB MOXKHO cd)opMymipOBaTb
B BHAE CJIeAyrlneil TeopeMbl.

Teopema 3. Ilepeceuenne jir0boro 4Hc/a H CyMMa JIOOOIO KOHEY-
HOI'O YHCJIA BaAlKHyTbIX MHOX>KEeCTB CYTb 3aMKHYTDLIE MHOXK€ECTBA.

Hdoxazatenbcrso. lycts F = NF, -— nepecedenne 3aMKHYThIX
MHOXkecTB I, n nycrs z —— npenenbHas todka muist F. 9710 o3nadaer,
yTo mobas ee okpectHOCTh O, (z) COLEPXKUT GECKOHEUHO MHOIO TOYEK
u3z F. Ho Torna tem 6onee O (x) comepxuT OECKOHEYHO MHOLO TOYEK
u3 kaxxgoro F, u, crenoBaresibHO, Tak Kak Bce F, 3aMKHYTHI, TOYKA T
NpUHAAIEKUT KaxaoMmy F,; takum obpasom, x € F = NF,, 1.e. F
3aMKHYTO.

ITycrs Tenepb F' — cyMMa KOHEYHOrO YUCJIA 3AMKHY ThIX 72 MHOMXKECTB:

n
F = | F;, u nycers Touka z He npunamiexutr F. Iloxaxem, ato x
i=1
He MOXKeT OBITh upenesibHON st F. JefAicTBHTENbHO, T HE TPUHAAJICHKUT
HI OOHOMY W3 3aMKHYTBIX MHOXECTB Fj, CJI€HOBATEJIHHO, HE SIBJIAETCA
ApefetbHOR HH U1 OHOrO U3 HUX. [1o9TOMy [OJ1s KaXKIOro 1 MOKHO
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HalTH Takyio OKpecTHOCTH O, (T) TOYKHM T, KOTOPaA CONEPXKUT HU 6O-
Jlee 9eM KOHEYHOe IucJ10 Touek u3 F;. Basas us okpecrnocrett O, (x), . . .,
O¢, (z) HAaMMEHBILYIO, MBI TTOJIYy4YuM OKpecTHOCTh O (Z) TOUKHU T, coaep-
XKanyo He Hosiee YeM KOHEYHOE YUCIIO0 TOYeK u3 F.

Wrak, ecoim Tovyka x He npuHajgiexur F, to ona He Moxer OmTh
npegesibuoit nis F, T.e. F 3amkuyto. Teopema noxaszana.

Touka z HasbIBaETCA enympennel mouxotl MaoxecTBa M, eciu cy-
mecTByer oKpectHOCTh O (z) 9TOU TOYKH, IIEIUKOM COOEPKAMAACH
B M.

MHox)ecTBO, BCE TOYKK KOTOPOr0 BHYTPEHHUE, HA3BIBAETCS OMKPbL-
MHIM.

Ipumepn. 6. Uurepsas (a,b) uncnosoit npsamoit R' ects oTKpHI-
TOe MHOXECTBO; medcTBuTeNbHO, ecim a < a < b, 0 O.(a), rne
€ = min(a — a,b — @), HeNUKOM copepxKuTcs B nuTepsasne (a,b).

7. Orkpeiteiil wap B(a,r) B 11060M METPpUYECKOM IpocTpaHcTee R
€CThb OTKpPBITOEe MHOXKecTBO. HehicrBarensho, eciu z € B(a,r), 1O
pla,z) < r. Honoxum € = r — p(a, z). Torna B(z,e) C B(a,r).

8. MuoxecTBO HenpepbiBHLIX GyHKOUH Ha [a, b], ynoBiaeTBopsomux
veqosuio f(t) < g(t), rme g(t) — nexkoropasi GUKCUPOBAHHASI HEIPEPDIEB-
Hast GyHKUMA, TPENCTABseT cO00l OTKPHITOE IOIMHOXKECTBO IPOCTPAH-
cra Cla,b).

Teopema 4. Ins toro 4robpr MHOXKeCTBO M 6bIJI0 OTKDBITO, HE-
06X0ANMO B JOCTATO4YHO, 4106k ero nonosnenne R\ M no Bcero npo-
crpaHcTBa R 6b110 3aMKHYTO.

HokasarenbcrBo. Ecou M OTKpBITO, TO KaXKAasA TOYKA T U3 M
MMeeT OKPECTHOCTh, LEJIMKOM NPHHAUIEKAWY M| T.e. HE UMEIILYIO
Hu onHolt obmeit Touku ¢ R\ M. Takum ob6pa3zoM, HH OIHA U3 TOYEK,
He npuHaiexauwx R \ M, He mMoxer ObITb TOYKOIl NIPHKOCHOBEHUS
ana R\ M, r.e. R\ M samkuyto. O6parno, ectu R \ M 3amkuyTO, TO
nbas Touka u3 M uMeeT OKPECTHOCTh, LEJTUKOM JieKaInyo B M, 1.e.
M orxpsrTo.

Tax kak nycroe MHOXECTBO U BCe R 3aMKHYTBI U B TO e BpeMs
C/lyXaT OONOJIHEHUSIMH IOPYT JIPYra, TO nycmoe muoxcecmeo u 6cé R
OMKPHIMbL.

U3 TeopemMb! 3 ¥ U3 NPUHLHUIA JBOUCTBEHHOCTH (II€PECeYEHHE JOIOII-
HEeHUI PAaBHO JIOTIOJIHEHHIO CYyMMB], CyMMa JONOJIHEHUU paBHA JIOTIOJIHEe-
HUIO IepeceveHns, ¢cM. 0. 2 § 1 1. 1) BoiTexaeT cienyromas BaKHas
TeopeMa, JBOMCTBeHHAs Teopeme 3.
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Teopema 3. Cymma 060ro (KOHETHOrO MM BECKOHEYHOIO) 4H-
¢J1a H nepecedeHue JIIo60ro KOHEYHOro YHCJ1a OTKPBITHIX MHOKECTB CYTh
OTKPDBIThIE MHOXECTBA..

MuoxecTBa, NpHHAJJIEKAIIRE o-ajiredpe, MOPOXKAEHHON BCceMHu OT-
KPBITBIME U 3aMKHYTBIMU MOIMHOXKECTBAME MPOCTPAHCTBA [T, Ha3bIBA-
0TCA DOPEne8CKUMYU MHOHCECTRBUMU.

5. OTKpLITHIE U 3aMKHYThle MHOXecTBa Ha npsimoit. Crpykry-
Pa OTKPBITBIX M 3aMKHYTBIX MHOMXKECTB B TOM WJIM MHOM METPHYECKOM
IPOCTPAHCTBE MOKET OBITh BECbMA CJOXKHOU. DTO OTHOCHTCA K OT-
KPBITBIM M 3AMKHYTBIM MHOXKECTBaM [1aXK€ eBKJIMIOBA IIPOCTPAHCTBA
IBYX W GOJIBIIEro Yucsa usmepenuit. OHAKO B OIHOMEDHOM Clly4ae,
T. €. Ha IPsAMON, NCYEPIbIBAIOIIEE OIIUCAHHUE BCEX OTKPBITHIX MHOXKECTB
(a cJlenoBaTEsIbHO, M BCEX 3aMKHYTBIX) He npencrapiser Tpyaa. Ouo
Jaetca ciaenyroumei TeopeMoii.

Teopema 5. Bcakoe OTKpbITOE MHOXECTBO HA YHCJIOBOH NpAMOHA
npeacrapager coboif CyMMy KOHEYHOIrO HJIH CYETHOIO HHCJa ITOINapHO
HEIepeceKaloIuXCa HHTepBaJIoBL).

HdoxazarensctBo. IIycts G — OTKPBITOE MHOXKECTBO Ha Mps-
Mmoit. Beenem fgia Tovek m3 G OTHOHIEHHE 3KBUBAJIEHTHOCTH, CHUTAS, YTO
I ~ Y, €CJI CYIECTBYeT Takoi untepsaa (a, 3), uro x,y € (a,F) C G.
OdeBUAHO, 3TO OTHOIIEHNE PedIIEKCHBHO M CUMMETPUYHO, OHO U TPaH-
3UTHBHO, TAK KAK GCJIA T ~ Y U I ~ Z, TO CYIWECTBYIOT TAKME HHTEPBAJIbI

(e, B) u (7,8), uto
z,y€(a,B)CG u y,z€(v,0)CG.

Ho rorma v < 8 u unrepBasn («,d) nexur ueaukoM B G H CONEPXKUT
ToukH  u z. CienoBarenbHo, G paclaaeTcs Ha HENepPEeceKaloNMecs
KJIacchl I, 9KBUBAEHTHBIX Mex 1y coboil Touex:

G =ul,.

Hoxaxenm, uro kaxnoe I, ecrs unrepsad (a,b), raoe a=inf I, b=sup I.
Brinouenue I C (a,b) ouesunso. C apyroii cropowus!, eci z,y € I, 10
oo camoMmy onpenenennio I warepsan (x,y) conepxurca B I,. B ao-
60oit Bsiu3zocTH OT @ cupaBa W B JTIO60I Hr30cTN OT b CJIeBa €CTh TOYKHU
u3 I,. Hoatomy I, comepxut moboit uurepsan (a,b'), KOHUB KOTOPOrO
npunagnexar (a,b), orkyaa I, = (a,b). Cucrema takux Hemepecekaio-
wmuxcs uHTepBanos I, He Gosee yeM cYeTHA; HEHCTBUTEsLHO, BLIOPAB

1y MuoxecTsa Buma (—oc, 00), (@, o0) u (—00, 3) MBI IPH ITOM TAKXKE BKJIIOUAEM
B YHCJIO HHTEPBAJIOB.
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B KaXJOOM M3 3THX HHTEPBAJIOB IIPOHU3BOJIBHBIM O6p330M PanuOHAJIb-
HYI TOYKY, Mbl YCTaHOBUM B3aMMHO OOHO3HAYHOE COOTBETCTBUE MCXKJ1Y
ATHMHU HHTEDBaJIaMH U HEKOTODBIM NOAMHOXKECTBOM MHOXKeCTBa pauuo-
HAJIBHBIX YHUCEJI. Teopema HJOKa3aHa.

Tax Kak 3aMKHYTble MHOXKECTB3 — 9TO JOIOJIHEHUE OTKPLITHIX, TO
M3 TEOPEMBI 5 CJIEIYET, YTO BCAKOE 3aMKHYTOE MHOXKECTBO HA TIPAMOH
NOJy4aeTCst BLIOpACKIBAHHEM U3 NMPAMON KOHEYHOTO UM CYETHOIO JUC-
JIa HHTEPBAJIOB.

TIpocrefiive npuMepsl 3aMKHYTbIX MHOXECTB — OTPE3KH, 0TS Ib-
Hble TOYKM M CYMMbl KOHEYHOIO YHUCJIA TAKUX MHOXECTB. PaccMoTpum
HoJslee CIOKHBIA NPUMED 3aMKHYTOTO MHOXECTBA Ha NMPSAMOit -— Tak Ha-
3BIBAEMOE KAHMOPOGO MHOHCECTNEO.

IIycrs Fy — orpesok [0, 1]. Bribpocum u3 Hero uurepsal (%, %),
a OCTABIIEECH 3aMKHYTOEe MHOXKECTBO 0Do3HauuMm Fy. 3arem smibpocum
u3 F] uHTEpBasIbl (%, %) u (-g—, %), a 0CTaBUIEeCH 3aMKHY TOE MHOXKECTBO

(cocTosee U3 weThIpex OTPesKoB) obosnauum Fh. B kaxpom us stux

3
YyeTbhIPeX OTPE3KOB BBHIOPOCHM C e,IIHI/Iﬁ UHTCPBAJI IJIMHbI ']—' H T. O.
p p P 3

(puc. 8). ITponoskas 3TOT IPOIECC, OMAYYNUM YOBIBAIOILYIO I0C/IE10BA-
TEJIBHOCTD 3aMKHYTbIX MHOXecCTB F,. TTostoxum

00
F= () Fn
n=0

MHoxecTBo F' — 3aMkHyTOe (KaK HepeceyeHHe 3aMKHYTBIX ); OHO NOJIY-
qaercst U3 orpeska [0, 1] BoibpachIBaHBEM CUETHOTO MUCJIA MHTEPBAJIOB.

0 1

FO

0 1/3 2/3 1F1

0 13 w1,

19 2/9 79 819 2

-— - R — —— F3
Puc. 8

Paccmotpum ctpykTypy Muoxectsa F. Emy npunasnexar, oueBu-
HO, TOYKH
07 1’ l' 27 -1-! 27 Z’ §7"' (1)

33999 9
- KOHIIb! BhIOpachiBaeMblx untepBasios. OqHako MHoxectso F He uc-
YePNBLIBAETCA 3TUMM Toukamu. [leficTBurensHo, Toukn orpeska [0,1],
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KOTOpbIE BXOLSAT B MHOXKeCTBO F', MOXKHO OXapaKTe€pH30BaTb CICLYIO-
M obpasom. 3anumem kaxnoe us 4ducesa z;, 0 < z £ 1, B rpoudHo#
CHCTEME CUMCJICHMS
— a1 az a
I—?+éj+"‘+3—:+---,

rjle 4YucJaa a, Moryr npuHamars 3Hayenus 0, 1 w 2. Kak u B cny4ae
IEeCSITUMHBIX ApoGelf, HEKOTOPBIE YHC/IA JOIYCKAIT ABOAKYIO 3aIHUCh.
Hanpumep,

1 1 0 0 0 2 2

s=ftt sttt =a b S St

3 3 32 3" 3 32 33 3"

Jlerko mposepuTh, YTO MHOXKECTBY F' mpHHAAEXKAT T€ ¥ TOJBKO TC

yucaa z, 0 € z £ 1, koTopble MOryT ObITH 3aNMCAHbl XOTA ObI OTHUM
crnocoboM B Bule Tpou4HOU npobm Tak, UTOOBI B IOCJIEHOBATEILHOCTH

@1,-..,0n,... HA pa3y He BCTPETUJIACh €IUHUALA. Takum o6pa30M, Kax-
noft Touke ¥ € F MOXHO MOCTABUTbH B COOTBETCTBHE IOCIEHOBATE -
HOCTBb

AQ1,..--3Qny. -0y (2)

FIe a, paBHo 0 uiu 2. COBOKYITHOCTH TAKHX MOCJIeA0BaTesIbHOCTel 0bpa-
3yeT MHOMKECTBO MOIIHOCTH KOHTHHyyMa. B sroMm MoxHO ybeanTbcs,
[OCTaBMB B COOTBETCTBHE KaxKI0H nocsenosaresbrocTy (2) nocienosa-

TEJIbHOCTDL ,
b, by, (2"

rae b, = 0, ecnu a, = 0, u b, = 1, ecsmm a, = 2. IlocsienoBaTe/ ILHOCTL
(2') MOXHO pacCMATpPUBATHL KAK 3allMCh HEKOTOPOro AEHCTBUTEILHOTO
quciaa ¥y, 0 € y € 1, B Bume asouunoit npobu. TaxuMm obpazom, MBI
HOJIy4aeM OTobpazeHue MHOXecTBa F' Ha Bech orpesok [0, 1]. Orciona
BBITEKAET, 9T0 F nMeer MomHocTs KOHTHHYYMa ). Tak Kax MHOXKECTBO
Touex (1) c4eTHO, TO 3TU TOYKM HE MOTYT HCYEpIbIBaTh BCe F.

YopaxHeHH.

1. Joxa3aTth HEIOCPEACTBEHHO, YTO TO4YKa 1/4 npunagmexur maoxecrsy F,
HE ABJAACH KOHILOM HY OJHOTO U3 BHIOPACBIBAEMBIX MHTEPBAJIOB.

Yxasanue. Touxka 1/4 mesmur orpesox [0,1] B orHomenuu 1 : 3. Orpesok
[0,1/3], ocTamomuiics noc/e nepBoro BHIGPACHIBAHUA, OHA JIEJIMT TAKXKE B OT-
Howenua 1:3 m T 1.

Touku (1) Ha3BIBAIOTCH TOYKAMH nepeozo poda Muoxecrsa F', ocTasbHbIE
€ro TOYKM Ha3bIBAIOTCH TOUKAMH 6MOpP020 poda.

1) Ycranosnennoe coorsercteue Mexnay F M OTpe3skom {0,1] ommosnauno, HO
He B3aUMHO OJHO3HAYHO (M3-32 TOrO, YTO OLHO W TO K€ YHCJAO HHOTAA MOXKET M30-
GpaxkarsCa pasyMYHbIME Apobamu). OTComa chaexyer, 4To I MMeeT MOIMHOCTL HE
MeHbIie, Y4eM MOLIHOCTh KOHTHHYyyMa. Ho F — wacre otpeska [0, 1], crenosaTessho,
€ro MOIIHOCTb HE MOXeT GhITh GOJIblle, YeM MOUIHOCTh KOHTHHYYMA.
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2. Joxasark, 4T0 TOUKH NEPBOro posa obpasywr B F' sciony ninotHoe MHO-
KECTBO.

3. Iokazars, 4yro uymcia Buga t; + t2, rae ti,t; € F, 3an0/HAIOT BECh
orpesok [0, 2].

Ms1 nokasanu, 4T0 MHOXKeCTBO [’ uMeeT MOIHOCTL KOHTUHYYMA, T. €.
COLEPXKUT CTOJIBKO XK€ TOYeK, CKOJIBKO U Bech orpe3ok [0, 1].

C 31uM HakTOM HHTEPECHO CONOCTABUTE CJISAY IOl pe3yIibTaT: cy M-
Ma JJIMH % + % + 24—7 + ... BCeX BBIOPOLIEHHBLIX MHTEPBAJIOB COCTABJISICT
B TOYHOCTH €IHHUIY!

JonmonHuTenbHBle 3aMeYaHHUA.

(1) IIycts M — HEKOTOpOE MHOXCCTBO B METPHHUECKOM IpoctpaHcise R
M T — TOYKa 3TOro e npocrpancTsa. Paccmosanuesm om mouxu T do mMuodce-
cmea M Ha3BIBAETCA YHCJIIO

plz, M) = alélfl p(z,a).

Ecm ¢ € M, to p(z, M) = 0, ognako n3 toro, uro p(x, M) = 0, He cie-
ayer, 410 £ € M. U3 onpenesieHus TOMKM HPUKOCHOBEHHS HENOCPEACTBEHHO
noJsrysaeM, uro p(z, M) = 0 B TOM H TOJIbKO TOM CJiy4ae, KOIjfla £ — TOYKa
IpUKOCHOBeRus MHoxecTBa M. Takum o6pa3som, onepaunnio 3aMbIKaHU MOXK-
HO ONPEeNeSIUTh KAK NPUCOeNMHEHNE K MHOXEeCTBY BCEX TeX TOYeK, PACCTOSHHE
OT KOTOPBIX JO MHOXE€CTBE PAaBHO HYJIIO.

(2) AnasioruuHo onpenesisieTcs PacCTOSAHUE MEXAY ABYMs MHOXECTBAMH.
Eciu A, B — 1Ba MHOXECTBA B METPHYECKOM IpoCcTpaHcrse R, To

p(A,B)= _inf  p(a,b).

Eciu AN B # &, 10 p(A, B) = 0; obparnoe, Boobiue ropops, HeBEPHO.
(3) Ilycts Mg — mnuoxectso Bcex ¢pynxuuit f us Cla, b], ynosnersopso-
mux ycaosuio Jlummuna: ans seex 1, t2 € [a,b]

[f{11) — f{t2)| € Klt1 — ¢z,

rae K — nexkoropoe dburcupoBanHoe yncso. Muaoxecrso Mx 3amkuyro. Ono
COBIAJIaeT C 3aMBIKAHHEM MHOXeCTBa Bcex auddepenmupyembix na [a, b
dbyuxnult Takux, uro |f'(t)] < K.
(4) Muoxecteo M = |J Mk Bcex dynxuuii, kaxaaa n3 KOTOPHIX yJIOBJe-
K

TBOpsAeT ycsroBuo Jlunmuua npu kakom-subo K, He 3amMkuyTO. Ero samerxa-
Hue ectb BCé Cla, bl.

(8) OrxpwmiToe MuoxecTBo G B N-MEPHOM EBKJIMIOBOM NPOCTPAHCTBE Ha-
3BIBAETCH CBRA3HBIM, €CJIM JIIoOble aBe TO4YKHM £, ¥ € G moryT GbITh coequ-
HeHbl JioMaHol, nenukoM Jgexamedt B G. HanpuMep, BHyTpEeHHOCTH Kpyra
z2 + 4% < 1 — cnasnoe muoxecrso. HaoBopor, cymMa ABYX Kpyros

P4yt <l u (-2 +y' <1
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—- He CBA3HOE MHOXKECTBO (XOTs y 3THX KPYIOB €CTh 0Basa TOUYKA IIPHKOCHO-
Bennza!). Orkperroe nogMuoxectso H oTrpeiTore Muoxecrtsa G Ha3bIBAETCS
KoMnonenmol MHOXeCTBA G, €C/IM OHO CBA3HO M HE COAEPKMTCT HH B KAKOM
GosIbIEM CBA3HOM OTKPBLITOM nloaMHOkecTse G. Bregenm B G oTHONICHUE HKBH-
BAJICHTHOCTH; T ~ ¥, €CJIN CYWECTBYET OTKPBITOE CBS3HOE NogMHOxecTrBo H
ns (G, HAKpHIBAIOUICE T U
z,y€E HCG.

Kak u B ciyyae npamotit, Jierko npopepserca TPaH3UTHBHOCTE 1 noatomy G
pacnagaeTcs Ha HemepecexarouHecs xkjacesl: G = Ul 9T K1acChl — OTKPbI-
Thi¢ KoMIoHeHTh! G. Yucso ux He Gosiee yeM CIeTHO.

B cayyae n = 1, T.e. Ha NpaAMOH, BCAKOC CBA3HOE OTKPLITOE MHOKECTBO
eCTb MHTEpBa (B 4YNCJIO MHTEPBAJIOB BKJIOYAIOTCH M GEeCKOHEYHbIE UHTEp-
Bansl (—o0,a), (b,o0) n (—oc,0)). Taknm ofpasom, TeopeMa 5 0 CTPOEGHHH
OTKPBITBIX MHOXKECTB Ha MPAMOH COCTOMT M3 ABYX YTBEpXKJjeHui: a) Bcakoe
OTKDPLITOE MHOXKCCTBO Ha NPAMOH €CTh CyMMa KOHEYHOTO WJIM CHYETHOrO “H-
CJ1a KOMIIOHEHT U §) CBA3HOE OTKPHITOE MHOKECTBO Ha NPAMOl €CTh MHTEPBAJIL.
IlepBoe M3 3THX YTBEPXOEHHI BEPHO M AJIsI MHOXKECTB B N-MEPHBIX €BKJINIO-
BEIX NMPOCTPAHCTBax (M JONycKaeT gaibHekmue 06oBmweHus), a BTOPOE OTHO-
CHTCA WMEHHO K IpsAMOCH.

§ 3. IloJsible MeTpUYECKHE IPOCTPAHCTBA

1. Oupenesteie ¥ NpUMephbl IOJHBLIX MeTPHYECKHX ITPOCT-
paHceTB. C NepBBIX WATOB U3YYeHUA MATEMATHIECKOrO AHAJIH3A Mbl BH-
UM, CKOJIb BAXXHYIO POJIb UIPAET B aHAJIN3e CBOMCTBO MOJHOTHL YUCIO0-
BOlt mpsiMo#t, T.e. TOT dakT, 4TO BCsKaA PYHIAMEHTAIbHAS TOCJIEA0-
BATEJIbHOCTE ACHCTBUTENBHBIX YUCE CXOAMTCA K HEKOTOPOMY IIpeIesIy.
Ypcnopasi npsaAMas CiIyXHT OPOCTEHNINM NPHMEpPOM Tak Ha3bIBAGMbIX
NOJTHBIX METPHYECKUX HPOCTPAHCTB, OCHOBHDIE CBOHCTBA KOTOPBIX MBI
paccMoTpuM B 3TOM naparpacde.

IMocsenosarensrocTs {Z,} TOUEK METPHYECKOTO NIPOCTPAHCTBA R Mbl
OyIleM HAa3bIBATEL yHOaMenmaabHotl, €CIIM OHA YHOBJIETBOPSET KPUTEe-
prto Kommn, 1. e. ecnu s stroboro € > 0 cymecrsyer takoe 4ucyo N,
YTO P(Xp, Tnr) < € paist Beex 0’ > N, n'' > N,

W3 akcuoMbl TpeyrosibHUKa HENOCPEACTBEHHO CJIENYEeT, YT0 BCAKAs
CXOASIACS MOCAEIOBATENBHOCTL (PYHIAMERTAAbHA, [efcTBuTeIhHO,
ecom {x,} cxomurca X z, TO ania maHHOro € > (0 MOXHO HalTH Taxoe
ancao Ng, uro p(z,,x) < £/2 nnsa scex n > N.. Torna p(zn, zar) <
€ plxp,x) + plxyy,T) < € gns mobbix n' > N un'" > N,.

Ounpenenenue 1. Ecsm B npocrpanctee R nobas GyHIaMEHTAL-
Has 1OCJAENOBATEIbHOCTD CXOANTCS, TO 3TO TPOCTPAHCTBO HA3bIBAETCHA
TLOAHBLM.
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ITpumepn. Bce npocrpancTBa, paccMoTpeHHbie B § 1, 32 HCKIIIO4e-
HUEM YKa3aHHOrO B IpuMepe 8, nosieble. ledCcTBUTENBHO:

1. B upocrpancTse u3osimpoBaaHbIx Touek (npumep 1 § 1) dbyrnamen-
TaJIbHB!I TOJIHLKO CTALUMOHAPHBIE NOCJIEI0BATEILHOCTH, T. €. TAKHE, B KO-
TOPBIX, HAYHHAS C HEKOTOPOIO HOMEpPA, IIOBTOPAETCH BCE BPEMsA OHA
¥ Ta xke To4ka. Besikast raxasi MoCje10BATeNIbHOCTE, KOHEYHO, CXOIMT-
csl, 1. €. 3TO NPOCTPAHCTBO IIOJTHO.

2. IlonwoTa eBkJnaoBa npocTpaHcTBa R — coBokynHocTH IefcTBU-
TEJIbHBIX YUCEJ — U3BECTHA U3 AHAJIHU3A.

3. losHoTa eBkJIMa0Ba npoctpascTea R HenocpencTBEHHO BLITEKAET
u3 nonHotel R. B camom mese, nycTs {m%p )} — dyHIaMeHTaTbHAS [0~
CJIE1I0BATE/ILHOCTE TOYeK U3 R'; 310 03HadYaeT, 4To AJisg KaxIoro € > (
Hahpercs takoe N = N, 910

k23
Z(z;p) _ xiq))2 <e?
k=1

pn Beex p, ¢ 66abmmx, yem N. 3mecs z(P) = {zgp),...,:cslp)}. Torpa
Ot Kaxkaoro k = 1,...,n mojiydaeMm COOTBETCTBYIOLIEE HEPABEHCTBO
(p).

[z, -z, < e

oA scex p, g > N, T.e. {mgf )} — (PyHIaMEHTATIbHAS YHCJIOBAS [10CTIe-
JOBATCIBHOCTD. J10oI0XK1uM

zp = lim xip) U z=(Ty,...,Tn)

pP—roo

Torma, oueBmIHO,

lim zP) = 1.
p—o0

4-5. ITosmmora npocrpaucts R, 1 R} noKa3bIBaeTCA COBEPIIEHHO aHa~
JIOFHUYHO.

6. Hokaxewm nonuory npocrpauctsa Cla, b]. Ilycts {z,(t)} — Hexo-
topas dyHIaAMEeHTANbHAA TOCTEN0BATELHOCTD B Cla, b]. D10 03HAUBET,
4y1o nna kaxaoro € > 0 cymectsyer Takoe N, 4TO

|$n(t) - .’17,,1(t)1 <€

npu n, m > N pnsa scex t (a < t £ b). Orcioga BeITEKaET, 9YTO MOCIIENO-
BaresbHOCTH {2, (1)} paBHOMepHO cxonutcs. Kax H3BeCTHO, B 9TOM CITy-
yae ee npenen z(t) 6yner HermpepsiBHOi dyHKUMel. YeTpemsas B npe-
JBUIYIIEM HEPABEHCTBE M K GECKOHEYHOCTH, MOJIY UM

2, (t) —z(t)] <€

LT BCeX t M 111 Bcex n > N, a 910 u o3Havaet, 410 {Z,(t)} cxomurca
K z(t) B cMmbicsie Merpukuy npocrpancrsa Cla, b).
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7. llpocrpanctso ly. Mycrs {(™} — dynnamenranbnas nocnenosa-
TENLHOCTD B lo. D710 03Ha4aeT, 4ro 1A aoboro € > 0 naiinercs takoe NV,
910

oo
Pz M)y = Z(ISI) - Il:i,m))iz <& npu n,m > N. (1)

k=1
3necy ™ = (xgn),...,xi")). Us (1) caenyer, ure upu moboMm k
(a:i") - zi_m))2 < g, T.e. IpH KaXKOOM k TOCJENOBATENHHOCTDL HeHcT-

13
BHTEJILHBIX YHCET {.’LEJ )} (hYyHIAMEHTANIBHA ¥ HOTOMY cxoguted. [Toso-

KHM T = lim zin). Ob6o3na4uM Yepes & 1OCIEeI0BATENbHOCTE (X1, . . .
n—200

. Tk, ... ). Hyx#0 nokasars, 4ro:
[ee]
a) Zx%<oo, Te. T €l
k=1
6) lim p(z'™,z) = 0.
n—cC

Crenaem ato. s nepasencrsa (1) cienyer, 4ro ajs jiod0ro GukCupo-

/]
BanHoro M M

Z(L}C") — :175‘,"1))2 <e.
k=1
B a0l cymMe reneps TONIbKO KOHEHHOE YHUCJI10 CAATAaeMbIX, B MbI MOXKEM,
sauKCHPOBAB N, nepeliTn K npenesy npu m — oo. Iosyyuum
M
Z(fﬁin) —z)? e
k=1
9710 paBeHcTBO BepHO npu awbom M. Boceranopum GeckoHeuHbIR psij,
Nepexcas K npenesy npu M — oo; nosayvdaem

S - w) <e. 2)
k=1

o> o0
(n)y2 (n) 2 .
s cxonumoctn panos y_ (z; ' )> u Y (x, —z1)° clemyeT CXOIMMOCTD
k=1 k=1
& : 2
psga 3. z2 (B cuily anemeHTapHoro HepasescTsa (a+ b)? < 2(a? + b?)),
k=1
T. €. yTBEpXKACHUE a) NokKazano. Jajee, TaK Kak £ IPOU3BOJILHO MaJlo,
TO HepaBeHcTBO (2) o3HavaeT, UTO

oo
. (n) .\ — 71 (n) _ 2
lim p(a™,2) = lim V kz_jl(mk zi)? = 0,

1.e. '™ = z B Merpuxke ly. Yrsepxnenue 6) HOKa3aHO.



6 Ta. II. Mempureckue U MONOAOZUNECKUE NPOCTIPAHCINGA

8. Jlerko ybeautscs 8 ToM, 4T npocTpaHcTso Cala, b] He nosHo. Pac-
CMOTPHM, HAIPUMED, ITOCASOBATEIHHOCTE HEIIPEPBIBHBIX (hyHKIU
-1 mpu — 1<t -1/n,
wn(t) =< nt npu —~1/n<t<1/n,
1 mpurl/ngtgL
Ona dyrmamenrtanbua B Cy[—1, 1], Tak xax
1
- 2 2
{ (pn(t) = pm (1)) dt < min(n,m)’
OnHako OHA HEe CXOANTCA HU K Kakol dyskmu u3 Cz[—1, 1]. HeficrBu-
TENBHO, IyCTh f — Hexkortopas dbynkuus uz Cy[—1, 1] n 1) — paspeisHast
dbyuxuust, pasaas —1 npu t <0 u +1 npu ¢ = 0.

B cusy nuterpasibioro HepaBeHCTBa MUHKOBCKOIO (CIpaBeiMBoro,
OYEBHIIHO, U AJIsI KyCOYHO-HENPEPhIBHbIX DyHKUuUi) uMeeM

(/ G -viwra)” <

< ([ U@ —en®2at)” + (] (outt) —ve)a)”

B cusy HenpepbiBHOCTH QYHKUMK f UHTErpaJl B JIEBOW YACTH OTJIMYEH
ot uyns. lanee, sicuo, 4To

lim [ (ga(t) ~ $(0)dt =0,

n—co

1
osTomy / (f(t) — n(t))?dt He MOXKeT CTPEMUTHCH K HyJHO NpU
n—oo.

Yupaxuenue. [Jokasars, UTO NIPOCTPAHCTBO BCEX OTPAHUYEHHBIX [TOCIIE-
nosaresibHocTel (mpumep 9 § 1) mosxo.

2. TeopeMa O BJIOXKE€HHBbIX HIapax. B ananuze IHHPOKQ UCHOJIB3Y-
€TCsA TaK Ha3blBaeMas JieMMa O BJIOXKEHHBIX OTPEe3KaX. B TEOPUH METPHU-
YEeCKHX IIPOCTPAHCTB aHAJIOTUYHYIO POJib HUI'pAeT Cllieaylouiasa TeopeMa,
Ha3bIBaeMasl Teopemoifi O BJIOXKEHHbBLIX Hrapax.

Teopema 1. ILns roro 910661 METPUYECKOE NPOCTPAHCTBO R 6bI-
JIO MOJIHBIM, HEOOXOOHMO H IOCTATOYHO, YTOOBI B HEM BCSAKAs MOCJIE-
JI0BATEJILHOCTH BJIOXKEHHBIX APYT B APYra 3aMKHYTHIX [IAPOB, PAJHYChI
KOTODBIX CTPEMSITCS K HYJII0, HMEJIa HEIyCTOe ITepeceIeHHe.

HoxazartennctBo. HeobxoanumocTs. Ilycrs npoctpancrso R
[IOJIHO ¥ IyCThb By, By, B3, ... -— 00CN1€I0BATEIBHOCTD BJIOXKEHHBIX APYT
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B JIpyra 3aMKHYTbIX 1apoB. Llycts 1, — pannyc, a &, — LEHTP lna-
pa B,. [TocnenoBaresibuoCTh HEHTPOB {1, } dyHAaMeHTANBHA, ITOCKOIb-
KY p(Tn,Tm) < 1T, npum >n,ar, = 0 opu n — oo. Tak kax R nonno,

TO hm Lp CYWECTBYET. TTonoxum z = hm T, TOTHA T € ﬂB Ieit-
n—

CTBUTEJILHO, HIap B, coaepxKuT BCe TOUYKH noure,uorsdTeJIbHOCTu {zn},
338 UCKJIIOYEHUEM, 6I>I'rb MOXKeT, TO4YeK Ty, ..., , Tn_1. Taxum obpaszoM, T
SABJIAETCA TOYKOH NPUKOCHOBEHUA I Kaxxgoro mapa B,,. Ho tak xak
B,, — 3aMKHyTOE MHOXKECTBO, TO & € B,, JUIsl BCCX 7.

Hocrarounocrts. [lyers {z,} — dbyHiamentasHas nocaenona-
TesbHOCTh. J{oKaxKkeMm, 4TO oHa uMeet npefes. B cuny dyvHIamMeHTa b-
HOCTH MBI MOXEM BLIOpATh TAKyl0 TOUKY I,, Hallell [HOC/IEIOBATE/b-
HOCTH, 4TO p(Zn,Tn,) < 1/2 npu Bcex n = n;. Hpumem touky z, 3a
HEHTP 3aMKHYTOro mapa paguyca 1. Obosuauum stor map Bp. Beibe-
pem 3aTeM T, u3 {,} TaK, 9Tobb 6bLT0 1y > 1y U P(T,, Tny) < 1/22
opu BCEX n > ng. IIpuMeM TOYKY Z,, 3a UEHTp mapa paaumyca 1/2
u obozrauyum 3710T map Bp. Boobiue, ecoin TOUKH Tn,,...,%Ln, YKE BBI-
6pansr (n; < --- < ng), TO BeIGEPEM TOYKY Tn,,, TaK, 9TOOBI ObBLIO
Ngt1 > N 1 p(Tn,Zn,,,) < 1/2571 npu Beex n 2 nji1, H OKpy:RHM
ee 3aMKHYTbIM mapom Bpi; paanyca 1/2%. IIponomxas »To noctpoe-
HUE, TNOJYYUM MOCJIEIOBATEIHLHOCTD 3aMKHY ThIX HIAPOB By, BJIOXKEHHBIX
ApYT B Apyra, npudem map B umeer paauyc 1/2%7L. Dra nocnenosa-
TEJILHOCTH HIAPOB UMEET, [0 NPENIIOJIOKEHNIO, ODLIYI0 TOYKY; 0003HAU UM
ee x. SICHO, YTO 9Ta TOUKA X CIIYKUT IIPENesioM TMOJNOC/Ie0BATEeIbHO-
ctit {Zp, }. Ho ecoin dhyHnaMeHTaNbHAS MOCASIOBATENBHOCT COACPAKHUT
CXOAAWYIOCH K & IONNTOCJISNOBATEIBHOCTD, TO OHA CAMa CXOAUTCA K TO-
My Xe npenesty. Takum obpazoMm, £ = nlin;o Ty

=

YuopaxHeHUd.

1. Jokazarp, 4T0 nepeceveHne 3aMKHYThIX BJIOKEHHBIX WIAPOB B HPEIbLLY-
meit Tecpeme CBOAUTCHA K OJHOH TOUKE.

2. Juamempom mHOKkecTBa M B METPUMECKOM NPOCTPAHCTBE HABLIBAETCS
YHCJIO

d(M) = sup p(z,y).
z,yeEM

JHoka3ars, 4TO B IOJHOM METPUYECKOM IIPOCTPAHCTBE BCAKAS [HOCJICI0BATEC -
HOCTb BJIOXKEHHBIX APYT B APYTa HEIYCTHIX 3aMKHYTLIX MHOXECTB, IHAMETPHL
KOTOPBIX CTPEMATCA K HYJHO, MMEeT HEILyCTOe lepecedeHue.

3. llpusecTn npuMep nOJHOrO METPUYECKOIQ HPOCTPAHCTBA H IOCIIEI0BA-
TEJBHOCTH BJIOXKEHHBIX APYT B APYra 3aMKHYTHIX HIAPDOB B HEM, MMerowel
Ny CTOe IHepeceyenye.

4. JJoxaszaTh, YTO NOANPOCTPAHCTBO MHOJIHOIO METPHYECKOr0 HPOCTPaH-
cTBa A IOJIHO TOra ¥ TOJIBKO TOI'AA, KOTJa OHO 3aMKHYTO B R.
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3. Teopema Bspa. B rTeopun nonHpix MeTpuiecKMX NPOCTPAHCTB
GYHIAMEHTAIILHYIO PONb KTPAET CHEAYIONAA TeOpeMa.

Teopema 2 (Bap). Hoanoe Mmerpryeckoe npocrpanctso R He mo-
KeT ObITb HPEJCTABICHO B BHAEC OOBCAMHEHHMS CYETHOIO YHCJIA HHULIE
He IJIOTHBIX MHOXECTB.

o<
loxkasarenscrpo. peanonoxnm nporusnoe. Ilycts R=|J My,
n=1
rae Kakjoe n3 MHoxKecTB M, nurme "He maorHo. [lycts Sy — HekoTO-
pbiit 3aMKHYTHI map paguyca 1. Iockonbky MHOXKecTBO M7, Oyay4u
HUTAE He IWIOTHBIM, He IJIOTHO B Sp, CYLUECTBYeT 3aMKHYThIM wmap S)
pamuyca Mmenblne 1/2, takoil, wro S; C Sp u S; N M, = &. Hockons-
Ky muHO)ecTtBO Mo He mwiorHO B Sy, 1o TO#l Xe npuuyuHe B 1mape S
COOEPKUTCA 3aMKHYThII map S paaumyca menbuie 1/3, njs KoToporo
So N My = @ u 1.1, Mbl MoJIy4aeM MOCAEIOBATEILHOCTE BJIOXKEHHBIX
APYT B APYra 3aMKHYTHIX wapoB {S,}, pamrycbl KOTOPbIX CTPEMSITCS
o0
X HyJuo, upugem S, N M, = @. B cuny teopemni 1 nepecevenune ) S,
n=1
COOEPXKUT HEKOTOPYIO TOYKY Z. ITa TOYKA TI0 NOCTPOSHUIO HE TPHHAI-
JIESKAT HU OJHOMY M3 MHOXKeCTB M, ciemoBaresbno, z ¢ U]Wm T. €.

R # |J My, B IPOTHBOPEUNH ¢ NPEANIONOKEHUEM.
n

B TACTHOCTH, 8CAKOE NOAHOEC METNPUMNECKOE NIPOCTNPAHCINGO 6es u3so-
AUPOCAHHDBIL TNOYMEK HECHETIHO. ,HeﬁCTBI/ITeJ'II)HO, B TAKOM IPOCTPAaHCTBE
KaxX10€ MHOXKECTBO, co/lepxanlee JIMb OJHY TOUKY, HUTJIC HE [IJIOTHO.

4. ITonosiHeHue npocrTpaHcTBa. ECjv npocTpadcTso R He nmosHo,
TO ero BCErjla MMKHO BKJIIOYHTH HEKOTOPBIM (M, MO CyLUECTBY, €NUH-
CTBEHHBIM) CIIOCOBOM B IOJTHOE NPOCTPAHCTBO.

Onpenesnenne 2. Ilycrs R — MeTpudeckoe npocrpascTso. Ios-
HOE METPUYECKOe NPOCTPAHCTBO R* HA3BIBACTCS NONOAHEHUEM IPO-
crpadcrsa R, eciu:

1) R sBJjsieTcsl NOANPOCTPAHCTBOM NpOCTpascTBa I*;
2) R sciogy mwiotuo B R*, r.e. [R] = R*.
(Buecw [R] o3znagaer, ccTeCTBEHNO, 3aMblKanne npocrpascrtsa R B R*.)

I{ELIIpPIMGp7 IIPOCTPAHCTBO BCEX HeﬁCTBHTeHbIIHX qHces1 sABJIsIeTCHA 110~
MOJIHEHUEM HNPOCTPAaHCTBa PAUNOHAJIBHDLIX TUCeT.

Teopewma 3. Kaxaoe merpuueckoe npocrpancrso R nmeer nonoJi-
HeHHe, M 3TO IOHOJHEHHE €AHHCTBEHHC C TOYHOCTBHIO A0 H30METPHH,
OCTaBJISTIOMER HeOABMAKHBIMHA TOYKH H3 R.

HoxazarenbcTro. Haubdem ¢ egnucrBsennocTu. Ham Hyx-
HO OOKa3aTh, 410 eciam R* u R** — nBa nononHenusi npoctpanctsa R,
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TO CYLIECTBYET TAKOE B3AMMHO OJHO3HAUYHNE OTODPAXKEHHE  1IPOCTPAH-
crBa R* Ha R**, uro

1) o(z) = = ana scex z € R;

2) ecn ¥ = (%) u y** = @(y”), To p1{2”,y") = p2(a™,y™"), rme
p1 — paccrosinue B R, a ps — paccrosinue B R**.

Orobpaxkenue @ onpeaesnM caenywuum obpasom. Ilycrs z* -— mpo-
U3BOJIbHAA TO4YKa W3 R*. Torma no onpeleseHHIO NMOIMOJIHEHUS Cylle-
CTBYET HOCJIENOBATEILHOCTD {Z,} TOUeK U3 R, cxomsamasnca k z*. Tou-
ku {z,} Bxomar u B R**. Tax xax R** nosnuo, 10 {z,} cxogurca 8 R**
K HeKoTopoit Touke z**. fcHo, yTo £** He 3aBHCUT OT BBHIOOpA MOCsE-
nosarensaocTr {Z,, }, cxonameiicsa B Touke z*. IMosnokum p(z*) = z**.
OrobpakeHue ¢ U €CTh HCKOMOE H30METpHUYecKoe orobpaxkeHne.

HeitctBurenibio, no nocrpoennio p(z) = z ana scex z € R. Jarnee,
nycThb

{zn} 22" BR" u {z,} =2z B R,
{ya} =y BR" u {ya} > y™ BR™;
TOIJA B CUJIY HENPEpPLIBHOCTH PACCTOAHNA
pi(z",y") = lim pi(zn,yn) = lim p(Tn,Yn)
n—o00 n—oQ
¥, AHAJIOCHYHO,
p2(z™",y™) = lim pa(zn,yn) = Hm p(Tn, yn).
n—>00 N0

CJrlenoBaresbHO,
pi(z”,y") = pa(=™,y"7).

Hoxaxem Tencps cyuecTBoOBaHMe nounosHenua. Wues saroro mo-
Ka3aTesIbCTBA Ta K€, YTO U B KAHTOPOBOU TEOpHH AeHCTBHTEIBHBIX Yil-
ceJ1. ITostoenue 3aech Jaxe Npole, 4YeM B TEOPHH XefCTBHTEIbHBIX Y-
CeJl, TAK KaK TaM JJIA BHOBb BBOJMMbBIX OBBEKTOB — HPPALMOHAJIBHBIX
yHces — TpebyeTrcs eme Onpere/inTh Bee apu(pMETHYECKHE ONepaLlii.

Ilycts R — npousBosibHOE MeTpHYecKoe rpocTpaictso. Hazosem nse
(pyHIaMeHTaILHBIE IOCTISI0BATENBHOCTH { T, } u {z],} u3 R sKBHBasIeHT-
HbIMH (0Bo3Hauenue {z,} ~ {z,}), eciin nanolc p{Zn.zh) = 0. Hassanne

«IKBHBAJICHTHOCTL» OIIpABAAHO, IIOCKOJIBKY 3T0 OTHOLIEHHE pedmeKan-
HO, CHMMeTpu4dHo u TpaHsutusHo. OTCIONA cheayer, 4To Bce (hyHaa-
MEHTAJIbHBIE [OCJIEIOBATEJABHOCTH, KOTOPBIE MOMHO COCTABUTL H3 TO-
YeK IMpoCcTpaHCTBa R, pacnalarTCsA Ha KJaCCbl 3KBUBAJICHTHLIX MEXKIAY
coboii nocrenoBarenbrocreii. OnpenesnuM reneps npocrpatcTso R*. 3a
€ro TOYKH MbI I[IPHMEM BCEBO3MOXHbLIC KJIaCChl 9KBUBAJICHTHBIX MEXKIY
coboit GbyHIaAMEHTANBHBIX NOCJIETOBATENILHOCTE, 8 PACCTOSHUE MEX Y
HEMH 33agaauMm cheaymompm obpaszom. Ilycts z* u y* — nsa Taxux
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kJnacca. BribepeM B Kak/1oM M3 9THX KJIACCOB IO OJHOMY IpEACTABN-
TEJTIO, T. €. 110 HEKOTOPOl hyHAAMEHTAJILHOH [TOCIIeN0BATENILHOCTH {T 4, }
¥ {yn}. Honoxum )

ple*,y™) = Bm p(zn, yn)- )

JlokazkeM KOPPEKTHOCTH 3TOr0 ONpPEIeJeHUsl PACCTOSHUA, T. €. JIOKa-
KeM, 4To npenes (3) CymecTBYET W He 3aBHCUT OT BLIOOPA IIPEICTABH-
tenell {z,} € z” u {y,} € y*.

B cniy Hepasencrsa

1p(Zr:Yn) = P(@m, ym)| < p(Z0, Tm) + p(Yns Ym) (4)
[0JIy4aeM, 4To JJid BCEX JOCTATOYHO DOJIBMUX N U M

|p(mn;yn) - P(l'm,ym)| <e,
TaK Kax NOCJIeNOBATESILHOCTH {Zy, } B {yn} dyHIAMEHTAIBHDIE.

Taxum 0BpaszoM, NOCIEIOBATENLHOCTD AeHCTBUTENBHBIX YUCET Sy =
= p(Tn,Yn) YAOBJIETBOPACT KpuTepuio Komm u, C1ei0BaTEbHO, HMEET
npeneJt.

Stor npesien He 3aBucUT OT Bbibopa {z,} € z* u {y,} € y*. Hefict-
BUTEJILHO, IYCTh

f * ] *
{.’I’,’n}, {‘Tn} €z U {yﬂ}: {yn} € y .
Brlkj1aaka, B TOYHOCTH anajiorndHas (4), naer
! ! I !
lp(Zn,yn) — p(Zps yn)] < p(Tns 27) + p(Yn, Yn)-
Tockonbky {zn} ~ {z,} n {yn} ~ {y,}, orclona caenyer, 4To
- . I3 !
lim p(en,ya) = lim plah, v,
n—oo n—oe
JoxkaxeM, 94T0 B R* BLINOJIHEHBI aKCHOMBI METPHUYECKOTO MPOCTPAH-~
CTBA.
Axcuoma 1) HENOCPENCTBEHHO BLITEKAET U3 ONPEEeJIEHHsT 3KBHBa-
JICHTHOCTH (PYyHAAMEHTAIbHBLIX IOC/I¢I0BATEILHOCTEN.
Axcuoma 2) ouesnjna.
[IpoBepuM akCHOMy TpEyrosbHuka. Taxk Kak B UCXOOHOM IPOCTPAa-
crBe R akcuoma TpeyroJibHIKa BBIIOJHEHA, TO
/)(zn, Zn) < p(l'n: yn) + /)(yn: Zn)-
Tlepexons k¥ npeneay npu n — 00, MOJy4aeM

lim /)(-7711,7 zn) < lim p(xn:yn) + lim p(ynazn)v
n-—00 n-+00 n—o0

plz™,2") < p(z”,y") + ply", 2").

1} Y106b! He YCHIOKHATL 3aIHCh, Mbt 0b03HAMaeM paccrosnne 5 R* Tem xe cuM-
BOJIOM g, YTO B DACCTOAHUE B MCXORHOM npocTpanctee K.
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Hokaxkem Teneps, 4To K MOXKHO paccMaTpuBaTh Kak NOANPOCTPaH-
CTBO NpocTpaHcTBa R*.

Kaxnoit Touke x € R orBeyaer HEKOTOPBIH KJ1ACC 3KBHBAJICHTHLIX
dYHIAMEHTATIBHBIX HOCJEAOBATENIBLHOCTEN, UMEHHO, COBOKYIIHOCTL BCEX
NOCJIEIOBATEILHOCTEH, CXONSNMXCA K TOYKE T. DTOT KJACC HENyeT, 1mo-
CKOJIBKY OH COJEPXHUT CTALMOHAPHYIO [TOCJIEI0BATEIBHOCTD, BCE YJICHDI

koropoil pasuel z. [lpu sToM, ecomn ¢ = lim z, n y = lim y,, 10
00 nN—oC

p(z,y) = lim p(z,,yn).
-2 00

CrenoBaresibHO, cOOTHECS KaxkoH ToYKe 2 € K KJacC 2% CXOAAUIMX-
cA K Hell byHIaMeHTaIbHbIX NOCEI0BATEHLHOCTEH, Mbl H30METPHHECKH
orobpazum R B npocrpanctso R*. B nanbHeiimeM Mbr MOXKeM He pas3iim-
4aTh CAMO TPOCTpaHcTBO R u ero obpas B R* u paccmarpusath R Kak
NOJIIIPOCTPAHCTBO B R*.

Tlokaxkem teneps, yro R Bcwoay njiotHo B R*. [lelicrButesibRO, NyCThH
z* — nexoropas Touka u3 R* u £ > (0 nponssosbHO. Beibepem B 2™ ripen-
CTABMTENS, T.€. HEKOTOPYIO (PYyHIAMEHTAJILHYIO NOCJICHOBATELHOCTE
{z,}. Oycre N 1aK0BO,410 p(T,,Tm) < € mia scex n,m > N. Torna
nMeeM

p(z‘nax*) = lim p(.’l?n,l‘m) <€
m-— 00

npu 7 > N, 7. e. IpPOU3BOJILHAS OKPECTHOCTh TOYUKH Z* COOEPKHT HEKO-
Topyr Touky u3 R. Takum obpasom, sameikanune R 8 R* ects Bcé R”.

Ocraercs noxkasars nojiHory R*. 3aMeTuM, npexie BCero, 4To 1o mno-
crpoeunio R* mobas dbyHIaMeHTaIbHAsT NOCJEI0BATEIBHOCTE I, - . -,
Tp,... Touex u3 I cxonurca B R* K HekoTOpoil TouKe, & MMEHHO, K TOY-
Ke ¥ € R*, onpenessaeMoit camoil Toi nmocaenoBaresbHOCTLIO. Jdanee,
Tak xak R niortao B R*, to nuasa moboit dyumamerransHoil noceno-
BATENILHOCTA Xj,..., Ty,,... TOUYEK W3 ¥ MOXKHO NOCTPOUTH IKBUBA-
JIHTHYIO eli IOCJIeIOBATENbHOCTD L1, - . ., Tn, ... TOYEK U3 R. [Lis 3ro-
I'0 JOCTATOYHO B KAYECTBE I, B3sTh JIOYIO TOYKY U3 R, TAKyw, 4TO
p(xn,xl) < 1/n. IlocTpoeHHas HOCTENOBATEILHOCTL {Zy } dyuaamen-
TasbHa B R #, 110 ONPENESIeHNI0, CXOIUTCA K HEKOTOPOl Touke z*° € R*.
Ho Torma x z* cxomntcs ¥ 00C1e10BaTeIbHOCTL {2, }.

§ 4. IIpuHIMN cXXUMAaKOIIMAX 0TobparkeHui U ero npuMeHeHH A

1. IIpusunun cxumMarommx orobpaxenuil. Psan sonpocos, ¢pa-
3aHHBIX C CYIIECTBOBAHUEM M €JJHHCTBEHHOCTBIO PELICHU ypaBHEHU T TO-
ro usm uHoro tuna (Hanpumep, nuddepeHnaTbEbIX ypaBReHU), MOXK-
HO CcpOpMyYITMPOBATL B BHIIE BONMPOCA O CYIMECTBOBAHAH M €IMHCTBEHHO-
CTH HEMOABIKHON TOYKHM HNPH HEKOTOPOM OTOOPaXKEHUWM COOTBETCTBYIO-
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IIEr0 METPUYECKOr0 NPOCTPAHCTBA B cebs. Cpenu pasiuvdHbIX KPUTEPH-
€B CYIIECTBOBAHUS M €NMHCTBCHHOCTH HEMOJBWXKHON TOYKY IIPU TAKOTO
pona oTobpaXKeHUsIX OOMH U3 NpPocTelInux U B TO Xe Bpema Hauboee
BAXKHBIX — TAK HA3bIBAEMBIN NPUHYUN COHCUMANOUWUL 0Mmobparcenu.

[Tycts R — meTpuyeckoe npocrpancTso. Orobpaxkenue A npocTpas-
cTBa R B cebs HA3BIBACTCS CHCUMAIOULUM 0MOBPadHCEHUEM, LITH KOPOYUE,
COHCATUEM, €CJIU CYILIECTBYET TAKOE YUCHO o < 1, 9T0 A7ist J1IOBBIX IBYX
TOYeK Z,y € A BBINOJHAETCS HEPABEHCTBO

p(Az, Ay) < ap(z,y). ey

Besikoe cxxumarpomee oTobpaxenue HenpepblBHO. defcTBUTE NIbHO, eciu
ZTp -+ T, TO B cuity {1) u Az, — Az.

Touka x HasbiBaeTCa HenodeuscHot mouxol orobpaxkenus A, ecau
Az = z. VlHave roBops, HENOABUAKHBIE TOYKM — 3TO PEUICHUs ypaBHE-
Hus Az = z.

Teopema 1l (upunuun cxumamwmux orobpaxeunnit). Bes-
KOe CRHMAIOIIee 0TOOpaskeHHe, OIPENESICHHOE B MOJIHOM METPUYECKOM
npocrpaHcTBe R, umeer OmHY M TOJIBKO OJHY HEIIOABIDKHYIO TOYKY.

HdoxaszatenscrtrBo. Ilycts £y — mpousBonbHasg Touka B R. [Tosio-
KuMm x; = Azg, 3 = Ax; = A%zg u 1. 1.; BoOGLIE, T, = ATp_q = ATz

ITokaxem, 4TO NOCJIEHOBATENIBHOCTL {Z,} dbyHnamentansuas. Heit-
CTBHUTEJIBHO, CINTAA OJIsI OIIPENEJIEHHOCTH 1M > 11, UMEEM

k(3 m n
p(Tn,Tm) = p(A"Z0, A™x0) < &"p(To, Tm-n) <
n
< a™{p(zo, 1) + p(z1,22) + - + P(Tm-n—1,Tm-n)} <
<ap(zo,zi){l+a+a 4+ +a™ ") g

< a™p(wo, 1) 11—

Tax xaxk @ < 1, To npu moctaroyno GOJILLMIOM N 3Ta BEJIMYUHA, CKOJIb
yrogso mana. B cuny nosorsr R nocnenosaTesisHOCT {4, ), Oyaydn
dbyuaamenTanbuoit, nMeer npeneJt. [osmoxum

z = lim z,.
1n—00

Torna B CHIY HENpepLIBHOCTH oTobOpaxenuss A

Az = A lim z, = lim Az, = lim z,4, = z.
n—oo 1—00 n—o0

Hrak, cymecTBOBaHUE HENONBHXKHON TOYKM gokaszaHo. IJoka-
KeM ee eAUHCTBEHHOCTh. Ecnm

Az =z, Ay=y,
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TO HepaBeHCTBO (1) npuHuMaeT BUI

plz,y) < ap(z.y);

TaK Kak a < ]., OTCr1a CIIeayeT, 4To

plz,y) =0, Te x=y.

Ynpaxnucuune. [lokazars na npumepe, uTo ortobpazenue A, ynoBseTso-
paomee ycnosuo p(Ax, Ay) < p(z,y) ans sBcex x© # y, MOXET He MMeETh
HM OHHON HenonBMXHOH TOYKH.

2. Ipocrefinne npuMeHeHHUs DPHHINIA CXKHMAOIMHX 0TO0D-
paxkenuit. [Ipunuun cxumamnmx oTodparkeHHit MOXKHO NPUMEHATL
K [0KA3aTe/IbCTBY TEOPEM CYIECTBOBAHMA U EIMHCTBEHHOCTH pellie-
untt ansa ypasHenuli pasnuaanix THOOB. IToMUMO JI0Ka3aTenbCcTBa cyue-
CTBOBAHUSI M €IUHCTBEHHOCTH penIeHUs ypaBHenus Ar = T, UPHHIMI
cxuMaomux orobpaxkenuit jaer u dhaxTudecKuil MeTon NpUOIIIKeH-
HOT'O HAXOXKIEHHUS 3TOro pemenns (MeTOX NOCJAeI0BaTeJbHbBIX
npubsuxennit). PaccMorpum cieayiomme npocTeie IIPUMEphL.

1. Ilycts f — dyukuua, KoTopas ONpemeseHa Ha cermente [a, D),
yOOBJIETBOPsET yeaouto Jlummmia

|f(z2) = flz1)| € K|z2 — 71]

¢ koHcTanToll K < 1 u orobpaxaer cerment [a, b] B cebs. Torma f ects
CKUMaHee 0TOOpaXkenne U COTJIACHO JOKA3AHHON TeopeMe N0CIe10Ba-
TeJILHOCTh Zo, T1 = f(Zg), T2 = f(21), ... CXOOUTCA K €AMHCTBEHHOMY
KOpHIO ypaBHeHus z = f(x).

¥ y=x y=x
b b
fla) y =A%)
fB)
g TA0)
| £b) L
R
fla) ﬁdléf { 4 i
a i l a Pibyod
TR | | |§| |
I [ (L
0 a XXy, X X b x 0 a Xy Xpxy Xy b ox

Puc. 9 Puc. 10
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B uacTHOCTH, YCJIOBHE CXKHUMAEMOCTH BBINOJHEHO, €Cid (PyHKUIUs
uMeeT Ha cerMesre |a, b] npoussomuyto f'(z), mpuuem |f(z)| < K < 1.

Ha puc. 9 u 10 usobpazxkeHn X0i I0CJIeIOBATENLHBIX NPUGIMKEHIH
B caydae 0 < f'(z) < 1 u B cnyvae ~1 < f'(z) < 0.

ITycTs Tenepb Mbr nmeeM aeso ¢ ypaBuenueMm suia F(z) = 0, npuuem
F(a) <0, F(b) >0u0< K; < F'(z) < K, Ha [a,b]. Beenem dyuxuunio
f(z) = z—AF(z) u 6bynem uckars pewesue ypasienus £ = f(x), paBHo-
cnabuoro ypastenuio F(x) = 0 npu A # 0. Tak xax f'(z) = 1 - AF'(x),
0 1 — AKy € f'(z) € 1 — MK ¥ Herpyauo nogobparb 4MUCJIO A Tak,
9TO6BI MOXKHO OBLIO efiCTBOBATH METOLOM [IOCJIEIOBATEILHBIX IPUOIIH-
KeHul. D10 — PaCIpOCTPAHEHHBIA METO OTBICKAHUS KOPHSL.

2. Paccmorpum orobpaxkenne A n-MepHOro MpoCTPAHCTBA B cebsi, 3a-
JaBaeMoe CHCTEMON JIMHEHHBbIX yPaBHCHUNI

n
Ys = Zaijzj +b;, i=1,...,n.
Jj=1

Ecmu A ects cxaTue, TO MBI MOXKEM IIPHMEHUTL METOH IOCJIeI0Ba-
TeJIbHBIX NpUb/INKeHui K peleHnio ypaBaenns: © = Ax.

Ipu xaxux xe ycuosusx orobpaxenue A Gyner cxaruem? Orser
Ha 9TOT BONIPOC 33BHCHT OT BRIOOpa MeTPHKH B npocTpancrse. Paccmo-
TPUM TPH BAPHUAHTA.

a) Ilpoctpancreo RY , te. p(z,y) = max |z; — yil;

1<ign

<

p(y'y") = max|y; —yi'| = m?X}Z aij (@ —
7

<max Y lay| 2 - 2] < max Y lay| max |z} — 7] =
i - i : ;
J J

= (mlax Z Ia,-j|)p(:1:', z'").

OTCIO}la YCJIOBHE CKUMaeMOCTH

Z]aﬂéa(l, t=1,...,n. (2)
Jj=1

n
6) Ipocrpancreo RY, T.e. p(z,y) = >_ |zi — yil;

i=1

Py y") = Ik~ il = D|D aya) - 2)| <
i i 7
<Y layl Iy ~ 2] < (max 3 lag]) o', =").
J i

i
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OTC}O,U,a YCIIOBHE CKUMACMOCTH

Slagl<a<l, j=1,...,n (3)

i

n
> (zi — yi)?. Ha ocuosanuu
i=1

B) Ilpocrpancreo R, t.e. p(z,y) =
HepaseHcTBA Komu-ByHsakoBckoro nmeem
2 .
Py =S (Y aut ) < (30D 6t e,
i g i

Orcrofa yesioBue CKIMaeMOCTH
2
E Eaij<a<1. 4
i g

Takum o6pa3oM, eC/IN BBITIOJHEHO X0Ts Obl oaHO U3 ycsopuitl) (2)-

(4), To cymecTByeT OflHa M TOJIBKO OfHA TOYKa (Z1,...,T,) TAKad, 4TO
n
T = Y. a;z; + b;, UpuYeM nocJseloBaTesbHbIe NPUOIKEHHs K 5TOMY
Jj=1
PEIIEHUIO NMEIOT BUI

z(O) = (:1:50): s >:E£1()))7

0 = (mgl), ... ,w(l)),

rae

0 0
a B kauectpe z(0) = (:c§ ), L )) MOZKHO B3sATh J1106y10 TOUKY M3 R™.
Kasknoe ns ycoosuit (2)-(4) nmocrarodno pis Toro, 9robel oT0-
opaxenne y = Az 6b10 cxaruem. OTHOCHTENLHO ycioBui (2) 1 (3)

1} B wactrocTH, u3 sno6oro u3 ycsopuii (2)—(4) Boitekaer, 4To

ay; —~ 1 aiz Qin ;
a2l azy —1 ... azn *¢0

Qni any ceo Gpn —1
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MOKHO ObLTO Gbl I0KA3ATh, YTO OHM K HeOOXO LU MBI JLJISL TOLO, YTO-
661 oTobpaxenue y = Az 610 cxaruem (B CMBICJIE METPHK a) min 6)
COOTBETCTBEHHO).

Hu oo n3 ycnosuit (2)-(4) He 1eobxoauMo 115t IPUMEHUMOCTH Me-
TOJA MOC/ISJIOBATENbHBIX IIPUOIKEHUH.

Ecnn |a;j| < 1/n, 10 BCe Tpu yciosus (2)—(4) BHLINOJIHEHB U METOL
IOCTIEA0BATEIILHBIX NPHOIKEHNH 3aBEIOMO IPUMEHUM.

Eciu |a;;] 2 1/n, 10 Hu onHo u3 yesosuit (2)—(4) He BBIMOJIHEHO.

3. TeopempI cyurecTBOBaHHMA M €IUHCTBEHHOCTH LI audpde-
PEeHUMAJILHBIX ypaBHeHul. B npensigyneM nyHkre O6bLIM JaHbi 1Ba
NpocTefiIuX 1IPUMEpPa MPUMEHEHUA NPUHIHMNIA CKUMAIMHUX 0TODpaxKe-
Huil B oHOMepHOM M B n-MepHOM mnpocrtpaHcTBax. Ongako naubonee
CYIIECTBEHHBI [JTsl AHAJIH3A OIPUMEHEHHUSI 9TOTO MPUHUIIIA B OECKOBEYTHO-
MEPHBIX (PYHKIMOHAJILHBIX [IpocTpadcTBax. Cellyac Mbl NokazkeM, Kak
C €ro IOMOIIBI0 MOMKHO IOJIYYUTH TEOPEMbI CYIUECTBOBAHUS M €IUH-
CTBEHHOCTH PEIIeHHs JI/151 HEKOTOPbIX TUIIOB JudhepeHuHabHbIX 1 HH-
TerpasibHbIX ypaBHenuii.

1.3amgava Kouwu. Ilycrs aano muddepenuuanisHoe ypaBHEHRE

dy/de = f(z,y) (5)

C Ha4JaJIbHbIM yCJI0BHEM

y(zo) = yo, (6)
npudem GyHruds f oupenesiena M HenpepbiBHA B HEKOTOPOIl MIOCKOMR
obutactu G, coaepxameil Touky (Zo,yo), A YAOBJIETBOPAET B 370 0bij1a-
cTH yciosuio Jlumimma no y:

|f(z,y1) = flm,y2)] < Mlys — y2l

Loxraxem, 4T0 TOrAa Ha HEKOTOPOM CEIMEHTE [T — Tg| < d cylecTry-
€T, U NIPUTOM TOJILKO OAHO, pemenue y = () ypasuenus (5), yaosie-
TBOPSIOLICE HAYAJbHOMY ycsosuo (6) (Teopema IMukapa).

Vpasneuue (5) BMecre ¢ HauadbplbiM ycaobueM (6) SKBUBAJIEHTHO
HHTEIPASHHOMY YPABHEHHUIO

o(z) =yo + [ f(t, (1)) dt. (7
zo
B cuny menpepoisaoctu dyuxuun f umeem | f(z,y)] < K B Hexoropoi
obnactu G C G, comepxawmeit Touky (Zo,yo). [onbepem d > 0 Tak,
4TOOBI BBIIOAHAANACH YCJAOBUS:
1) (z,y) € G', ecnu |z — zo] < 4, |y — wo| < Kd;
2) Md < L.
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pURY

O6osnauum uepes C™* NMpOCTPAHCTBO HENPEPLIBHBIX (DYHKIMH @, onpe-
JICJICHHBIX Ha cermenTe |z — zg] € d u takux, 470 |p(z) — yo| € Kd,
¢ serpuxolt p(i,2) = max [, () — ().

IIpocrpancree C* NOAHO, TAK KAK OHO SABASETCH 3AMKHYTBIM [0/
NPOCTPAHCTBOM HOJIHOTO MPOCTPAHCTBA BCEX HENPepbIBHBIX (PyHKuui
Ha [zo — d,zg + d]. Paccmorpun oTobpaxkenne i = Agp, onpenensgeMoc
dopmysioh

@-m+/f o(t)) d

roe |z — o) € d. Dro orobpazkenue epeBOAUT HOJHOE npoctpancrno
B cebsa u sBaAniercss B Hem cxarueM. Heitcrsurensuo, nycrs ¢ € CF,
|z — zo| < d. Torua

| (x)

,,go(t))dt’ < Kd

u, cienosarensto, A(C*) C C*. Kpowme roro,

1 (z) — ¥ (2)] < / | (8, 01(8)) = F(t, p2(8))] dt <
< ]\ldmlz}xlcpl(w) —@a(x)].

Tak xak Md < 1, To A — cxarue.

Orcrona BeITERaeT, 4To ypasHeHue ¢ = Ay (1. e. ypasueaue (7)) mue-
€T OJJHO M TOJILKO OJJHO peuieHue B npocrpancree C*.

2. 3anava Kowwy pans cucremn vpasuennii. Ilyers nana
crucrema nudphepeHUNANBHBIX YPaBHEHU

i) = fila,o1(@), - (@), i=1...m, (8)

C HaYaJIbHLIMK YCJIOBHAMHA
lpi(.’L‘o):yol‘, 1= 1,...,77,, (9)

npuyueM GYHKUUA f; ONpEIeseHbl B HENPEPLIBEBL B HEKOTOPOH 00aacTH
G npocrpancrsa R*!, comepxameit ToUxy (Zo,Yo1,- - Yon)s 1 YAOB-
JIETBOPSAIOT yCJ10BUIO Jlnmmmua

|f1 z 3/1 vy = filz,y y,l))] <M Igax |y y§2)|_

JlokaxkeM, 4TO TOIZa Ha HEKOTOPOM cermente [z — xo| < d cywect-
BYET OQHO M TOJIBKO CHO PEUelne HavalbHON 3a1auu (8), (9), 1.e.
OIHA ¥ TOJBKO OfHA cucTeMa GyHKUME @;, VIOBINETBOPAIONINX yYPaBHe-
HusaM (8) u HavanbHBIM ycsosusm (9).
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Cucrema (8) BMecre ¢ HAYAJIBHBLIMH YCJI0BUsAMH (9) 3KBHBAJIEHTHA
CHUCTeME MHTErPANbHLIX ypaBHeHuil

z
wilz) = yo: + / filt, o1 (), .. on(t))dt, i=1...,n. (10)
o

B cuny nenpepbiBHocTH ByHKOMU f; OTPAHUYEHBI B HEKOTOPOH 0bJ1a-
cru G' C G, conepxamedl To4Ky (Zo,Yoi,-- -, Yon), T- €. CYLIECTBYET Ta-
koe nocrosinoe yuciao K, aro |fi(z,y1, - .-, yn)| < K.

TTogbepem d > 0 Tak, 4T06bI BBIUIOJHAIUCH YCJIOBHA:

D (2,91, yn) € Gecnu |z—xzo| < d, lyi~yoil S Kd(i=1,...,n);

2) Md < 1.

Pacemorpusm npocrpanctso C), 3/IeMEHTAME KOTOPOI'O SIBJISIIOTCA Ha-
6opel @ = (Y1,...,9¥n) U3 1 GYHKUMH, ONPENEIIEHHBIX U HENPePBIBHBIX
npu |z — zo) <€ d, u Taxux, 910 () — yoi| € Kd. Oupeaesnnm MeTpuxy
dopMmyJoi

plp,¥) = max|pi(z) = ¢i(z)]-

Beenennoe npoctpaicTso noano. Orobpaxkenue ¥ = Ap, 3a1asaemMoe

CUCTEMOU PABEHCTB

1/}1(1‘) = Yoi + /x fi(t7 ¥1 (t)a co a‘Pn(t)) dt:

ecThL cauMalomee orobpaxenue nosnoro npocrpauctsa Cr B ccbsi.
HelictBUTENBHO,

WM (z) -9 (@) =
= [ 00, oD ®) - £iltoP ), oD ()] dt

zo
U, CJIeJIOBATESIBHO,

max [ () - 9 (2)] < Mdmax|p{"(z) - ¢! (z)].

Orobpaxenne A — CKUMalOLIee, NOCKObKY Md < 1.
O1Cona BEITEKAET, YTO ONIePATOPHOE ypaBHeHue ¢ = A HMeeT 0JHO
U TOJIBKO ONHO peuieHue B npocrpancrse C,.

4. IlpuMeHeHHe NPUHLMIA CKHAMAIOUHAX OTOOpKeHUA K MH-
TerpaJibHbIM YpPaBHEHUSIM. :

1. Ypasuenua QPpearossbma. IIpumerHnm reneph MeToOd CXRH-
MaIAX OTOOpaxKeHHil /iR JOKA3ATEsILCTBA CYIMIECTBOBAHUA W CIUH-
CTBEHHOCTHU PELIeHU HeOLHOPOIHOIO JIHHEHHOrO HHTErpasibHOTO Y P a B-
Henusa ®pearosbMa BTOPOro poua, T.€. yPABHEHHUHA

b
f@) =X [ K(z,9)f(y) dy + o(), (11)
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rie K (tax nassisaeMoe 20po) U @ CyTh JaHHble GyHKium, f — uckomas
hyukuus, a A -~ npOU3BOJILHBIA napamMerp.

Mpl yBuamM, 9TO HAM METO/ NIPUMEHUM JIMIUb IIPH JOCTATOYHO Ma-
JILIX 3HAYEHUSIX ApaMeTpa A.

Hpeanostokum, yro K(z,y) n @(x) venpepwbisabl npt ¢ < z £ b,
a € y < by, cuenosarensuo, |K(z,y)| < M. Paccmorpum orobpaxenue
g = Af wonsoro npocrpancrea Cla, b] B cebs, 3amasaemoe Gopmysiod

b
gl) = A [ K(z,y)f () dy + o(z)-

Nmeem
plg1,92) = max g1 (x) — g2(2)] < |AM (b — a) max|fi(z) — fo(x)].
Crenosarenbso, npu A < _Vf(_bl—_a) otobpaxenne A —— cxRuUMaomee.

W3 npusumuna CKIMAIOMUX 0TOOpaXKeHN] 3aK/1I04MaeM, 9TO JIJIS BCs-

KOro A ¢ JA] < WU—) ypasHenne CpearosbMa UMEeT eUHCTBEeHHOoe
nenpepbiBHoe pemenne. [locaenoBarenbHbie TpHOINKEHAT K 9TOMY pe-
menuo fo, fi,.. ., fu,-.. UMEIOT BUI

b
falz) =X [ K(z,9) fa-1(y) dy + 0(z),

rie B KauecTne fo(r) MOKHO B3ATDH JH00YIO HENPEPBIBNYIO (DYHKUHIO.

2. Henunelinole umHTEerpanbHble ypasuceHwus. [lpurunn
CXHUMAIOMINX OTOOPAKEHUIT MOKIO NMPUMEHUTh H K HEJIMHEHHOMY
MHTErpaJbHOMY YPaBHCHUIO BHA

b
flo) =X [ K(z,y; f(y) dy + o(z), (12)

rie K 1 @ HenpepsIBHBL 1, KpoMe 1010, A1p0 K yAORJIETBOPSET YCAOBUIO
Jlrmnnua no ceoemy «yHKIMOHATIBHOMY» apTyMeHTY:

[ (z, y;210) = K(z,y522)| € Mz; — 2.
B arom cayuac g orobpaxkenus g = A f nosnoro npocrpanctsa Cla, 0]

B cebst, 3a1aHHOr0 popmyJioil

o) = A [ Ko,u; F) dy + (@), (13)
HMEET MECTO HePABEHCTBO ’
max |g1(z) - g2(z)| < [A|M (b — a) max|fi(x) - falz)],
rne gy = Af1, go = Afa. Cicposarennho, npu |[A] < mlj;; otobpa-

KeHue A 6yler CRUMAIOUIUM.
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3. ¥YpaBsHenuns BoabvTteppa. PaccMoTpum, HAKOHEl, UHTErPaIb-
Hoe ypaBHeHHe Tuna BoabTeppa

J@) = A [ K(2,9)f(5) dy + pla). (14)

3necs, B omyinyue ot ypasnenuit ®penrosbma, BepxHuii npejiest B UHTe-
rpajne — nepemeHHas sesngnHa . GopMasIbHO 9TO yPABHEHHE MOXKHO
paccMaTpuBaTh Kak HacTHLIA ciay4alt ypasaenua OpejrosisMa, j100mpe-
aesiuB dyaxumwo K pasencrsom: K(z,y) =0 npn y > z.

Onxako B ciyvae uHTErpajibHOro ypasHenuss Openrosibma Mol Oblin
BBLIHYXK/I€Hbl OTPAHUYMTLCS MaJIbIMK  3HAYEHUSIMM  [ApaMerpa A,
a K ypaBHeHMAM Bolbreppa NpHHIMO CKHAMAOINX OTOOpaxKeHni (u
METOJl ITOCAENIOBATE bHbIX NPUO/IRKEHAN) IPUMEEHM [IPU BCEX 3Haue-
nusix A. Townee, peus uuer o ciaenyroneM 0OOBINEHNMH TIPIHINIIA CXU-
Mamomux orobpaxenuti.

ITIycmv A — maxoe nenpepuigroe omobpadicenue noAH026 MeMpue-
ckoz0 npocmparcmea R ¢ ceba, wmo nexomopas ez0 cmenens B = A"
ABAACTNCA CHCATIUEM; MO02da YPAEHEHUE

Az ==z
UMEETL O0HO U TNOALKO O0HO PEULeHUE.
HelicTBuTenbHo, NyCTh T — HENOABMXKHAA TOYKA 0TOOpazkenus B,

T.¢. Bx = x. Umeem
Az = AB*z = B¥ Az = B¥zg > z, k- oo,

ubo orobpaxkenuve B -- cKuMmarliee, a NOTOMY IOCJEIOBATEILHOCTD
Bzg, B%zy, B3zg,... nas moboro o € R CXOINTCA K HENOIBUKHOMN
Touke x orobpaxenua B. CnemgoparennsHo,

Az = .

ITa HENOJABIKHAS TOUKA €INHCTBEHHA, IOCKOJILKY BCAKAA TOYKA, He-
TIOABUXKHA OTHOCUTEJILHO A, HENOOBIDKHA ¥ OTHOCHTEILHO CKUMAIOIIe-
ro otobpaxenusi A™, NJis KOTOPOrO HENOJBUAKHAA TOUKA MOXKET ObITh
TOJILKO OHA.

IToxaskeM Tenepb, 4TO HEKOTOPAsi CTENCHb OTOOpaxKeHIs

Af@) =2 [ K(@,1)f ) dy + ()

siBNAETCA cxKaTueM. IlycTs fi u fo — JaBe HenpepbiBEble PYHKLUAY HA OT-
peske [a, b]. Torna

|Afi(z) — Afa(z)] = |

[ E@9)(h) - ) dy| <

< M (@ — a)max | fr (2) — fo(@)]-
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3pecs M = max |K(z,y)|- Orciona
A% fi(a) — A% fa(z)] < AP ]\/[2 5——max | fi(z) — fa(z)]|
u, Boobie,

A" fu (@) - A" fa(@)] < NP ES < g G2

roe m = max | fi(z) — f2(z)].

IIpu m06oM 3HAYCHUH A YHCJIO 7t MOXKHO BbLIOPATH HACTOJNBKO OOJB-
M, 9TO
’ R MPZANC "(b a)"

< 1.
Torna orobpaxenue A™ 6y,11€T cxkarueMm. Mrax, ypasuenue Bosbrep-
pa (14) upu m06oM A UMEET PEUICHHE, U IIPUTOM SIUHCTBCHHOE.

§ 5. TomoJsiornyeckHe MpPOCTPAHCTBA

1. Onpeneserne U OpUMephl TOMOJOrHYECKHX [TPOCTPAHCTB.
OCHOBHDBIE MOHATHZ TEOPHH METPUYECKHX IIPOCTPAHCTB (peaesibHas
TOYKA, TOYKA NIPUKOCHOBEHHA, 3aMbIKAHIE MHOAKECTBA H T..) Mbl BBO-
AWM, ONMPAasiCh Ha [MOHATHE OKPECTHOCTH HJIH, YT0, HO CYWECTBY, TO
e caMOe, Ha [IOHSITHE OTKPBHITOr0 MHOMXKECTBA. JTH MOCSIETHUE [T0HS-
THA {OKPECTHOCTH, OTKPBITOE MHOZKECTBO) B CBOIO 0Yepedb ONPEeCsis-
JIICb € IIOMOUILI0 METPHUKH, 33JaHHOM B pacCMaTpHBAaEMOM MPOCTPaH-
crBe. MOKHO, ONHAKO, CTaTh HA APYroH IyTh M, e BBOLS B JAMHOM
MHOXeCTBe ! MeTpruky, HenoCpPeICTBEHHO ONPEIeaUThL B I cucreMy or-
KPBITBIX MHOKECTB [IOCPEACTBOM aKCHOM. FTOT NyTh, obecmednBas 3Ha-
YuTenbHO O0MbYIO cBObOMY NeHCTBUIL, NPHBOJUT HAC K MONOAOZUYEC-
KUM TIPOCMPAHCINGEOM, [0 OTHOUICHHIO K KOTODPBIM METpPHYECKUE IIPO-
CTPAHCTBA MPeACTABIIAIOT COOOH XOTA 1 BeCbMa BaxKHbIl|, HO HECKOJIBKO
CelnaJ bbb ciyvali.

Onpenenenne. Ilycrs X — HEKOTOpOE MHOKECTBO — NPOCTPAH-
CTBO-HOCUTEL. Tonoaoeued B X Ha3bIBAeTCA J100as CHCTEMA T €O [I0]1-
MHOXKeCTB (7, VIOBJICTBOPAIOIIAA ABYM TPeOOBAHHAM:

1°. Camo muOxKecTBO X M HYCTOE MHOXKECTBO & NPUHAJJIEKAT T

2°. Cymma | G, ymoboro (konednoro uim 6eCKOReYHoro) 1 nepecede-

e

n
HHEe n Gk JI0D0I'0 KOHEYHOr0 4MCJIa MHOKCCTEB H3 7T NpUuHaIJIexar 7.
k=1

Muoxecrso X ¢ sapannolt B Hem Tomonorueit 7, T.e. mapa (X,7),
HA3BIBACTCH MONOAOZUMCCKUM NPOCTPAHCTEOM.
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MHuokeCTBA, TPHHAIIIEKAIINE CUCTEME T, HA3BIBAIOTCS OMKDbIMbLMU.

Tak ke Kak METpPUYecKoe IPOCTPAHCTBO €CTh COBOKYNHOCTL MHOMXKE-
CTBA TOYEK — <«HOCHTEJISI» M BBEJEHHOH B 9TOM MHOXKECTBE METPHKH,
TOIOJIOIHYECKOe TIPOCTPAHCTBO €CTh COBOKYIHOCTH MHOMXECTBA TOYEK
1 BBEICHHOHR B HeM Tonosioruu. Takum o6pasoM, 3a1aTh TOUOJIOTMIECKOE
HPOCTPAHCTBO —- 3TO 3HAYMT 331aTh HEKOTOPOE MHOXKECTBO X 1 3a1aTh
B HEM TOIOJIOTHIO T, T. €. YKa3aTh Te NOJIMHOXKCCTBA, KOTOPHIE CHHTAIOT-
¢s1 B X OTKPLITBIMU.

fcHo, yTo B 0omHOM u TOoM e MHOXKeCTBC X MOXKHO BBOIUTH
pasHbIe TOIOJIOTHY, NPEBPALIAsl €10 TeM CAMBIM B PA3JHYHBIE TOIOJIO-
TUYecKre npocTpancTsa. Y Bee XKe TOmoIornyeckoe npocTpasCTBO, T. €.
napy (X, 7), Mb1 6ynem obosHadars onnolt Oyksolt, ckaxem, T Diaemen-
ThI TONOJIOTHYECKOTO IPOCTPAHCTBA Mbl OYIAEM HA3BIBATHL TNONKAMU.

Muoxecrsa T\ G, H1ONONHUTESBHBIC K OTKPHITLIM, HA3BIBAIOTCI 3QMK-
HYMBMU MHOXKECTBAMH TONOJIOrHYECKOro npocrpascrea I'. Y3 akcrom
1° u 2° B cuny coornowenuit apoiicrsennoctn (§ 1 v I) seiTekaer, yTo:

1. Ilycroe MuHO)ecTBO & u Bce T 3aMKHYTBL

2. Ilepecedenne ;moboro {xoHeuHoro 1 GECKOHEIHOT0) YHCIIA 1 CyM-
Ma KOHEYHOT'O YHCJIA 32aMKHYTHIX MHOXECTB 3aMKHYTHI.

Ha ocnoBe sTix onpejiesiennil eCTeCTBEHHO BBOASITCA BO BCAKOM TO-
TIOJIOMYECKOM TIPOCTPAHCTBE MOHATHST OKPECTHOCTH, TOYKH ITPHKOCHO-
BEHMsI, 3aMbIKAHNA MHOXKECTBA U T. 1. IIMeHnno:

Oxpecmuocmuio TOMKY T € 1 HA3BIBAETCHA BCAKOE OTKPBITOE MHOMXE-
ctBo G C T, conepxkauiee TO4KY x; Touka = € T uaspiBaercs mouxotll
npuxocnosenus MuoxecTsa M C T, ecoin KaxKnast OKPECTHOCTh TOYKU T
COOEPXKHUT XOTA Obl OHY TOYKY u3 M ; x HaseiBaeTca npedeabrol mox-
kKol MuoXecTBa M, eCcs KaXasi OKPECTHOCTh TOYKH & COJEPXKHUT XOTs
Ob1 OnHY TOUKY u3 M, oryimunyio ot z. COBOKYNHOCTH BCEX TOYMEK IpH-
KOCHOBEHUsI MHOX)eCcTBA M Ha3pIBaercs sembixaruem muoxcecmea M
n obosuavaerca cumsosiom [M]. Jlerko jmokasars (mposejinTe 3TO JOKa-
34TEJIBCTBO), YTO 3AMKENRYMBE MHONCECTIEa (OUPCACTICHHEbBIE HAMH BbIIIE
KaK JIOTOJIHEHUST OTKPBITBIX ), U MOALKO OHL, YOOBALMEOPAION. YCAOBUID
[M] = M. Kex u 6 cayuac mempuneckozo npocmpancmea, [M] ecmo
HAUMEHBULEE 3AMEHYMNOE MHONCECTNEGO, codeprcausee M.

Ynpaxunenne. HoxaxuTe, 9To onepanus sambikanus [M], onpenenen-
Had C IIOMOINBIO TOIIOJIOTHH, O6JI?1,,1139T cBoiicTBaMu 1)‘4) Cd)opMmeponan—
HLiMEK B Teopeme 1 §2.

IHpumepnt. 1. B cuny Teopemer 3' § 2 OTKpLITHIE MHOXKECTBA BO BCA-
KOM METPUYECKOM IIPOCTPAHCTBE YAOBJETBOPAIOT akcuoMam 1° u 2°
onpenesieHust TOMOJIOTMIECKOro npocTpancraa. TaxuM obpasoM, BCAKoe
METPHYECKOE NPOCTPAHCTBO SABJSETCA M TONOJIOTMYECKHM ITPOCTPAH-
CTBOM.
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2. [lycte T — OpoOM3BOJBHOE MHOXKECTBO. Byoem CYMTATH OTKDbI-
TBIMHM BCE €ro IOAMHOXKeCTBA. AXcHoMBI 1° 1 2° Opu 5TOM, OYeBUIHO,
BBITOJIHEHBI, T.€. Mbl JeHCTBHUTEJIbHO MOJIYYAEM TOIOJOTHYECKOe [POo-
CTPAHCTBO. B HeM BCe MHOMKECTBA OJHOBPEMEHHO U OTKPBIThI, ¥ 3AMKHY-~
TBI, ¥, 3HAYUT, KAKJ0E M3 HUX COBIAJNAET CO CBOMM 3aMblkaHuem. Ta-
KOl nucKpeTHON Tomosioruelt obnamaer, HATPUMED, MeTPUYECKOe
ITPOCTPAHCTBO, YKa3aHHoe B upumepe 1 § 1.

3. B kagecTBe gpyroro KpaiHero cjydas pacCMOTPUM B IIPOM3BOJIb-
HOM MHOXecTBe X TPHMBHAJILHYIKO TOIOJOIUIO, COCTOSILYIO TOJIBKO
U3 JIBYX MHOXKeCTB: Bcero X M IIyCTOro MHOXeCTBa &. 371eCh 3aMBIKA-
HUe KaXJ0r0 HellyCcToro MHOxecTsa ecTh BCE X . Takoe Tononoruyeckoe
ITPOCTPAHCTBO MOXKHO HA3BATh «NPOCTAPAHCIMEOM CAUNUULCA TROYER.

4. Ilycre T cocTOMT U3 ABYX TOYEK G U b, IPUYEM OTKPBITBIMH MHO-
KecTBaMH MbL cunTaeM BCé T nycToe MHOXKECTEO U MHOXKECTBO, COCTOSI-
uree 13 oHol Touku b. Axcnombl 1° u 2° 3mech BeinoJHeHBL. B 3TOM mpo-
¢cTpaHCcTBe (KOTOPOE YACTG HABBIBAKOT CEA3HLM J60€mMOMUeM) 3aMKHY ThI
Takue NOAMHOKecTBa: BeE T') NyCcToe MHOKECTBO U TOYKA ¢. 3aMblKaHue
ONHOTOYEYHOTO MHOXKecTBa {¢} ecThb BCE T

Yupaxuneune. Ilocrpoiite Bce Tonmonorun B npocrpancrse X, cOCTOS-
eM U3 JBYX, TPEX, YeThIPEX U IATH TOYeK.

2. CpasHenue TomoJsioruf. IlycTh Ha OOHOM M TOM ¥Ke HOCHTEJE
X 3ajaHpl JABE TONOJIOIMM T} U T2 (T€M CAMBIM OIPELESICHb! JBa TONO-
gormaeckux mpocrpauctsa: 11 = (X, 71) u Tp = (X, 72). Mbl craxem,
YTO TOTOJIOTHA T| CUAbLHEE, UM MOHbULE TOTIOJIOTHY T2, €CJIM CHCTEMa
MHOXKECTBA T2 COMEPKUTICA B T1. IIPO TOMOJIOIMIO T TIPH BTOM TOBOPSAT,
470 OHa caalee, unu z2pybee, 9eM T;.

B cOBOKYNHOCTH BCEX BO3MOXKHBIX TOTOJOrMA MHOxecTBa X ecTect-
BEHHBIM 00Pa30M BBOIMTCS YACTHIHAS YIOPAAOYIEHHOCTH (TOMOIOTNS T
peNIecTBYeT 71, eclu oHa crnabee, gem 71). B 970l coBOKYNHOCTH TO-
NOJIOTHH €CTh MaxKCHMAJIbHBIN 9JIEMEHT — TONOJNOrHA, B KOTOpoH Bce
MHOXKeCTBA OTKPHITBHI (UpUMep 2), — 1 MUHMUMAJILHBIR — TONOJIOTHS,
B KOTOPOIl OTKPBITH TOJILKO BCE X 1 @ (npumep 3).

Teopema 1. Ilepecedenne i1pOH3BOJIEHOIO MHOMXECTBA TONOJONHH

7 = {7« B X ecrp tomosiornst B X. Drta rononorus v caabee aio6oi
«
U3 TONOIOrut T4 .

Hoxasarensctno. fcHo, uro {7, comepxur X u . [Hasee,
(84
M3 TOTO, YTO KAXKJIOE Ty 3AMKHYTO OTHOCHTEJIBHO B3ATHMA JIIOOBIX CYMM

H KOHCYHbIX nepeceqelmﬁ, cireayel, YTO 3ITHM CBOUCTBOM OGJI&,U,&CT

u7={)"a-
(o4

4—1324
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CnencrBue. Ilycts B — npou3BosIbHBIH 3414C HOAMHOXECTB MHO-
sxectsa X ; TOLAA CYIIECTBYET MHHUMAJIBLHAS TONOJIOTHA B X , coqepxa-
mas B.

HelicTBurensHo, Tonosoruu, conepxamue B, cyuecrsyior (Hanpu-
Mep, Ta, B Kotopoit Bce A C X otkpsitsl). [Tepeceyenue Bcex TOMOJIOTUH,
conmepxamux B, ¥ eCTh UCKOMasI. ITa MUHUMAJILHAS TOTOJIOUS HA3bI-
BaeTcs Tonosioruell, noposcdennot cucmemot B, u obosuauaercs 7(B).

Mycrs X — mpousBOSIbHOE MHOXKECTBO H A — €ro mojiMHOXKECTBO.
Caedom cuctembl MHOXKECTB B Ha IOIMHOXeCTBe A HA3BIBAETCHA CH-
crema B4, cocroamas us nogMuoxkects suga A N B, B € B. Jlerko
BUIETH, 4To cyien (Ha A) Tonosorunm 7 (3amanHoit B X) ABns-
ercst tonosoruet 74 B A. Takum ob6pazom, BCSIKOE HOAMHOKECTBO A
JM0B0r0 TOMOSIOTHYECKOr0 IPOCTPAHCTBA CAMO OKA3BIBACTCS TOHMOJIONH-
YECKUM IpOCTpaHcTBOM. Tomnosioruyeckoe npocTpancTso (A, T4) HA3LI-
BAETCs NOINPOCTNPAHCNEOM UCXOIHOTO TOOJIOTHIECKOrO NPOCTPAHCTBA
(X, 7). fcHo, 9TO IBE pa3sIMyHbIE TOIOJIOTUY, T1 U T2, B X MOTYT 1mOpO-
XKIaTh OnHY u Ty ke Tonosoruio B A C X. Tononorust 74 HazpIBaeTca
omuocumenvroll monoaczuetl 6 A.

3. Omnpeneasioume cucremMbl okpecTtHocTel. Basa. Axkcuo-
MBI cdeTHocTu. Kax Mbl Bunenu, 3agath B npoctpascTse 1 ronosio-
THIO — 3TO 3HAYUT 33JATh B HEM CUCTEMY OTKPbIThIX MHOXKeCcTB. OQHaKO
B KOHKPETHBIX 33la4yax ObiBaeT yHODHO 33/1aBaTh HE BCIO TOIOJIOTHIO,
a JIMIlb HEKOTODPYIO ee 4acThb, T.€. HEKOTOPbIH 3amac OTKPBITBIX MHO-
2KEeCTB, 110 KOTOPOMY OJHO3HAYHO OIPEIESISETCs COBOKYITHOCTD BCEX OT-
KPBITBIX [IOAMHOXKECTB. Tak, HanpuMep, B METPUYECKOM IIPOCTPAHCTBE
Mbl BBEJIM CHAYAJIA NOHATHE OTKPBITOrO mapa (e-OKPEeCTHOCTH), a 3a-
TEM ONPEIE/MIIE OTKPIThIE MHOMXKECTBA KAK TAKHE, B KOTOPBIX KX IasA
TOYKA COJIEPXKUTCA BMECTE C HEKOTOPOH cBoell mapoBoill OKXpEeCTHOCTHIO.
MusiMu coroBaMu, B METPUYECKOM NMPOCTPAHCTBE OTKPBITHI T€ W TOJIb-
KO Te MHOXeCTBa, KOTOPbIE MOXXHO IIPEACTABUTH KaK CYMMbI OTKDLITBIX
mapoB (B KOHEYHOM Wiin GeckoneyHoM uncie). B yacrnocty, Ha npamoit
OTKPBITHl MHOXKECTBA, NPEICTaBUMbIE B BUAE CYMM HHTEPBAJIOB, U TOJIb-
KO OHH. ITH COODPAXKEHMsi IPUBOIAT HAC K BAKHOMY IOHATHIO O a3 bl
TOIIOJIOTHYECKOI'O NPOCTPAHCTBA.

Onpenesenune. COBOKYIHOCTH £ OTKPBITBHIX MOIMHOXECTB HA3ZbI-
BaeTcs 6a301 monoaoczuu NpocTpascTsa 1, eC/In BCAKOE OTKPBITOE MHO-
kecTBO B 1 MoOXkeT ObITh NPEICTABIIEHO KAK CYMMa HEKOTOPOTO YHCA
(xoHe4YHOro MM GECKOHEYHOro) MHOXKECTB u3 L.

Taxk, HanpUMep, COBOKYITHOCTb BCEX OTKPBITHIX IAPOB (C NPOU3BOJIL-
HBIM [IEHTPOM U panuycoMm) obpasyer 6asy B METPUYECKOM MPOCTPAH-
crse. B wactHOCTH, cHCcTeMa BCex HTepBAJioB — 0a3a Ha upsmoi. Basy
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Ha pAMoit 06pazyIoT U O HYU TONBKO HHTEPBAJILI C DAIMOHAIbLHBIMY KOH-
LUAMHU, IOCKOJILKY B BUJE CYMMbl TAKUX WHTEPBAJIOB MOXKHO NIPEJCTABATD
Jiobolt MHTEepBaJI, a 3HAYUT, K J11000e OTKPBITOE MHOXKECTBO Ha NPAMOH.

WNrak, Tonosoruto 7 npoctpacTa I MOXKHO 330aTh, YKa3aB B 9TOM
NPOCTPAHCTBE HEKOTODYIO ee 6a3y §; 3Ta TONOJIOMsL T COBIIAJIaeT C COo-
BOKYITHOCTBIO MHOMKECTB, IIPEICTABUMBIX KaK CYMMbl MHOXKECTB u3 G.

Bcesikas 6aza G B Tononorudeckom npocrpancree 1 = (X, 1) obiana-
eT CJENYIOIMME JBYMsI CBORCTBaMM:

1) wwbas mowka £ € X codeprcumen zomsi 6w 6 odnom G € G;

2) ecau x codeprcumen e nepecenenuu deyr muoncecme Gi u Ga
u3 G, mo cywecmeyem maexoe Gz € G, wmo

z €G3 CGiNGs.

HeiicteurensHo, csofictro 1) mpocro o3Hagaer, yro Bce X, Oyaydu
OTKPbITBIM, JOJIKHO NPECTABIATLCA KAK CYMMa KaKUX-TO MHOXKECTB
u3 G, a 2) Berrekaet us Toro, 9yro (G; N G2 OTKPHITO H, CJIEAOBATEJIBHO,
€CTb CYMMa KaKWX-TO 3JIEMEHTOB 0asbl.

O6paruo, nycth X — NpOU3BOJILHOE MHOXKECTBO M § — CHCTeMa 1104-
MHOXKeCTB B X, obsanaomast ceoficreamu 1) u 2). Torga COBOKYyIHOCTD
MHOXKECTB, IIPEACTABUMBIX KaK CYMMBI MHOXKECTB M3 &, obpasyer B X
TOMOJIOTHIO (T. €. yAOBJETBOPACT aKCUOMaM 1° u 2° orpeaesieHus Tono-
JIOTHYECKOrO NIPOCTPAHCTBA).

Heticrsurenbho, nycts 7(G) — COBOKYMHOCTD BCEX MHOXKECTB u3 X,
NPENCTABUMbIX KaK CyMMBbI MHOXkeCTB n3 G. Torna nycroe muoxecTso ')
u Bc€ X npunannexar 7(G) u cymma mmoboro wucia Muoxects u3 7(G)
Takxe npunannexnt 7(G). Iokaxem, aro nepecevenue nobOro KoHey-
HOro 4ncaa MHOXKeCTB u3 7(G) npunagnexur 7(G). Jlocrarouno npose-
pPUTHL 3T0 ajs AByx MHoxectB. llyers A = |JGy v B = |J Gy, Torma

o B

AnNB = |J(G, N Gg). Us yenosus 2) crenyer, 4o kaxnoe G, NGy
a0
conepxurca B 7(G). Ho rorma u AN B € 7(G).
Wrax, MBI nONTy4aeM ciaenytoumi pesyibLTar.

Teopewma 2. Iaa toro urobel cucrema G nogmuoxecrsa G MHO-
sxkecTBa X 6plna 6azolf Hexkoropoif Tomosorun B X He0OX0aMMO 11 [OCTa-
TO4HO, 4T06br G obstanasia ceofficrBamu 1) n 2).

Ilycrb Teneps B npocTpancTse 1 3afaHa HEKOTOPast PUKCHPOBAHHAS
tonosiorust 7. Basis B T Hek0TOpVIO cucteMy G OTKPBITBIX MHOXKECTB,
obnajaomy csoiictsamMu 1) u 2), u npuHsAB ee 3a 6a3y, Mbl OUYEBHIIHO
nomy4duian B I ronosorno 7(G), WM COBHANAIOUIYIO ¢ MCXOAHOR TO-
nostorvelt 7, uiu 6osee cnabyio. YCTAHOBUM YCJIOBMSA, LIPU KOTOPBIX
HIOPOXKAAET UMEHHO IJAHHY TONOJIOTHIO 7.

1) OHo mosywaercss KaK CyMMa MyCTOTO MHOYKECTBA DJIEMEHTOB CUCTEMBI G.
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Teopema 3. s roro urober cucrema G C G 612 6a30if HaHHOIH
TOMOJIOrHH T, HEOBXOOUMO H AOCTATOYHO CJICAYIOMEE YCIAOBHE:

3) mnaa xaxporo orkpeiToro Maoxectsa G u kaxaoh Touku r € G
cymectsyer Takoe G, € G, aro x € G, C G.

Hoxaszarteancrso. Ecmu ycioBue 3) BBIIOJHEHO, TO BCAKOE OT-
KpbITOE MHOXKeCTBO (G IPeACTABMMO B BUJIE

G= U G,
zeG
T.e. G ecth 6a3a Tonosoruu 7. O6paTHO, eciin G ecTh Ha3a TONOJIOTUH T,
T0 Besikoe G € T NMPeHCcTaBUMO B BHIE CYMMbI MHOXKECTB u3 G, a Torma
o7 Besakoro £ € G natigercs takoe G, € G, uto z € G, C G.

Ynpaxuenue. Ilycts G1 u Go — ase 6a3pr B X (T. €. ABE CHCTEMBI MHO-
KECTB, yAOBJETBOPAOWMUX yCjaoBuAM 1) ¥ 2), a 71 H T2, — OIpenesseMele
umu romostorun. JJokaxure, uro 71 C T2 B TOM M TOJIBKO TOM CJy4Yae, ecJiu
nns moboro G € G u mob6oit Touxu x € G cymectsyer takoe Ga € G2, 4TO
x € gZ C Gl.

C noMompo TeopeMbl 3 JIEFrKO yCTAHOBUTL, HAIIPHMED, 4YTO BO BCHA-
KOM METPHYECKOM [POCTPAHCTBE COBOKYIIHOCTbH BCEX OTKPBITBIX HIADOB
obpasyer 6asy ero tonosiorun. COBOKYNMHOCTE BCEX MAPOB € PALIMOHAIb-
HBIMU pajuycaMu Takxe npeacrariger coboit 6azy. Ha npsmoit 6asoit
MOXKET CJYXUTh, HAIPUMED, COBOKYITHOCTb BCEX PAIMOHAJILHBIX HHTED-
BAJIOB (T. €. MHTEPBAJIOB C PAIHMOHAIBHBIMU KOHIIAMI).

Baxxupiil KJ1aCC TONOJIOMMYECKUX MPOCTPAHCTB 0DPA3yl0T N pPOCT-
paHcTBA cO cuyeTHOU 6a30f, T e Takwe MPOCTPAHCTBA, B KOTO-
PBIX CYHIECTBYeT X0Ts1 ObI 0JHa 06a3a, cocroAuan He Hosee 4eM U3 CHeT-
HOTrO 4HCJIa MHOkecTB. [IpocTpancTBa co cuerHoli 6230 HA3BIBAIOT TaK-
KE NPOCTNPAHCMBAMYU €O 8MOPOT AKCUOMOT CUELTHOCTNU.

Ecau 6 monoaczuneckom npocmpatcmee T umeemesn cuemnasn ba3a,
Mo 6 HeM 00A3AMEALHO UMEETNCA CHEMHOE 8C10TY TLAOTIHOE MHONCECTGO,
T. €. TAKOE CYCTHOE MHOKECTBO, 3aMbIKaHue Koroporo ects BcE T'. Ieifict-
BUTEJILHO, nycTh {G,} — Takas 6asa. BrifepeM B KaXIOM H3 3JICMEH-
TOB 3TOH 6a3bI IPOU3BOJIBHYIO TOUKY Tp,. Cuernoe muoectso X = {z,}
BCIOAY IJIOTHO B T', TAK KAK B NMPOTUBHOM CJIy'ae HEIlyCTOE OTKPLITOE
muoxectBo G = T\ [X] ue conepxasto 6ul vu 0gn0i Touxyu U3 X, 4T0 He-
BO3MOXKHO, IOCKOJILKY (G €CTh CYMMa HEKOTOPBIX MHOMKCCTB M3 CHCTEMBI
{Gr}, a2z, € Gy

Tonosioruyeckue NPOCTPAHCTBA CO CHETHBIM BCIOAY IJIOTHBIM MHOXKEe-
CTBOM, K&K U METPHYECKUE, HA3BIBAIOTCS CENaApPadesbHbiMU.

Jlns MeTPUYECKUX [IPOCTPAHCTB BEPHO YTBEpXK IeHue, 00paTHOe TOJIb-
KO YTO JOKA3AHHOMY:
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Ecau mempuneckoe npocmpancmeo R cenapabeavno, mo 8 R ecmo
u enemuan basa. JeitcTBrTesibHO, TaKyIO 6a3y 0O6pa3yioT, HANIpHMep, OT-
kpbIThle wapkl B(z,,1/m), rue {z,} — cyernoe Bcromgy mI0THOE MHOXE-
CTBO, & 11 U M HE3aABHCHMO npoberaoT BCe HATYpaJIbHbLIe HUCIa. TakuM
00pa30oM, cnpaBeIIUBa CJAeNyIOnasi TeopeMa.

Teopema 4. Merpudeckoe npocrpanctso R umeer cyeTHyro 6asy
TOLJa H TOJILKO TOINA, KOLAA OHO cenapabesibHo.

B cuny artoff TeopeMbl Bce mpumepsl cenapafesbHbIX MeTPHYEeCKHX
MIPOCTPAHCTB MOI'YT CJAYXKUTb ¥ MPUMEPAMH METPUYECKUX HPOCTPAHCTB
co BTopoit akcuomolii cuernoctu. HecenapabesrsHoe NpocTpaHCTBO Orpa-
HU4YEHHBIX nocsienoBareabaoctelt (M. npumep 9 §1) ue umeer u cueTHOH
6a3bl.

Bamevyanue. Teopema 4, BoOOLIE rOBOP, HEBEPHA IJ151 IPOU3BOJIb-
HBIX (HEe METPUYECKHUX) TONOJIOTHYECKUX [POCTPAHCTB: MOXKHO yKa3aTh
IIpUMepbl cemapabesbHBIX NpocTpaHcTB He3 cuernoit Gaswl. IloscHuMm
NPOUCXOAIIAE 30CCH sSIBJICHUsI. J A KaKAOH TOUKM T METPUYECKOrO
mpocTpaHcTBa IR cymiecrByer c4YeTHas cHcTeMa iU ee OKpecTHOCTENH
(Hanpumep, cucrema OTKPBITHIX mWapoB B(z,1/n)), obaanaomas cie-
NYIOUMM CBOHCTBOM: KaxoBO ObI HU ObLI0 OTKPBITOE MHOXKECTBO (G, CO-
[epKALee TOYKY £, HAHAETCA OKPECTHOCTDb U3 CUCTEMB! 31, HEeJIMKOM Jie-
x)amas B G. Takas cucrema oKpecTHocTell HasbIBaeTCs onpedeasroujets
cucmemoti oxpecmuocmeti TOUKH L.

Ecnm ToYka x TONOJOTMYECKOrO NPOCTPAHCTBA 1 HUMeeT CYETHYIO
OIPENESAIOULYI0 CUCTEMY OKPECTHOCTEH, TO FOBOPAT, YTO B 3TO0H TOY-
K€ BBIIOJIHEHA NEPEast aKcuoMa cuemuocmu. ECIu 9T0 BepHO AJid Kax-
Joit ToYkn npocTpascTsa 1, To mpocTpaHcTro T’ HA3BIBACTCA NPOCTNPAH-
CTBOM C NEPBOTi AKCUOMOT CUETMHOCTIVY.

Bcesakoe MeTpuydeckoe npoCcTpaHCTBo, Jaxke U HecenapabesibHOe, aBTO-
MATHYECKH yA0BJETBOPsieT nepBoi akcuome cueTnoctu. OIHAKO B IPO-
H3BOJIBHOM TOIIOJIOMHYECKOM MOPOCTPAHCTBE (JlaKe eC/IH OHO COCTOUT
JIMIL U3 CYETHOI'O YHCJIA TOYEK) IEpBasd aKCHOMA CYETHOCTH MOXKET
He uMeTh MecTa. I1o3TOMY Te pacCyKIeHUsI, C INOMOHIBIO KOTOPBIX Mbl
AJIs. METPUYECKOrO IPOCTPAHCTBA, BLIBEJIM M3 HAJIMYNS CIETHOLO BCIOLY
IIJIOTHOI'O MHOMKECTBA CYyUICCTBOBAHUE B TAKOM [POCTPAHCTBE CHETHOR
6a3bI, He IePEHOCATCS HA CJIy4Yail IPOM3BOJBLHOTO TOMOJIOTHYECKOro IPo-
crpancTBa. Ho naxe u B cenapabesibHOM TOHOJIOTHYECKOM IPOCTPAHCTBE
C IepBOU axCHMOMOU CHETHOCTH CYETHOH Oa3bl MOXKET He ObITh.

Cucrema muoxecrs {M,} Ha3blBACTICA ROKPBIMUEM MHOXKECTBa X |

ecru | My, O X . TTokphITHE TOMOJIOTHYECKOro NpocTpancTsa 1, COCTOA-
&
[Iee M3 OTKPBITHBIX (3aMKHYTHIX) MHOXKECTB, HA3BIBAETCA OMKDGIINbIM
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(3amrxnymuim) nokpbiTeM. Ecin HekoTopas 4dacth {My,} nokperrus
{M,} cama obpasyer noxporrue npocrpanctsa I', 1o {M,,} HasbiBaer-
csA nodnoxpuimuem NOKpHITHA {M,}.

Teopema 5. Ecin T — rtonossoruyeckoe npoCTPAHCTBO CO CUET-
HO¥ 6a30#, TO H3 BCSAKOIO €r0 OTKDPBITOTO IIOKPBITHSA MOXKHO BBIODATH
KOHEYHOE HJIH CYETHOE ITOAIOKPBITHE.

Hoxasartenscrso. Ilycts {On} — HEKOTOpOE OTKPBITOE MOKDHI-
tue npocrpancTea T. Torna kaxpag Touka £ € T couepXKUTICA B He-
KoTOpoM Oy. Ilycrs {G,} — cuernas 6aza B T. Ona kaxporo z € T
cyuwectByeT Takol ssiement Gy, (z) srolt 6a3bl, uto z € Gp(z) C O4f. Co-
BOKYIHOCTb BHIOPaHHBIX TakuM 00pasom mHOxecTB G, (x) KOHEUHA Mnu
c4yerHa U nokpuiBaeT Beé T. Boibpas miia xaxaoro G,(z) oono us co-
nepxauyx ero MHoxKecTB Oy, Mbl U [IOJIYYMM KOHEYHOE UJIM CYETHOE
noanokpeitve nokpeitus {Oy}. Teopema nokasana.

ITo onpenesieHHIO0 TONOJIOTHYECKOTO HPOCTPAHCTBA Iy CTOE MHOXKECTBO
M BCE IpOCTPAHCTBO 1T’ ONHOBPEMEHHO OTKPBITHL M 3aMKHYThI. IIpocTpan-
CTBO, B KOTOPOM HET HHUKAKHX JDYFAX MHOXKECTB, OJHOBPEMEHHO OT-
KPBITBIX U 3aMKHYTBIX, HAa3bIBaeTCs ceasHvim. IIpsaMas nunus R npen-
crapJisier cobOH OAMH U3 NPOCTERIINX IPUMEPOB CBA3HBIX [IPOCTPAHCTSB.
Ecnu xe u3z R ynanuTh ofHY WM HECKOJILKO TOYEK, TO OCTABUIIEECS
IIPOCTPAHCTBO yXKe He OYIeT CBA3HBIM.

4. Cxonampecst nocsenoBaresibHocTu B 1. Ha Tonosoruueckne
[IPOCTPAHCTBA JIEIKO IIEPEHOCHTCH 3HAKOMOE HAM B CJIy4ae METPUYECKHX
NPOCTPAHCTB NOHATHE CXOonxAwmweHcss NHOCJIEeZOBATEJBHOCTH.
VIMEHHO, MOCJIeNOBATEJIBHOCTD I1,--.,TLn,--- TOYEK u3 1 Ha3bIBAETCH
cxodauwelica k¥ moxxe T, ecan Jj0bas OKPECTHOCTb TOYKU T CONEDIKHUT
BCE TOYKM 9TOH IIOCNIEenoBaTEILHOCTH, HAYMHASA ¢ HeKoTopol. OnHako
B TONOJIOTMYECKUX IIPOCTPAHCTBAX 3TO [MOHATHE CXOAMMOCTH HE UrPAeT
To#t (pyHIAMEHTAJIBHON pOJIM, KOTOpasi €My NPHHAJJIEKUT B METpude-
CKHX MPOCTPAHCTBAX. [1es10 B TOM, 94TO B METPHYECKOM NpocTpaHcTse R
TOYK& T €CTh TOYKA IPUKOCHOBeHUs MHOxKecTBa M C R B TOM 1 TOJIBKO
TOM CJIyvae, Korga B M CymecTByer 110CJ1e10BATE/ IbHOCTD, CXOAAMIAAC
K T, TOr[a KAK B TOIOJIOrMYECKOM HPOCTPAHCTBE 3TO, BOOOILE rOBOPH,
ne Tax. U3 Toro, 4To z ecTh TOUKa NIPUKOCHOBeHUs st M (1. e. npunan-
stexcut [M]) B Tonosiornyeckom npocrpancTse 1’ He BLITEKAET CyIeCTBO-
Banne B M mociienoBaTesibHOCTH, cxonsanieiics Kk . BosbMeM B KayecTBe
npumepa orpe3ok [0,1] u HA30BEM OTKDLITLIMH T€ €ro MOIMHOKECTBA
(Hapsiy € ILyCThIM MHOMXKECTBOM), KOTOPBIE NOJIyYalOTCsI U3 HEero Bulbpa-
ChIBAHMEM JII0OOI0 KOHEYHOr0 HJIM CYETHOTO 4YUCJ1a TO4YeK. Jlerko npo-
BEpPHUTH, 4T0 TpeboBanna 1° u 2° (n. 1 § 5) npu 3T0M 6yayT BHINOJIHEHDI,
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T. €. MBI IIOJIYYUM TOMNOJOIHYECKOe MPOoCTPaHCTBo. B 3TOM npocTpancTee
CXOAAWMMHUCH OyAyT TOJILKO CTALMOHAPHbBIE [OCJEIOBATEILHOCTH, T. €.
TaKKe, 3JIeMEHTHI KOTOPbIX, HAYWHAS C HEKOTOPOTO HOMEPA, COBIANAIOT:
Tn = Tpy1 = ... (moxkaxwure 310!). C OPYroit CTOPOHLI, €CAH MBI BO3b-
MeM, Hampumep, B kadecrBe M mosyuntepsasn (0, 1], To touka 0 6ymer
IJIsL HETO TOYKOM NpuKocHoBeHus (nposepbTe!), HO HUKAKAA [MOCIIEI0BA~
TEJBHOCTb TOUYEK U3 M He cxonurcesi X § B HalleM 1IPOCTPAHCTBE.
Cxopsimuecst TOCTEIOBATELHOCTH «BOCCTAHAB/IMBAKTCA B CBOHUX
TIpaBax», €CJIM Mbl PACCMATPUBAEM HE ITPOM3BOJIbHLIE TONOJIOIHYECKUE
MPOCTPAHCTBA, 3 NPOCTPAHCTBA C IePBOi AKCHOMON CHETHOCTH, T. €. eCJIU
¥y Kaxaofl TOYKM z npocTpaHcTBa I CyECTBYeT CUETHAs ONPEIEJIAIo-
masa CUCTeMa OKpecTHOocTeR. B aToM ciyuae kaxkiaasi TOMKAa HPUKOCHO-
BEHHA I MPOU3BOJIbHOrO MuOxkectsa M C T moxer ObITH IpeacTaBiie-
Ha KaK IIpeesl HEKOTOPO# mocsenoBaresibHOCTH Tovek u3 M. IekcTBu-
TeIbHO, IycTh {0y} — c4YeTHast onpenessiomast CUCTEMa OKPEeCTHOCTEH
TOYKH &. MoxHO cuutars, 4ro O, 1 C O, (nHave Mbl1 3aMennsin 661 Oy,

mn
Ha (] O). Oycry z; — mpoussosibHasA TodKa M3 M, comepxamascs
k=1
B Oy (k=1,2,...). dcHO, 94T0 Taxoe Tj CyIIECTBYET, MHAYE T He BBIJIO
6ol Toukol npukocHoBenus gia M. Ilocnegosarensuocts {xy }, o4eBua-
HO, CXOOUTCA K .

ITeproit akcuoMe CYETHOCTH YAOBJIETBOPSIIOT, KAK MBI OTMEYAJIK, BCE
MEeTPUYECKHE NPOCTPAHCTBA. VIMEHHO O3TOMY MBI U CMOLJIM BCE TAKUE
TIOHATUHA, KAK 3aMbIKaHHe, TOYKA [IPUKOCHOBEHU U T. 1., CHOPMYIUPO-
BATh JJI1 METPUYECKUX HPOCTPAHCTB B TEPMHHAX CXOTUMOCTH MOCJIENO-
BaTeJbHOCTEN.

5. Henpepsfusie orobpaxkenus. Iomeomopdusm. [Honarue
HEINPEePBIBHOTO OTOOPasKEeHWsl, BBEIEHHOE HAMM JJIsi METPUYECKUX IIPO-
CcTpPaHCTB B § 1, ecTecTBEHHO 0606IIAETCsI Ha MPOU3BOJILHBIE TOIOJIOTH-
YeCKHe IPOCTPAHCTBA.

Onpexenenue. Ilycts X u Y — noBa TONMOSIOTHYECKHX POCTPaH-
crBa. Orobpaxkenue [ npocrpaucrea X B NIPOCTPAHCTBO Y Ha3bIBa-
€TCA HENPEpHieHbM 6 MOYKe Tp, €CU Ajis Jobol okpectrocTH Uy,
TOYKH Yo = f(zo) HaltmeTcss Takas OKPECTHOCTb Vi, TOYKH Tg, UTO
f(Vao) C Uyy- Orobpakerme f : X — Y HasblBaeTCA HENpPepbIGHbIM,
€CJIM OHO HeNpepbIBHO B Kaxkao# Toduke r € X. B uacrHOCTH, HEnpe-
pbIBHOE OTOOPAXKEHHE TOMOJIOTHYECKOrO MPOCTPaHcTBa X B YUCTOBYIO
IPAMYIO Ha3bIBAETCH Henpepuienot dynxyuedl Ha STOM NMPOCTPAHCTBE.

ﬂeI‘KO y6€III/ITI)CSI, HTO A1 METPUYCCKHX IPOCTPAHCTB 3TO OHpenesie-
HUEe OeiflCTBUTEJIBHO IpeBpamaeTca B TO OIIPEOeJICHUE HEINPEePphIBHOCTH
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OTOOPaXKeHHUsI OJHOTO METPHYECKOIr0 IIPOCTPAHCTBA B APYroe, KOTOpoe
On110 nano B § 1.

Jannoe HAMH oIpenesieHre HOCUT «JIOKaJILHBIN» XapakTep. Hemnpe-
PLIBHOCTL oTOOpazkenust f Ha BceM X onpenesisiercsi yepes HenpepbiB-
HOCTb f B Kaxkao# touke. OKa3biBaeTcs, YTO MOHATHE HENPEpPLIBHOCTU
0TOOPAKEHUST OIHOTO TOMOJIOIHYECKOIO HPOCTPAHCTBA B APYIOe MOXHO
chOpMyNINpOBaTE B TEPMHUHAX OTKPBITBIX MHOXKECTB, T.€. B TE€DMHHAX
TOIIQJIOTMY 3TUX MPOCTPAHCTB.

Teopema 6. Hia roro 4rober orobpaxenue f TOMOJIOrHIECKOro
npocTpaHcTBa X B TOHOJIONHYECKOE NPOCTPAHCTBO Y ObLIO HEIPEPhIB-
HbIM, HEOOXOIHUMO H JOCTATOYHO, 4T00bI poobpas I = f~1(G) seakoro
orxpsiToro Muoxecrsa G C Y 6bu1 orkperr (B X).

HokasarenbcrBo. Heobxomumocts. ycrs orobpaxenue f
HEIpPepLIBHO U nycTh G — OTKpBITOE MHOXKeCTBO B Y. [JokaxkeMm, 4To
I' = f7Y(G) orkpwrro. llycts T — npoussosibHas TOYKa MHOXeCTBA I
1y = f(z). Torma G ciayxur oxpectHocThiO Touku y. [lo onpenese-
HUIO HENPEPBIBHOCTH HAMIETCsI Takas OKPECTHOCTb V, TOYKM I, YUTO
fiVy) € G, t.e. V, C I'. Vnage rosops, ecu = € I', To cymecTByer
OKpecTHOCTB V, 310l Touku, conepxkawasica B I'. Ho ato u 3uauut, 1ro
I" oTkpeiTO.

Hocrarounocts. [lyers ' = f71(G) orxpeito, ecoiu G C Y o1-
KpbITO. PaccMOTpuM UIPOM3BOJIBHYI0 TOYKY £ € X ¥ IIPOM3BOJIBHYIO
okpecraocts U, touku y = f(z). Hockomsky y € Uy, Touka z npu-
Hajutexkur Muoxectsy fH(Uy). DTO OTKPBITOE MHOXKECTBO M CJIyZKHT
TO}f OKPECTHOCTBLIO TOYKH T, 06pa3 KoTopoii cogepxkutca B Uy.

Bamevyanue. IIycts X u Y — npoussosibHble MHOXKECTBA U f —
otobpaxenue X B Y. Ecsiu B Y sanmana mexotopas TomoJsiornsa 7 (T.e.
CHCTEMa MHOXKECTB, COIEepXKalwasi & U Y U 3aMKHYTast OTHOCHTEJIBHO
B3ATHA JHOOBIX CYMM M KOHEYHBIX IIEpeceyentit), To mpoobpas Tonoso-
run 7 (T.e. COBOKynmHOCTh BCex MHOxects f~1(G), rne G € 1) Byner
Tonosioruelt B X.

JlU1st TOKA3aTebCTBA JOCTATOYHO BCIIOMHHTbL TEOPEMBI O IIpoobpase
cyMMbI U nepecedenusi muoxects (cm. §2 ri. I). Me1 obosnauum sty
tonosioruio f (7). Ecom reneps X u Y — ronosiornyeckne npocTpan-
CTBA C TONOJIOTMAMH Ty U Ty, TO TeOpeMy 6 MOXHO cOPMYJIMPOBATH TAK:
omobpancerue f : X — Y nenpepuisHo 6 mom u moavko mom cayvae,
€CAU MONOAOZUR T, cuavhee monosozuu f~1(1y).

13 Toro, yto npoobpas NONOJHEHUs €CTh AOMNOJIHeHue npoobpasa,
cJIelyeT TeopeMa, nBoficTBenHas K Teopeme 6.
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Teopema 6. J[lug Toro 4r06n! 0OTOBpAasKEHHE [ TOHONOMHIECKOTO
npoctpaHcTsa X B TOHOJIOTHYECKOE IPOCTPAHCTBO Y ObLIIO HEOPEpbIB-
HO, HEOOXOOMMO H JOCTATOYHO, 4T06b! NPO0OpAa3 BCAKOrO 3aMKHYTOIO
muoxecTBa H3 Y 6brn samkxayT (B X).

A9

A1/2)
Puc. 11

Jlerko yGemuTbesi, 9T0 06pa3 OTKPHITOrO (3AaMKHYTOIO) MHOXKECTBA
IPH HENPEPBLIBHOM OTOOpaxKeHuW He ODS3ATESILHO OTKPHIT (3aMKHYT).
PaccmorpuM, manpumep, otobpaxkenme nonyunrepaia X = [0,1) ua
OKpyX)HOCTb. MHOXecTBO [1/2,1), samxuyToe B [0,1), nepexomur mpu
3TOM B HE3AMKHYTOE MHOXECTBO Ha OKpyxHocTH (puc. 11).

OtobpaxxeHne HA3HIBACTCH OMKPLLMBLM, €CJTH OHO TEPEBOIUT KK I0€
OTKPBITOE MHOXKECTBO CHOBA B OTKpblToe. OTOOpaxenne, nepesomsnee
KAX/I0€ 3aMKHYTOE MHOXECTBO B 3aMKHYTOE, HA3bIBAETCS 3AMKHYMBIM.

Jna HenpepbIBHBIX 0TOOpaxeHuii CIpaBeJINBa CIIEAY AT TEOPEMA,
AHAJIOIMYHAs XOPOIIO U3BECTHON U3 aHAIM3A TeOpPEME O HEIIPEPHIBHOCTH
CJIOXKHOU (PYHKIHHA.

Teopema 7. Iycte X, Y u Z — Tonosiorudeckne NpoCcTPaHCTBA
u nyctb f # @ — HenpepwiBHbIe oTobpaxenus X BY u'Y B Z coor-
BerctBenHo. Torna orobpamxenne x v (f(x)) opoctpancrsa X B Z
HEIIPEepPhIBHO.

Jloxa3aTennCTBO 3TOR TEOPEMBI Cpa3y MOJIYYaeTCA U3 TeopeMsl 6.

Ha Tomosoruyeckne mpocTpaHCcTBa PacHpoCTPAHAETCs MOHATHE TO-
MeoMopdu3Ma, BBEJEHHOE HAMU B § 1 [IJIsi METPHYECKUX IIPOCTPAHCTB,
a UMeHHO, orobpaxkenue f TOMOJOrMYECKOro npocTpancTsa X Ha TOMNO-
JIOTHYECKOE IIPOCTPAHCTBO Y HA3LIBACTCA 20ME0MOPPUIMOM, €CITA OHO
B3aMMHO OHO3HAYHO M B3aMMHO HENpPephIBHO; npocrpaHcTsa X u Y
[IPH 3TOM HA3BIBAIOT 20MeomOpPrumu. ['omeomopdHbIe TPOCTPAHCTBA
O6JI&,IIa,IOT OJHUMH M TEMHU 2Ke TOIIOJIOTNYeCKUMU CBOﬁICTBaMH, U C TOIO-
JIOTHYECKO# TO4YKU 3pEHUA MX MOXKHO pPAaCCMarTpUBaTH NPOCTO KaK OBa
3K3EMILJIAPa OAHOI'O U TOTO 2K€ NPOCTPAHCTBA. Tononoruu B ABYX TOMEO-
MOP(MHBIX IPOCTPAHCTBAX CJYXAT obpazamu u npoobpazamu gApyr Opy-
ra. OTHoweHUE rOMEeOMOPPHOCTH pedIeKCHBHO, CHMMETPUYHO U TPAaH-
3UTUBHO; MO3TOMY Jiobast COBOKYIMTHOCTb TOITOJIOTMYECKHUX IIPOCTPAHCTB
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PACIaJaeTcs HA HellepeceKalomMecs KJ1acChl TOMeoMOP(HBIX MEX Y CO-
60it npocTpaHCcTB.

3amevanue. Ciienyer uMeTh B BUAY, YTO METPHUYECKHE CBOM-
CTBA OBYX rOMEOMOPpHBIX MEXK Y COGOI METPUYECKHX MIPOCTPAHCTB MO~
ryT 6biTh passuynbi!). Tak, ooqHo U3 HUX MOXeT ObITh IOJHO, & ApY-
roe — neT. Hanpumep, wntepsan (—m/2,7/2) romeomopder dncioBoi
npsiMO# {(COOTBETCTBYIOIMH roMeoMopdu3M MOKHO 3a4aTh QyHKIUMEH
T — tg, HO NPK HTOM NPAMA — [OJHOE IPOCTPAHCTBO, & HHTEPBAJ —
HET.

6. AKCHOMBI OTOEIHUMOCTHA. XOTS MHOTHE U3 OCHOBHBLIX MOHSATHH
TEOPUM METPHYECKUX IPOCTPAHCTB JIETKO MEPEHOCATCH Ha IPOU3BOJIb-
HbI€ TOJIOJIOI'MYECKHE IIPOCTPAHCTBA, BCE XK€ TAKUE IPOCTPAHCTBA IPeJi-
CTaBJIAIOT COGOM 0ObEKT, CAUMIKOM ODIIMI C TOUKY 3PEHHU 333249 aHAJIU-
3a. 31eCh BO3HMKAIOT CUTYAIMH, CYIIECTBEHHO OTJIMYAIOUIMECs: OT TOro,
YTO MOXKET IMETh MECTO B METPUYECKUX IIPOCTPAHCTBAX. 1aK, Mbl BHIIE-
JIM, YTO KOHEYHOE MHOXKECTBO TOYEK B TOIIOJIOIMYECKOM MPOCTPAHCTBE
MoxeT 6bITh He 3aMKHyTBhIM (ipumep 4, m. 1, § 5) u T. 1.

Cpeny TOMOJIOrMYeCKUX NPOCTPAHCTB MOXKHO BBIAEGNTH MPOCTPAH-
cTBa, bosiee 6JIM3KUE 10 CBOUM CBOMCTBaM K [IPOCTPAHCTBaM METPHYeE-
ckuM. s aToro cienyer Kk akcuomam 1° u 2° TONOJIOMMYMECKOro IIpo-
crpaHcTBa (1. 1, § B) NpUCOENMHENTE ele Te UK MHBIE JONOJHUTEIbHBIE
yci0Busi. TaKMMH yCJIOBUAMM CJIYXKAT, HAIPUMED, AKCHOMbBI CYETHOCTH;
OHU MO3BOJISIOT U3YYaTh TOMNOJIOIHUIO IIPOCTPAHCTBA HA OCHOBE [IOHITHA
cxoauMmocTH. Jpyroit BaskHblll THII JONOTHUTENILHBIX YCI0BU) COCTABIIA-
10T TpeOOBAaHUS MHOU NMPUPOMBI — TAK HA3BIBAEMBIE QKCUOMBL OTMOEAU-
Mmocmu. Mbl nepevucsium 3Ty CeprK aKCHOM B NIOPAIKE UX [TOCTEIIEHHOTO
YCHJIEHUsL.

Axcuoma Th (nepsas axcuoma omdeaumocmu): 11 OOHIX ABYX pas-
JIMYHBIX TOYEK & @ Y NPOCTPAHCTBA I CymIECTBYIOT OKpPecTHOCTH Oy
TOYKM Z, HE COHEPIKallasl TOUKY Y, B OKPeCTHOCTh Oy TOYKH ¥, HE CO-
JlepKalas TOYKY .

TIpocTpaHCTBa, YOOBJIETBOPAIOUIME 3TOM aKCHOME, Ha3bIBAIOTCI
Ti-npocmpancmeamu. [IpaMepoM TOIOJIOrHYECKOrO IPOCTPAHCTBA, He
sBastowerocs T1-IpOCTPaHCTBOM, MOXKET CJIyKHUTb CBA3HOE JBOETOHHE.

B T;-npocrpancTse Jirofas TOYKA €CTh 3aMKHYToe MHOXKeCTBO. JIeii-
CTBUTEJIBHO, €CJIM T # Y, TO CymecrByeT oKpecTHOCTb (Jy TOYKH Y,
He comepxawasn ¢, T.e. y ¢ [z]. HosTomy [z] = z. CaenmoaresbHo,

1) Merpuka npoctpancTsa R OZHO3HAYHO ONpEAessieT ero TONOJIOTHIO, HO He Ha-
obopoT: ogHy M Ty Xe romoJioruo B R = (X, p) MOXHO nosyuurs, 3anaBaa B X
pa3JIuYHBIE METPHKH.
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B T}-npocTpaHCTBE 3aMKHYTO U JI060€ KOHEYHOEe MHOXKECTBO TO4eK. bo-
Jiee TOro, KaxK JIerKO IIPOBEpPUTh, akcuoma 1] B TOYHOCTH PaBHOCUJIBHE
TpeDOBAHUIO 3AMKHYTOCTH BCEX TAKUX MHOXKCCTB.

Boume (n. 1, § 5) MbI ONpeaesusu NpeaesibHyIo TOUKY T MHOXKeCTBa M
B TOHOJIOTMYECKOM npoctpascTse T Kak Takyio TOUKY, JJIA KOTOPOi me-
peceuyerne UNM \ {z} Henycro. 3necs U -— npoussoJibHaA OKPECTHOCTH
TOYKH &.

B nmpocrpancTBax, He ynoBieTBOpAOUX axcuome 17, IpelesbHbIE
TOYKHM MOT'YT HUMETh Jaxke MHOXecTBa M, coCTOsAIHe TOJIbKO U3 KO-
HEYHOro yucJya to4ek. Ilycrs T — CBA3HOE NBOETOYHE C TOIMOJIOTHEH,
cocrosimeit u3 &, {b} u {a,b}. Torna Touka @ ABAACTICA NIpemeTLHON
1 MHoxkecTBa M = {b}.

B Ti-npocTrpaHCTBax TaKOe sIBJIEHHE YK€ HE MOXET HMeThb MeCTa.
Wmenno, BepHO crenyoumee yTBepxkIeHue.

Jlemwma. lisa toro 4Tobel TOYKA x 6bLIA NPEACSIBHON s MHOXKE-
crBa M B Ti-npocrpaHcTse, HEOOXOAHMO M JOCTATOYHO, YTOOLI J1i0bas
oxpectaocts U 3108 TOYKH comepxana BEeCKOHEIHO MHOTO ToYex u3 M.

JoCTaTOYHOCTD 3TOr0 yCJI0BHs OYEBUIHA. YCTAHOBUM €ro HeoOXOnH-
MocTb. [IycTs £ — npenenbHast Touka 1y M HOIyCTUM, YTO CYIIECTBY-
€T TaKasl OKPeCTHOCTh U TOYKM Z, KOTOPasi CONEPKUT TOJBKO KOHEYHOE
quciio todexk u3 M. Ilycrs z4,...,T, — BCE 3TU TOYKH, KPOME CaMOl
z (ecnu takoBasi npuHamnexur M). Torna V = U\ {z1,..., 2.} —
okpecTtHOCTL T 1 V N M\ {z} = @.

Beakoe MerpuuecKoe MOpPOCTPAHCTBO 3aBEOOMO SABJISIETCH 1)-npo-
cTpaHcTBOM. [T0aTOMY 33 onpenesieHne TIPEAeSbHON TOYKH MHOXECTBA
B METPHYECKOM IPOCTPAHCTBE U GbLIO NPUHATO CBOMCTBO, yKasaHHOe
B JIeMMe.

Ycustenyiem nepBofi AKCHOMBI OTACIUMOCTH SIBJIACTCST akcuoma 1.

Axcuoma Ty (8mopas, uau zaycdopdosa, axcuoma omdesumocmu):
J1100bIe JBE PA3/IMYHBIE TOYKH T M Y TOMOJIOMHYECKOro npoctpanctsa. T
UMEKT Hemepecekalomueca okpectHocTd Oy u Oy.

IIpocrpaHcTBa, YIOBJAETBODHIONME 3TOH AKCHOME, HA3BIBAIOTCS
To-npocmpancmeamu, win zaycdopPosumu NPOCTpAHCTBamMu. Besakoe
xaycaopdoBO IPOCTPAHCTBO €CTh 11-NPOCTPAHCTBO, HO HE HaoBOpOT.
ITpumepom He xaycmopdoBa Ti-HPOCTPAHCTBA MOXKET CJIYXKUTb OTpe-
30K [0, 1}, B XOTOPOM OTKPBITBIMH CHHTAIOTCS IIYCTOE MHOXKECTBO U BCE
MHOXKECTBA, LOJIyYaIOLIMECHA U3 OTPE3Ka BbIOpachiBaHueM He GoJiee yem
CYETHOIO 4HCJia TOYeK.

Axcuoma T3 (mpemnbsa axcuoma omdeaumocmu): mobas TOYKA U He
colepxaliee ee 3aMKHYTOE MHOXKECTBO HMEIOT HellepeceKalolyecs
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oxpectHocTi. Ilpu sTom okpecmuocmvio muoxncecmea M B TOnoNOrN-
4ecKoM mpocTpascTBe 7' HA3BIBAETCSI BCAKOE OTKpbITOe MHOXKECTBO U,
conepxamee M.

DTol aKCuoMe MOXKHO JIaTh CJEAYIONYI0 SKBHBAJIEHTHYIO hopMynn-
POBKY:

Jliobast oxpectHocTb U 1IpOM3BOJILHOR TOUKH I COJIEPKHT MEHBILYIO
OKPEeCTHOCTH Toll e To4uku, Bxonsuyio B U BMecTe O CBOMM 3aMbIKa-
HUEM.

Yuraresbs MOXKET J0KA3aTh 3TO B KAYEeCTBe YIPAKHEHHUA.

ITockoibKy B NPOM3BOJIBHOM TOIOJIOTMYECKOM MPOCTPAHCTBE TOYKA
MOXKeT He ObITb 3aMKHYTBIM MHOXECTBOM, TPETbs aKCHOMA OTHEJIMMO-
CTH UHTEPECHA TONBKO JIJis NPOCTPAHCTB, YAOBJIETBOPSIOUMX aKCHO-
me Ti. IIpocrpancrsa, ynosnersopsioiue obeum axcuomam 17 m T3,
HA3bIBAIOTCS PEZYAAPHBLMU.

Bceaxoe perysisiproe mpocTpaHCcTBoO, pasymeercs, xaycnopdoso. Hpu-
MepoM xaycaopdoBa IIPOCTPAHCTBA, HE SIBJISIOMIETOCA PEIYJIAPHBIM, MO-
xKeT CayxuTh orpesok [0, 1], B KOTOpOM OKPeCTHOCTH BCEX TOYEK, KPO-
me Touky 0, ONpeHessIIoTCa OOBIYHBIM CIIOCODOM, & OKPECTHOCTSIMY HYJIs
CUUTAIOTCA BCEBOZMOXKHBIC MOIYMHTEPBAIHI [0, (1), 13 KOTOPbIX BHIKHHY-
Thl TOYKY Buga 1/n (n =1,2,...). 910 — xaycaopdoBO NPOCTPAHCTBO,
HO B HeM To4uka () W He comepxaluee ee 3aMKHyToe MHOxecTso {1/n}
HE OTIAEJIMMBI APYT OT APYra HENepPeCeKAMUMUCH OKPECTHOCTAMY, T. €.
akcuoMa T3 He BBINOJIHEHA.

O6bI14HO B aHaU3e He NPUXOLUTCS BCTPEYATHCH C IIPOCTPAHCTBAMHU
bonee obmumu, yem perysisipaeie. Bojiee Toro, kak NpaBmJIO, HHTEPEC-
Hble C TOYKU 3PEHUs aHaJIM3a NPOCTPAHCTBA YAOBJIETBODAIOT K CJIe-
nyioneMy 6oJiee CHIIbHOMY TpeOOBAaHUIO, TAK HA3BIBAEMO HOpMAaJib-
HOCTH IIPOCTPAHCTBA.

Axcuoma Ty (axcuoma nopmasvrocmu): 11-TIpOCTPAHCTBO HA3BIBAET-
CA HOPMAABLHBIM, €CJIH B HEM BCSIKHE [BA HENePECEKAIOUMXCA 3aMKHY-
TBIX MHOXKECTB2 UMEIOT HENEePEeCEeKAIUIMeCs: OKPECTHOCTH.

K HOpMa/bHBIM IPOCTPAHCTBAM OTHOCATCSH, B HACTHOCTH, BCE METDH-
yeckue npocrpancrea. leficTBurensHo, nycts X u Y — aBa Hemepe-
CEKAIOUIMXCS 33MKHYThIX MHOXXECTBA B METPUYECKOM HpocTpaHcTBe R.
Kaxnas Touka z € X umeet okpectHoctsb Oy, He nepecexaronycs ¢ Y
H, CJIGI0BATENIHHO, HAXOIUTCS OT Y HAa HEKOTOPOM IOJIOXKHUTEIBHOM pac-
CTOSIHUH py. AHanorudso paccrosigue Kaxiaod touku y € ¥ or X ecrtn
OJIOXKUTEILHAS BEJIMUMHA py. PACCMOTPUM OTKpBITbIE MHOXKECTBA ')

U= U B(l‘,pI/Z) u V= U B(y7py/2)7
zEX yeEY

1) 3necn, kak 06p14n0, B(T, ) ~— OTKPHITHIA MAD PagHYyCa T C UEHTPOM Z.
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comepxanme X U Y COOTBETCTBEHHO, M MOKAXKEM, 49TO MX llepecede-

uue nycro. Jdonycrum, yro 2 € U N V. Torna 8 X cyumecreyer Ta-

Kasg TOYKa Zp, 410 p(zo,2) < pz./2, a B Y — Takasa Toyka yo, UTO

p(z,90) < pyo /2. [TycTh 17151 ONPENENIEHHOCTH pgy K py,. Torma
p(Z0,yo) < p(Z0,2) + p(2,%0) < Pz /2 + Pye/2 < Pyo,

T.e. g € Blyg, py,), HO 5T0 OPOTHBOPEYHT ONPENETICHHIO py,. Hame

YTBEPK/ICHHE JIOKA3AHO.

Besikoe nofupocTpaHCTBO METPUUECKOro NPOCTPAHCTBA CAMO HBJIA-
€TCsI METPHYECKUM MPOCTPAHCTBOM M NOSTOMY Bcersia obranaer cBoii-
CTBOM HOPMAJILHOCTH. DTO, BOODILE rOBOPSI, HEBEPHO 7151 TPOU3BOJIBHBIX
HOPMAJIbHBIX NPOCTPAHCTB: NOAIPOCTPAHCTBO HOPMAJILHOIO [IPOCTPAH-
crBa He 00a3aHO OBITL HOpMaJIbHBIM. Takum 06pa3oM, HOPMAJIBLHOCTD
IIPOCTPAHCTBA HE €CTb HAaC/enCTBeHHOe cBolicTBo!).

Hacnencrsennbiy cBoffcTBOM ABJIsIETCST TAK HA3LIBAGMAsST NOAHAA pe-
2YAAPHOCTG TONOJIOTUYECKUX NPOCTPAHCTB, TpEACTaBssiiomas coboi
BaxKHOE yCcHjieHue cBoiicTsa perysisipuoctu. Tomnosorudeckoe Ti-mpo-
CTPaHCTBO HA3BIBAETCH 6BNOAHE PEZYAAPHBIM, €CJIR I/ KaXKIOro 3a-
MKHyTOro Muoxecrsa F C T n kaxnoit touku zg € T\F cymecTByer
HenpepoiBHasa Ha T neiicTBuresnbHasg GyHKnus f, paBHAS HYJI0 B TOY-
K€ Zo, eNUHuLe Ha F ¥ yaosiersopsitomasn yenosnwo 0 < f(z) < 1. Bea-
KO€ HOPMaJIbHOE HPOCTPAHCTBO BIOJIHE DEryJIsApHO?), HO He 0BpaTHO.
Jlioboe noanpoCTPaHCTBO BIOJIHE PEryJIsipHOro (B YaCTHOCTH, HOPMAaJIb-
HOIO) IPOCTPAHCTEA CAMO BIIOJHE perysipHo. A. H. TuxoHoB, KOTOpOMY
OPHHAAJIEXUT U CAMO [MOHATHE BIIOJIHE DETYJISPHOIO NPOCTPAHCTBA, No-
Ka3aJl, 9TO KJIACC BIIOJIHE PEryJIAPHLIX IPOCTPAHCTB COBIAJIAET C KJIAC-
COM BCEX MOAIPOCTPAHCTB HOPMaJIbHBIX npocTpaHcTB. C TOYKHK 3peHus
AHAJIK3a BIIOJTHE PErYJIsSIPHBIE TPOCTPAHCTBA BAXKHBI IOTOMY, YTO Ha BCA-
KOM TaKOM IIPOCTPAHCTBE UMEETCH «JOCTATOYHO MHOI0» HEIPEephIBHbIX
dyHKUMHA, UMEHHO, [ JIOObIX PA3J/IM4HbIX TOYEK I, Y BIOJIHE pery-
JIAPHOTO TpoCcTpaHcTBa 1 CywiecTByeT onpefesieHHas Ha 1 Helpepbis-
Hasl BEIIECTBEHHAA (DyHKIMs, IPUHAMAICINAA B 3THX TOYKAX PA3JIAYUHbIE
3HAYEHU.

7. Pazanunble criocobhI 3a1aHUA TOIOJIOIMH B IIPOCTPAHCTBE.
Merpusyemoctb. Camplii npsamoii cnocob 3aaThk TONOJIOTHIO B HEKO-
TOPOM HPOCTPAHCTBE COCTOUT B TOM, 4T0OBI HEIIOCPEACTBEHHO YKa3aTh

1) CroiicTso P naspiBaercs HacaedcmeenHsim, eCTH U3 TOrO, 4To UM objanaer
JaHHOe TOMOJIorHyeckoe npoctpancTso 77, caeayer, 4ro um o6s1amaoT M BCe €ro
fIOANPOCTPAHCTBA.

2)Dror (coBceMm He oueBMaHBIH) AKT BBITEKAET M3 CJeAyomel TeopeMb
I1.C. ¥Ypsicona: ecnu T —- HOpMasibHOE NpocTpaicTeo ¥ F1, F3 — jaBa ero nenepece-
KAIOIMXCA 3AMKHYTHLIX TOJIMHOXECTBA, T0 Ha T’ cymecTByeT HenpepsiBHAA BYHKIKSA,
f (0K f(z) £ 1) pasras nymo Ha F1 u enuauue Ha Fo.
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Te MHOXECTBA, KOTOPbIE MBI CUUTAEM OTKDPBITHIMU. Habop sTUX MHO-
’)KeCTB JOJDKEH YIOBJIETBOPATH TpeboBaunsm 1° u 2° (cm. 1. 1 § 5). Pas-
HOCHJIBHBIH 9TOMY JIBOHCTBEHHBIH criocob — ykasars Habop 3aMKHYThIX
MHO)ecTB. Takolt HaGOP [OJKEH, OYEBUJHO, YAOBJIETBOPATH yCJIOBH-
amM 1 u 2 (o 1, § 5). Onnako pakTUYECKH 3TOT ClI0COD PEIKO MOXKET
ObITb npumenes. Tak, HanpuMmep, Iaxe B CJIyYae MJIOCKOCTU BPsLA JIM
MOKHO A3aTh HEIOCPEACTBEHHOE ONUCAHUE BCEX OTKPBITHIX NOAMHO-
KeCTB (Kak 9T0 ynaerca coenars JJis npsaMoi (teopema 5 §2)).

Pacnpocrpasensniii crnocob 3alaHus TONOJOTMHM COCTOUT B BbIOOpE
HEKOTOpO 6a3bl; PAKTHIECKN UMEHHO TAK ¥ BBOIMTCS TOMOJIOTUA B Me-
TPUYECKUX [IPOCTPAHCTBAX, [OE Mbl, ONUPAsCh HAa METPUKY, 3anaeM Ba-
3y — COBOKYIIHOCTH OTKPBITBIX UIAPOB.

Euie oguH 13 BO3MOXKHBIX CHOCODOB 33a1aTh TOMOJIOTHIO B IIPOCTPAH-
CTBE — 3TO BBECTH B HeM MoHsiTUe cxoaumocTu. OHAKO 32 IpenesiaMu
METPHYECKHUX [IPOCTPAHCTB TAKOHU criocob He Bcersa ynobeH, NOCKOAbKY,
KaK yXKe yKa3bIBaJloCh B II.4, HE BCErAa MEepexof OT MHOXECTBA K ero
3aMbIKAHUIO MOXKHO OMUCATH B TEPMHUHAX CXOMAAUMXCS MOCTENOBATEb-
HocTell. DTOT Crocob MOXHO CHENaTh YHUBEPCAJILHLIM, ODOGIIMUE COOT-
BETCTBYIOUM OOpPA30M CAMO ITOHATHE CXOMSAMEHCs OCIe10BaTesIbHO-
ctu (cM., Hanpumep, [29], ru. 2).

MoHO BBECTH B IIPOCTPAHCTBE TOMOJIOTHIO, ONPEIEJINB B HEM AKCH-
OMATUYECKH OIEepALMIO 3aMbIKaHUs. VIMEHHO, TOBOPST, YTO B MHOXE-
crBe X 330aHa ONepayust 3aMbIKaHUR, eCiTl Kaxkaomy A C X nocrasste-
HO B COOTBETCTBHE HEKOTOPOe MHOXecTBO [A] C X, HasbiBaeMoe 3aMbi-
xanuem A, npudem onepauusi nepexona ot A x [A] obsanaer csoicTBaMn
1)-4), ykasansasivu B Teopeme 1 § 2. Onpenesius 0ocCje 3TOrO 3AMKHY-
Thle MHOMXECTBA KakK Te, IJIA KOTOpbix [A] = A, Jlerko nokasars, 9T0
9TOT KJIACC MHOKECTB yIOBJeTBOpsieT ycnoBuaMm 1 u 2 (m. 1 § 5), Te.
[efCTBUTENLHO ONpenesisieT B X TOIOJIONMIO.

3amanue MeTPHKU — OJIUH U3 BaXHEWIUX CrocobOB BBENEHHUS TO-
[IOJIOTMH, XOTsI M JaJjieKo He yHuBepcasybubil. Kak Mbl yxe Buznesnn,
BCSKOE METPUYECKOe HPOCTPAHCTBO HOPMAJIbHO M YHOBJIETBOPSET Iep-
Boll akcuome cuerHocTH. B mpocrpancTBe, JIMIIEHHOM XOTs1 GBI OJHOIO
U3 9TUX JABYX CBOHCTB, TOMOJIOTHIO HEJIb3S 33/1aTh C TIOMOIIBIO KaKOH 65l
TO HU OBIJIO METPHKH

Onpenenenue. Tonosorudeckoe upocTpaHcTtso 1 HA3BIBAETCA
MEMPUIYEMBIM, ECITH €10 TOIOJIOTUIO MOKHO 33JATh C [IOMOIILIO KAKOU-
Jub0 METPHKU.

B CHJIYy TOJIBKO YTO CKa3aHHOI'O HOPMaJIbHOCTb IPOCTPAHCTBA U IIEep-
BadA aKCHOMa CYETHOCTH NIPEACTABJIIAIOT coboit Heobx0 AUMbIE YCJIO-
BUA METPU3YEMOCTH NPOCTPAHCTBA. Bumecte ¢ Tem Hu KaxXxnoe U3 3THUX
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YCIIOBUH B OTJIE/ILHOCTH, HU J@Ke MX COBOKYIIHOCTh HEJOCT&TO IHbI
OA MeTpU3YeMOCTH npocrpancTsa. OQHAKO HMEeT MeCcTO CJlenyomas
Teopema, npunarexamas 1. C. Ypoicony:

Las mozo wmobu monoaozunecKoe NPoCMPaHCcmen co cuemodl 6a-
30l 6wao mempusyemo, neobxrodumo u docmamoywno, wmobut oo 6va0
HOPMAABHO.

HeobxonumocTs 3TOro yCeaoBust siCHA; JOKA3aTELCTBO JOCTATOYHO-
CTH UMeeTCsi, HarpuMep, B {2].

¢ 6. KomnakTHOCTBL

1. IMoustTne xkommakTHOCTU. PYyHIAMEHTANIBHYIO POJIb B aHAJIU-
3e urpaer cjaenyromuil ¢axT, u3BeCTHBLI! [IOJ Ha3BAHHEM JI€M M bl
I'etine-Bopens:

H3 a106020 noxpwmus ompesxa [a, b] wucaoeol npasot unmepsaiamu
MOKHCHO 8ubpamb KoHeunoe nodnoxpuimue.

DTO YTBEP:)KAEHNE OCTAHETCS CIPABEIJIMBBIM, €CJIH BMECTO HHTEPBa-
JI0B DACCMATPUBATH JIODOBIE OTKPBITHIE MHOKECTBA: U3 6CAK020 OMKDDI-
Moz0 nokpumus ompesxa [a,b] moorcro ewdeaums xonewroe nodnoKpLl-
mue.

OTnpaBisisich OT 3TOrC CBOKCTBA OTPE3KA YHCJIOBOH NPAMOM, BBEIEM
CREeAYIONIee BAXKHOE ITOHATHE.

Onpeaenenne. Tomonorudeckoe npocTpancrBo 71 HA3LIBAETCS
KOMNAKMHbIM, €CTIM J1I0H0e ero OTKpPhITOe TOKPLITHE CONEPXKUT K O-
HEeYHOe HOJINOKpbLITHE.

KoMnakTHOe TOMOsIOrnvecKoe NpoCTPAHCTBO, VAOBJIETBODAIOIEE AK-
cuoMe OTAeAUMOCTH Xaycaopda, Ha3bIBAETCH KOMNAKMOM.

Kak mb1 yBujiuM HuXe, CBOHCTBOM KOMIAKTHOCTH HApPsLy C OTpes3-
KaMK 0bJIasaf0T BCE 3aMKHYThIE OrPAHMYEHHBIE TIOIMHOXKECTBa €BKJIH-
JI0Ba MPOCTpaHCTRa J1i0boi KoHeunolt pasmepuoctu. Haobopor, npamasi,
IIJIOCKOCTh, TPEXMEPHOE MPOCTPAHCTBO CIIYKAT NPOCTEHIIHMH IPUMEpa-
MH HEKOMIIAKTHBLIX NPOCTPAHCTH.

Hasosem HekoTopyio cucremy nopmuoxecrs { A} muoxkecrsa T yenm-

n
puposannoti, ecnu moboe koHeuHoe nepecevenue (| A; 4seHOB aTOH cu-
cTeMbl He nycro. U3 copmyuposansoro oupe):x:mleauﬂ KOMIIaKTHOCTH
U COOTHOIIERuH NBOHCTBEHHOCTH BhITEKAET CJASAYIOUast TeopeMa.
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Teopema 1. Hua toro 4Tobbl TOMOJOTHIECKOE NPOCTPAHCTBO T
OBLIIO KOMITAKTHBIM, HEOOXOIUMO M JOCTATOYHO, YTOOBI OHO YIOBJIETBO-
DsIIO YCIIOBHEO:

(R) xaxkias HEeHTPHPOBAHHAS CHCTEMA, €10 3AMKHY ThIX TOAMHOMXKECTB
HMEET HEIYCTOE [EPECEYEHHE.

HeitcrBurensro, nycts {Fy} — HEHTPUPOBAaHHAsA CHCTEMA 3AMKHY-
Thix nogmuoxkecTs B T u nycrs T xkomnaktao. Muoxkectsa G = T\F,
OTKPBITHI, IpUYEM U3 TOro HakTa, 4TO HUKAKOEe KOHEeYHOe [epecedeHune

n

N F; ne nycro, ciemyer, 4TO HHKAKad KOHEYHAS CHCTEMa MHOMXECTB
7j=1

G; = T \ F; ue nokpeBaer 8cé T. Ho Torna u Bce G, He o6pasyor
HNOKPBITHs (KOMIIAKTHOCTB!), a 970 3HauwmT, uro (| F, # &. Urak, ecou
T komunaxtHO, TO B HeM ychosue (R) Bomosneno. O6parHo, nycts T'
yaosiersopser ycaosuwo (R) u G, — OTKPBITOE NOKPBITHE HPOCTPaH-
ctBa T. Honoxus Fy, = T\G,, nonyunm, uro [ | F, = &, orxyna cieny-
er (yciosue (R)), uro cucrema {F,} He MoxeT GbITL NEHTPUPOBAHHOIL,

k13
T.€. CyIecTBYT Takue Fy, ..., Fy,, uro {} F; = @. Ho Toraa coorsercr-
i=1
sytomue G; = T\ F; 06pa3yoT KOHeYHOE NOANOKPbITHE HOKPLITUA { Gy}
Nrak, ycioue (R) paBHOCHIBHO KOMI3KTHOCTH.
YcTaHOBMM HEKOTOpHIE OCHOBHBIE CBOMCTBA KOMIAKTHBIX IIPOCT-

PaHCTB.

Teopema 2. Eciu T — KOMIaxKTHOE IPOCTPAHCTBO, TO KAXKA0E €ro
HECKOHEIHOE MOJMHOXKECTBO HMEET XOTsI Obl ONHY NPEREIBHYI0 TOUKY.

HokazareascTtro. Ecimu T comepxur OECKOHEYHOE MHOXKECT-
BO X, He HMEIOIIEE HU OMHOH NpeaesIbHON TOUKH, TO B HEM MOMKHO B3sTh
c4yeTHOE MHOXKeCTBO X1 = (Z1,Z3,...), TAKXKE HE HMEIOLIee HU OJHOM
npenensHolt Touku. Ho torma muoxkecrsa X, = (Tn,Znt1,-..) 06pa-
3YIOT HEHTPUPOBAHHYIO CUCTEMY 3aMKHYTBIX MHOXKECTB B 1, HMCIOULYIO
[IycToe TnepeceyeHne, T.e. T’ He KOMIAKTHO.

Teopema 3. 3aMrHYTOE MOOQMHOXECTBO KOMHAKTHOIO NMpPOCTPaH-
CTBa KOMIIAKTHO.

HoxazarenbcTso. Ilycth F' — 3aMKHYTOE MOAMHOXECTBO KOM-
naktHOro npocrpacrsa T u {F,} — npou3posbHAs HEHTPUPOBAHHAS
CHCTEMa, 3AMKHYTBHIX NoamHOxkecrs nomnpocrpancrsa I C T. Torama
kaxgaoe F, samxuyto u B T, T.e. {F,} — IEHTPHPOBAHHASA CHCTEMA
3aMKHYTBhIX MHOkecTB B T. CienosarensHo, [ Fy # @. B cuny teope-
Mbl 1 OTCIOZA Cilenyer KOMIAKTHOCTE F .

IMockoabKy HOAIPOCTPAHCTBO XaycaopdoBa NPOCTPAHCTBA CAMO
xaycnopdoBo, OTCIOAA MOy YaEM:
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Cue IJCTBHE. 3%11\«IKHyTO(‘, HOIMHOXECTBO KOMITAKTA €CTh KOMITAKT.

Teopema 4. KoMmakT 3aMKHyT B JIOGOM COOEPKAIIEM €I0 xayc-
J0p¢oBOM TPOCTPAHCTBE.

Hokazarenncrso. Ilycrs K —— KOMIIAKTHOE MHOXKECTBO B XaycC-
mopdosom npocrpanctee T u uyers y ¢ K. Torma amsa moboit Tod-
ku £ € K cymecTtByoT OKpecTHOCTb U, TOYKHU T M OKPECTHOCTH Vg
TOYKH ¥ TAKHE, ITO

U,NVy, =@.
Oxkpecrroctu U, obpasyioT oTKpeITOe IMOKpblTHe MHOXectsa K. B cu-
JIy KoMIakTHOCTH K U3 HEro MOXKHO BBLIEJIMTE KOHEYHOE IOAHOKPbITHE
Uz ..., Uyg, . TTonoxum

V=V,Nn-nV,,.

Torpa V — oxpectHOCTh TOUKHM Y, He nepecekawuasicsa ¢ Uy, U ---
---U Uz, D K. CnegoBaresibio, y ¢ [K| u, snauut, K samxayTto. Teo-
peMa JIOKa3aHa.

Teopemsr 3 u 4 HOKA3BIBAIOT, YTO B KJjacce XayclaopdoBbIX OpoO-
CTPAHCTB KOMOAKTHOCTb €CTh 8HYMPeHHee CBORCTBO IPOCTPAHCTBA, T. €.
BCAKUI KOMIAKT OCTAETCSI KOMIIAKTOM, B KaKoe Ol fosiee MIpoKoe Xayc-
}ltﬁp(bOBO NPOCTPAaHCTBO MBI €I'0 HY BKJIIOYAH.

Teopema 5. Beakmif koMnakT npencrapiisieT coBoi HOpMAaJIbHOE
MPOCTPAHCTBO.

Jokazarennctso. lycrs X u Y — npa HenepeceKaronmxcs
3aMKHYTBIX nonMHOXKecTBa KoMnakTa K. [loBTopus paccyxnenus, npo-
BEJEHHBIE B JOKA3aTE/bCTBE MPEIbIIYLIeH TeOpeMbl, JIETKO yOemMUThCs
B TOM, 4TO AJIf KaXJOH TOYKY y € Y CYyIIEeCTBYIOT Takas ee OKPecT-
HocTh Uy n Taxoe orkpbiToe mMuOxkecrso Oy D X, uro U, N O, = @.
Tem caMbIM [OKA3aHO, YTO BCAKUM KoMmakT perynsipen. [Iycts reneps
y npoberaer MHOXecTBO Y. Beibepem us noxpertus {Uy} muoxectsa Y
KoHe4Hoe nomunokpbirue Uy, , ..., Uy, . Torna orkpeiTele MEOKECTBA

oY =u,n---nU,, u 0P =U, u.--UU,,
OyoyT yHOBJIETBOPATE YCJAOBHUSM
oW s X, 05y u 0WNnO® =g,
a 3TO U O3Ha4vYaer HOPMAaJIBHOCTS.

2. HenpepbiBHBIE 0TOOpPaXKEHHST KOMIAKTHBIX IIPOCTPAHCTB.
HenpepriBHble oTOOpaxKeHuss KOMIAKTHBIX TIPOCTPAHCTB, B YaCTHOCTH,
KOMIIAKTOB, OOJIANAI0T PALOM HUHTEPECHBLIX U BAXXHBIX CBOUCTB.
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Teopema 6. HenpepsiBubli 06pa3 KOMIIAKTHONO HOPOCTPAHCTBA
eCcTh KOMIIAKTHOE NPOCTPAHCTBO.

Hoxasarenbcrto. Ilycts X -— KOMIAKTHOE IPOCTPAHCTBO U f —
€ro HenpepbIBHOE OTODpAKEHHE B TOMOJIOTMYECKOE NPOCTPAHCTBO Y.
PaccmorpuM xakoe-nu6o nokpwitue {V,} obpasa f(r) orkpbiTsiMu
B f(z) maoxectramu. Homoxum U, = f~1(V,). Muoxectsa U, OTKpbI-
Thl (Kak npooBpasbl OTKPBITHIX MHOXECTB IIPH HElmpepbiBHOM oTobpa-
JKeHun) U oOpasyT nokpbithe npocrpanctsa X. VI3 9Toro noxportust
MOXKHO BBIOpaTh, B CHMJIy KOMIMAKTHOCTH X , KOHEHHOEe NoMokpeiTae U,
..., Un. Torma muoxectsa Vi, ..., V,, tne V; = f(U;), noxpheIBaOT BECh
obpas f(X) npocrpancrea X.

Teopema 7. BzauMHO OAHO3HAYHOE H HEIIPEPBIBHOE OTOODAaXKEHUE
@ Kommakta X Ha xaycnopgoso npocrpanctso V. ecth romeoMopghusM.

JdoxasarenscrBo. HyxHo nokasars, 4TO M3 yCJIOBHIl TeopeMbl
BLITEKAET HEeNpepLIBHOCTL 06paTHoro oTobpaxenus ¢~ t. Iycts F —
3aMKHyTOe MHOXeCTBO B X u P = p(F) —— ero obpas 8 Y. B cuny npe-
JpLayueit TeopeMbl P — KOMIAKT M, CJIEH0BaresbHo, P 3aMKHyTO B Y.
Taxum o6pasoM, poobpas npu 0TOBPAKEHNH ¢~ | BCAKOrO 3aMKHYTOTO
MuoxecTBa F' C X 3aMKHYT. A 3T0 1 03HA4YAET HENPEPBIBHOCTH 0TOOpa-
JKEHUST <p_1.

3. HenpepsiBHble W noJgyHenpepsisHble (GYyHKIHMH Ha KOM-
HaKTHBIX [IpOCTpaHcTBaX. B npenplaymeM NyHKTe pedb Hijla O He-
OPEPBIBHBLIX OTOOPAXKEHMSIX KOMIIAKTA B XaycHopdhOBO NPOCTPAHCTBO.
YacTHBIM CJIy4YaeM TakuxX OTOOpaKeHU#l ABJIAIOTCA OTODPAXKEHUA KOM-
NaKTOB B YUCJIOBYIO NIPSAMYIO, T.€. YUCAOBbIE (PYHKIMHM HA KOMIAKTAX.
Jis rakux GyHKUUM COXPAHIIOTCA OCHOBHBIE cBOHCTBa DyHKUMH HA OT-
pesKe, M3BECTHBIE U3 AHAJIN3A.

Teopewma 8. Ilycrs T — komnaxTHOe NpOCTpaHCTBO 1 f — Hemnpe-
PBIBHAsT HA HeM 4ucJioBas ¢gyHxuusi. Torna f orpanudena na T u go-
cruraer Ha 1 BepxHel u HHKHEH rpaHe.

HoxazarenbcrBo. HenpepbiBHasi (HyHKIUsST €CTb HENpEpPLIBHOE
orobpaxkenue T B umciionyio npamyio R. O6pasz T B R B cuny obueit
Teopembl 6 koMnakTeH. Ho, Kak 4YUTATEsII0 M3BECTHO U3 Kypca aHaJlu-
3a (cM. Taxxke n. 2 §7), KOMIIAKTHOE ITOJAMHOMXECTBO YHCJIOBON mpaMoit
3aMKHYTO 1 OTPAHUYEHO U HOTOMY HE TOJIBKO HMEET KOHEUYHbIe BEPXHIOI0
1 HIDKHIOIO I'PAHM, HO M COIEPIKUT 3T rpaHu. Teopema goka3aHa.

Yupaxuenue. Ilycrs K -— xoMIIaKTHOE METPHYECKOE IIPOCTPAHCTBO
u A — Taxoe oroGpaxenue K B ceba, uro p(Ax, Ay) < p(z,y) npu = # y.
IToxasars, uro orobpaxkenne A umeer B K eIMHCTBEHHYI0O HENOABHU X HY 10
TOYKY.



8 6. Komnaxmuocms 111

Y1eepxkaenus nocseaHelt TeopeMsl gonyckaiT obobuerue 1 Ha 6ostee mm-
pokuit xjacc dyHxUMil, & EMEHHO, HA TAK HA3BIBAEMBIE IOJIYHEIDEPBIBHBIE
byHKIHY.

Oyuknua f(r) HAsLIBAETCH noayHenpepbienot chusy (ceepry) B TOYKE g,
ecsin ot J1o6oro £ > () cylecTByer Takast OKPECTHOCTb TOYKHU Lo, B KOTOpOH
f(z) > f(zo) — & (coorsercTBenuo, f(z) < f(zo) + €).

Hamnpumep, GyHruns «uesias 4acts 0T r», f(z) = E(z) nosyHenpepnisHa
ceepxy. Econ ypennunts (ymenbmuTs) 3Hadenue f{zo) nenpepnisuoft ¢pyHK-
UMy B Kaxoh-1mbo opHO# TOUKE To, TO Mbl IEOJLY YUM I10JLy HEIIPEPLIBHYIO CBEp-
xy (causy) dbyukuuw. Ecsm f(z) nonysenpepsisia cepxy, To — f(z) nosyue-
npepbiBHA CHU3Y. DTH JBa 3aMEYaHUsl HO3BOJIAT CPa3y NOCTPOUTh GOJIbHIOE
9HCJI0 IPHMEPOB NOJIYHENPEPbIBHEIX QYHKIUH.

Ilpy usydenun CBOHCTB NOJTYHENPEPHIBHOCTH JIeHCTBHTEIBLHBIX (ByHKIUH
y100HO DOmycKaTh 4Jis HEX GeckoHednple 3nakcHma. Ecm f(zo) = —oo, TO
dyuknuo f BygeM cauTaTh NOJIYHENDPEPLIBHOH CHM3y B TOYKe To; €CJIM Xe
ass moboro h > 0 uMeeTca OKpPecTHOCTL TOYKH Zg, B KoTopo# f(z) < —h, To
byneM cunTarb, 4To QyHKIMA f NOJYHENPEPLIBHA U CBEPXY B TOYKE Ig.

Ecnu f(zo) = +00, 10 bysxmuo [ GyaeM CYUTATH NOJTy HEIPEPLIBHOM cBep-
Xy B Zg; €CJIH ke a71s Jioboro h > ( uMeeTca OKPEeCTHOCTD TOYKU Tg, B KOTO-
poit f(x) > h, 10 6ymem cunTaTh, YTO PYHKIHA f MOJYyHENDPEPHIBHA M CHU3Y
B TOYKE Zg.

Ilycrs f(x) — neticreurenbias GyHKUUS HA METPUUCGCKOM IPOCTPAH-

cre R. Bepznum npedesom f(zo) dyuxkmuu f(z) B Touke To HA3BIBAETCH

BesinyuHa (KOHevyHas uiu Geckomevnas) lim| sup f(z)} Husenud npe-
e+0*eeB(zp,c)

dea f(xo) onpenesmeTcsa aHaJOrHYNO C 3aMeHOH BepxXHeli FPal Ha HIK HIOW.
Pasnocts wf(zo) = f(zo) — f(zo) (ecru ona umeer cMuics, T.e. ecam YmCIA
Fflzo) f(xo) He paBubI 6eCKOHEYHOCTH OXHMOrO 3HAKA) HA3BIBACTCA Ko.eba-
nuem pyuruun f(z) B Touke Tp. Jlerko BUAETH, UTC AJiA HEHPEPLIBHOCTH
f(z) B Touke T HEOGXOAMMO M AoCTATOYHO, YTOOB wf(xo) = 0, T. e. 4TOOHI
—o0 < f(wo) = f(zo0) < 0.

Hna yooGoft pynxumu f(z), 3asasnodl Ha METPHYECKOM IPOCTPAHCTBE,
byuxuma f(z) nosysenpepeBua csepxy, a (ysxnus f() HOJIyHENpepHIBIA
cHU3y. DTO JIEPKC BHITCKACT I3 ONPEICJICHIS BEPXHEr0 ¥ HINKHETO IIPEIEsIOn.

PaccmoTpum MeTpuyeckoe IpocTpascTBo M, 3/1eMEHTaMH £ KOTOPOro CJLy-
XKAT BCe ZeHCTBHTEIbHBIE OrpatudeHHble GYHKI AN {t), 3aJaHHbIE HA CErMeH-
re [a,b]. Metpuky B M 3amamumM paBeHCTBOM

plz,y) = plp, ) = sup le(t) — v (@)

aLt<h
Oyuxuun va M, Kak 310 00bIMHO JeJ1aeTcs, HYIEeM HA3bIBATH HYHKYUOHAAAMLUL,
4TO0BI OTJIMYATH MX OT GyHKkuuit p(t) — aaementos M.

PaccmorpuM onuu BaxHBI HPUMED MOJIYHEIPEPBIBROTO GYHKUMOHAIA.
Onpenesum gnuny xpusolt y = f(z) (e € z € b) xax dbysknuonasn

Lo(f) =sup 3 /(o = zi-0) + () = [@i-1)?,
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Tle BEPXHAA rpaHb (KOTOpas MOXeT ObITh paBHa +00) Geperca mo BCEBO3-
MOXHBIM pa30ueHusiM oTpeska [a,b]. DToT GYHKUNOHA OUpEIesIeH Ha BCEM
npoctpancTse M. s HenpepbIBHBIX (yHKUuH OH COBNAJAeT CO 3HAYEHUEM
npenesa

lim Z\/(z, —zi—1)? + (f(zi) = fzic1))?

max |x; ~z; . 1}—0

Haxkownen, gas (byﬂxmm C HEIPepBIBHOII NPOM3BOLHON €ro MOXHO 3aItucaTh

B BHIE
b
/ 1+ F23(z)dz.

®ynxumonan L8 (f) nosysenpepoipen cuusy B M, 4TO JIerKo CIEAyeT M3 €ro
onpeneseHus.

Ha nonynenpepsisnbie dhryuxiuu o60o0uaercs yCraHOBJEHHAA BbIILIE TEO-
pema.

Teopema 8a. IonyuenpepriBuaa cuuzy (cBepxy) KOHeYHaA QyHKIHA
na xomnaxtaom Ti-npocrpancrse T orpanmyena cunzy (CBEpxy).

HelicTBuresisno, gonycruM, 470 inf f(z) = —oo. Toraa cymecrsyer Takad
MOCJIENOBATEILHOCTE {Zn }, 910 f(z,) < —n. Ilockoseky mpocrpascrso T’
KOMIIAKTHO, ero GeCKOHCYHOE MHOKECTBO {, } umeer (B Cily TEOpeMHI 2) X0-
151 6b1 ONHY NPEeJesIbHYIO TOUKY Zo. 110 npennosioxenno, GyHkuuA f KOHeYHA
¥ TIOJTY HEIIPEePHIBHA CHU3Y; I03TOMY Haliaercs Takas okpecTHOCTs U TOYKH Zo,
aro f(z) > f(zo) —1 npu z € U. Ho torga oxpecrrocts U MOXeT COnepxaTh
JIHIUb KOHEYHOE€ YUHCJI0 TOYEK MHOXKECTBa {Zn}, a 9TO IPOTHBOpEYUT TOMY,
YTO TOYKA Lo — NPENeSIbHAS AJIA 9TOr0 MHOXKECTBA.

AHaJIOrMYHO JOKa3bIBAeTCA TEOpeMa M IJIA CJlydas IOJIyHeIPepbIBHOM
cBepxy GbyHKUHH.

Teopema 86. ITosynenpepriaas cHH3Y (CBepxy) KOHeYHAA PYHKIHA HA
xommaxtHoMm Ti-npoctpancrse T pocruraer cpoeif HuxHel (Bepxaell) rpann.

TIlycts dbyukuua f(z) nosyHenpepbiBHa cCHu3y. Torga mo Teopeme 8a oHa
HMEeeT KOHEYHYIO HIXKHIOIO I'DaHb, ¥ CYIECTBYeT TaKasi [I0CJIe/IOBATETbHOCTD
{zn}, uro fzn) < inf f(z) + 1/n.

ITockospky T KOMIAKTHO, MHOXKECTBO {Zn } UMEET NPEXeIBHYIO TOUKY Zo.
Ecnu 6u1 66010 f(x0) > inf f, To, B cuny nosyHenpepeiBHocTH hyHKIuM f
CHHU3Y, HAULTHCh 6Bl Takasa OKpecTHOCTH U Toukm zo M Takoe 6 > 0, uro
flx) > inf f + 6 npu z € U. Ho rorma oxpecrrnocts U He Moria 6wl co-
epXaTh HUKAKOro 6eCKOHEYHOr0 MOAMHOXKECTBA MHoxecTBa {I,}. Cienosa-
Tesibno, f(zo) = inf f, uro u TpeboBasiocs HOKA3aTh.

4. CyerHass KOMOAKTHOCTE. BBemeM cienywluee oupenesenue.

OQupenenenue. IIpoctpancTtBo 7' HA3BIBACTCH CHEMHO-KOMNAKT-
HbLM, €CJTU KAXK JI0€e ero HeCKOHeYHOoe IIOJMHOXKECTBO HMEET XOTs ObI OfHYy
IIPEAesIbHY IO TOUKY.
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Hokazannas B 1. 1 TeopemMa 2 03HAYAET, YTO BCSKOE KOMIAKTHOE
NIPOCTPAHCTBO cYeTHO-KoMnakTHo. ObparHoe, BoOOIE rOBOPSI, HEBEPHO.
Bor «TpanuumoHnbiity npuMep CYeTHO-KOMNAKTHOrO, HO HE KOMIAKT-
HOT'O HPOCTPAHCTBA. PaccMoTpum MHOXKeCcTBO X BCEX NOPSAKOBBIX “H-
cesJ ¢, MEHBIMX TEPBOr0 HECHETHOTO HOPAAKOBOrO uucja w;. Haso-
Bem maTtepBasioMm (a,3) B X COBOKYNHOCTH BCEX MOPAAKOBBIX M-
ceJl ¥, YAOBJETBOPAKIIMX HepaBeHcTBaM a < ¥ < (. OTKpBITBIM MHO-
)KecTBOM B X HasoBeM OfybequHEHUE IIPOU3BOJILHOIO Y1C/1a HHTEPBAJIOB.
JIerko mpoBepuTh, YTO NOCTPOEHHOE NPOCTPAHCTBO CYETHO-KOMIIAKTHO,
HO He KOMIAKTHO.

CootHowerne Mexay NOHATUIAMYU KOMIAKTHOCTY U CYETHOH KOM-
NaKTHOCTH CTAHOBHUTCSA SICHBIM M3 CJIEAYIOIEeHl Teopemsbl.

Teopewma 9. g roro 4r06s TONOIOIHIECKOE NPOCTPAHCTBO BbLIO
CYETHO-KOMITAKTHBIM, HEOOXOOQHMO H AOCTATOYHO JIFOO0E H3 CJICAYIOUIHX
ABYX YCJAOBHH:

1) Kaxuaoe cyerHoe OTKphITOE NOKPBITHE NpocTpancTa T conep:xxuT
KOHEYHOE MOIIIOKPHITHE.

2) Kaxxpas cuerHas DEHTPHPOBAHHAA CHCTEMA 3AMKHY THIX MHOXECTB
B T nMeer HellyCcTOE HEPECEYEHHE.

Hoxasareabcrso. PaBnocuibhocts ycnosuii 1) u 2) Henocpen-
CTBEHHO cJenyeT u3 coortHomenudl apoitcrsennocru. agee, ecoim T
He CYEeTHO-KOMIAKTHO, TO, HOBTOPUB PACCYXICHHWHA, NPOBEIEHHBIE IPH
JIOKa3aTeNBCTBE TEOPEMBI 2, MBI TIOJTy9MM, 9TO B T’ CyIIECTBYET CUeTHAA
UEHTPUPOBAHHAA CHCTEMA 3aMKHYTHIX MHOXKECTB C IIyCThIM I€PECedenn-
eM. Tem campbiM nocTarounocTh yesioBus 2) (a sHaqut, u 1)) ycraHoge-
Ha. Jokaxem HeobxomuMocTs yeaosus 2). [Iycts T ¢H4ETHO-KOMIIAKTHO
u {F,} — c49eTHAsA UEHTPUPOBAHHAA CHCTEMA 3AMKHYTBIX MHOXKECTB

n
B T'. Ilokaxem, uro (| F,, # @. Oycre &, = (] F. fAcuo, aro BCe &,
n k=1
3aMKHYTBI, He OYCTHI (B CHI1Y LeHTpupoBansocty {Fy,}) u obpasyior ue-
Bo3pacrawoiyio cucreMy ®; O ®5 D ... nuro ()P, = [ F,. Bosmoxusr
n n

JIBa CJLy4ast:
1) Haunnas ¢ HEKOTOPOro HOMEpPA. T
(b’no = q’n0+l =
Torna, ouesuano, [ ®, = &, # .
mn
2) Cpenu ®,, nMeerca GECKOHEYHO MHOTO IIOITAPHO pasauyHbx. [lpn

3TOM JIOCTATOYHO PACCMOTPETh CJiydall, koraa Bce $,, pazyiuddbl MEX Y

coboii. Ilycrs
Ty € q’n \ <I’n+l .
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Hocsienosarenprocts {x,} npencrasisier coboit GeCKOHEYHOE MHOMNKeE-
CTBO PAa3IMUHBLIX TOYeK M3 T'; B cuiry cyeTHON kxommaktHoctH 1 OHA
JIOJIKHA UMETh XOTA ObI OJ(HY NPENEsIbHYIO TOYKY, CKaXKeM, Tg. TaK kak

P, COJIEPKUT BCE TOYKU Ty, Tnt1,---, TO Lo — MpeAesbHAS TOUKA IJId

®,, u B cuny samxuyrocru 8, zg € ®,. Caenosarensuo, (|8, 3 zo,
n

r.e. 9, #£ 2.

n

Taxkum 006pa3oM, H KOMIIAKTHbIE, U CYETHO-KOMIIAKTHbIE IIPOCTPAH-
CTBA XapPaKTEPU3YIOTCS <«IOBEIEHMEM» CBOUX OTKDBITBIX NOKPBLITHI.
U B TOM, ¥ B IpyroM CJy4ae u3 OTKPBHITOTO IOKPBLITHUA MOXKHO BbIOpaTh
KOHEYHOe, HO B IIePBOM CJIy4ae pedb MJET O JIHOOLIX IOKPBITUAX, & BO
BTOPOM — TOJIBKO O CYETHBIX.

Xora B obmeM ciayvae U3 CYETHOH KOMIIAKTHOCTH KOMIIAKTHOCTh
He BBITEKAET, MMeeT MecTo chienymomuit daxrt.

Teopema 10. st npocrpaHcTB co cyeTHOH 6a30# NMOHATHA KOM-
NMaKTHOCTH U CYETHOH KOMIAKTHOCTH COBIAIAIOT.

HefcTBUTEIIBHO, U3 JIIOOOr0 OTKPBITOrO NOKPLITHA NpocTpascTBa 1,
UMEOMIEro CYeTHYO 6a3y, MOXKHO BbLIGPATH CYETHOE MOANOKPLITHE (TEo-
pema 5 § 5). Ecou xxe T K ToMy k€ M CYETHO-KOMIIAKTHO, TO U3 3TOrO
OCJIEAHEr0 MOXKHO B CUJIYy NIpenblayuieit TeopeMbl BBIOPATH KOHEYHOE
nognokpeiTie. TeMm camMbiM yCTAHABAUBAECTCS, YTO 1 KOMIAKTHO.

3amevanue. IHoHsaTue CUeTHON KOMHIAKTHOCTH TOIOJIOTHYECKOIO
IPOCTPAHCTBA OKA3aAJI0Ch HA CaMOM fieJie (B IPOTHBOBEC KOMIIAKTHOCTH)
HE OYeHb YJAYHBLIM M ecTectBeHHbIM. JHO BO3HHKJIO TAK CKA33Thb <IIO
uHepuru». I1es1o B TOM, 4TO AJIsI MeTPHYECKHUX TIPOCTPAHCTB (KaK U 115
IIPOCTPAHCTB CO CueTHOM 6a30i) 5T ABa NOHATUA COBHANAIT (310 Oy-
JIET TI0Ka3aHO B cyenyiomeM naparpade). Ilpn 3ToM A1a MeTpHYECKHX
I POCTPAHCTB MOHATHE KOMIIAKTHOCTH OBILJIO TOHAYAJY JAHO MMEHHO KaK
HaJIMYHe y KaXKJ0ro GECKOHEeYHOrO NMOAMHOXKECTBA NPEIeSIbHOY TOYKH,
T. €. KK OlpeIesieHIe CYETHOH KOMIAKTHOCTH. «ABTOMaTHYecKuil» ne-
PEHOC TOr0 OHPEIesIEHAA C METPUYECKOro CJIydas Ha TOMOJIOrHYecKuit
U [IPUBEJI K MOHATHIO CYETHO-KOMIIAKTHOIO TOIIOJIOIMYECKOrO IPOCTPaH-
crea. MlHorpa B siureparype, ocobeHno 6oJsiee CTapoi, TEPMHUH KKOM-
[AKTHOCTb®» IMOHUMAETCH KAK «CYETHAs] KOMIIAKTHOCTB», & TOIOJIOTHU-
YeCKOoe NPOCTPAHCTBO, KOMHAKTHOE B HALIEH TEPMUHOJIOTHH, T. €. TAKOe,
73 KaXKJIOTO OTKPLITOrO MOKPHITUSA KOTOPOIO MOXKHO BBIAETHTH KOHEY-
HO€ [IOAIIOK PBITHE, HA3BIBAETCS Huxomnaxmuoim. 1Ipy 9TOM KOMIIAK THOE
xaycaopdoBo NpoCTPaHCTBO (T. €. KOMIAKT) HMEHYETCA OUKOMNAKINOM,
a TEepMHH «KOMIIAKT» PE3epBUPYETCs AJia 0O03HAYEeHUA MeTpHUuHec-
KOr0 KOMIAKTHOIO IMPOCTPAHCTBA. MBI OyIeM IpUIEepKUBATHCS TEX
TEPMHHOB (KOMIIAKTHOCTb, CYETHAST KOMIIAKTHOCTD), KOTOPHIE BBEIEHBI
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BbIlIE;, OPX 3TOM MBIl U KOMIAKTHBIE€ METPHYCCKHE NPOCTPAHCTBA
TAKIXKe 6yneM Ha3biBalb KOMNDAaKTaMM, a B Tex caydadaX, Korjga Ha-
JINYHUE METPHUKH XKCJIATEJIbHO CNeINaJIbHO IOAYCPKHY Th, ~— «METMPUYEC~
KUMU KOMTIAKTNAMUD.

5. HpenxommnakTHble MHOXKecTBa. Ecim mMHO)ectBo M, mexa-
ee B HEKOTOPOM xayciopdosom npocrpanctee T, He 3aMKHyTO B T, TO
M we moxer ObiTh KoMnakTHO. Hanpumep, HH O/IHO K3 HE3AMKHYTBIX
MOAMHOXKECTB 4HMca0Boll npamolt He ABAsieTcsa komnakToMm. Moxker, on-
HAKO, 0OKa3arbCs, 4T0 3aMmbikanue [M] raxoro muoxecrsa M 5 T yxe
obsianaer cBOHCTBOM KOMNakTHOCTHA. Hampumep, 3ToMy yCJIOBHIO YIO-
BJIETBODPHAET Ji1I0060€e OrpaHUYEHHOE IIOIMHOXKECTBO Ha YUCJIOBOMH
OpsSAMOR MJIM B N-MEPHOM NPOCTPAHCTBE. BBeleM cieayioluee onpeesie-
HHE.

Onpenesnenue. Muoxecrso M, Jsiekaiee B HEKOTOPOM TOIIOJIO-
[MYECKOM NpocTpaHcTBe 1, Ha3biBAETCH npedkomnaxmusim (LM KoM-
naxmuusm omuocumenvno 1), ecim ero 3ambikanue B T KOMIOAKTHO.
Ananoruduo, M Ha3BIBACTCS cuemHo-npedkomnaxmmoim B 1T, €CITH BCSI-
Koe HeckoHeyHOoe noaMuoxkecTBo A C M umeer xoTs Dbl ONHY 1IPEIEIIb-
HYIO TOYKY (KOTOpAsi MOXKeT MIPUHAIJIEXKATh, HO MOXKET i He IPUHAJLIE-
xath M).

[NousiTe NPENKOMIAKTHOCTH (B OTJIAYNE OT KOMIAKTHOCTH) CBA3A-
HO, OYEBUIHO, C T€M NPOCTPAHCTBOM 7', B KOTOPOM Mbl IJAHHOE MHO-
KecTBO paccMmarpuBaeM. Hampumep, MHOXKECTBO PALMOHAJILHBLIX TOYEK
B naTepBase (0,1) NIpeaKOMNAaKTHO, €CJIM €r0 PACCMATPUBATD KAK MOJ-
MHOXKECTBO YHCJIOBOH mpsiMoit, HO OHO He OyleT NPEeNKOMITAKTHBIM KaK
MMOAMHOXKECTBO NPOCTPAHCTBA BCEX PALMOHAJIBHBIX YHUCEJT.

HousaTe NpeaKOMNAKTHOCTH HAaubOJIee CYIECTBEHHO B CJIydae MeT-
PUYECKUX TIPOCTPAHCTB, O YeM OyleT UOTH Pedb B CJIeNYIOWEM Hapa-

rpade.

§ 7. KoMnakTHOCTh B METPHYECKHX NPOCTPaHCTBax

1. ITonuas orpanuyeHHOCTb. [JOCKOJIBKY METPUYECKHE IPOCTPAH-
CTBa INPEACTABJIAIOT COBOI YacTHBLIN Cjy4ail TONOJIOTMYECKUX, HA HUX
pacCIIPOCTPAHAIOTCA T€ ORpeesieHusi ¥ (DaKThi, KOTOpPbIE OLLIN H3JI0Ke-
HBl B npenbiayineM naparpade. B merpryeckom ciiyvyae KOMIIAXTHOCTD
TECHO CBA33HA C IOHATUEM NOJIHOW OrPAaHUYEHHOCTH, KOTOpOe
MBI cefiuac BBeneM.
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Iycte M — HeKOTOpOe MHOXECTBO B METPUYECKOM IIpocTpascTee R
U € — HEKOTOPOE TMOJIOKHUTEIbHOe Yucsio. MHOxecTBo A u3 R HasbiBa-
ercs e-cemuito i M, ecnu joia noboit rouku @ € M Halimercsa XoTs
66t onHa TOUYKA @ € A, Takas, 9To

p(z,a) <e.
(MuoxecTBo A He 00A3aHO CONEPXaAThCs B M U MOXKET Jaxe He UMETh
¢ M uu ogHoit obuieil Touku, onHako, uMmes isi M HeKOTOpYO £-CeThb
A, MoXxHO nocTpouts 2e-cets B C M)

Hanpumep, uesiounciienHble TOYKM 0OPa3ylOT HA  IJIOCKOCTH
1/v/2-cerb. MHuox)ecTBo M HA3BIBAETCH GNOAHE 0ZPAHUMEHHBLM, €CITH
17is1 Hero mnpw JioboMm € > 0 cymiecTByer KOHedHas g-cerb. flcHo,
YTO BIIOJIHE OTPAHUYEHHOE MHOXKECTBO 00513aTe/IbHO OrpaHHYeHo, Kak
CYMMAa KOHEYHOI'O YHCJIa OrpaHudeHHbIXx MHOXecTB. O6parHoe, BooOue
roBOpsi, HEBEPHO, KaK NOKA3bIBAET IIPUBOIUMBIN HuKe npumep 2.

Yacro 6b1BACT MOJIE3HO CIEAYIOMEE OYEBUIHOE 3aMEHaHIE: eCAU MHO-
arcecmeo M enoane ozpanuneno, mo ezo samuxanue [M] maxoce snoane
02PAHUNENROD.

W3 onpenesienyist NOJIHON OrpaHUYEHHOCTH CPa3y CJIEAYET, YTO ECAU
camo mempuneckoe npocmparcmeo R enoane ozpanuveno, mo oo ce-
napabesvro. JHeiicTBUTEILHO, OCTPOUM JIJIsT KAXKJ0T0 n B R KOHEUHYIO
1/n-cerp. CymMMa uX IO BCEM n NPENCTABIISIET COOOH CUETHOE BCIOHY
miorHoe B R mHoxecTBo. [lockosbky cenapabesibHOE MeTpUYeCKoe Ipo-
CTPaHCTBO NMeeT cYeTHY0 6a3sy (Teopema 4 § 5), MbI Nosiy4aeM, 4TO 8cs-
KOE BNOAME 0ZPAHUMEHHOE MEMPUNECKOE NPOCTPAHCINGO UMEETN CNeM-
HYy10 6a3y.

Ilpumepsnt. 1. B n-MepHOM €BKJIMIOBOM IPOCTPAHCTBE ITOJIHAS Or-
PAHUYEHHOCTh COBHAZAET C OOBIYHOH OrPAHWMYEHHOCTBHIO,
T.€. ¢ BO3MOKHOCTBIO 3AKJIIOYUTH JAHHOE MHOXKECTBO B JIOCTATOYHO
Goapmol ky6. HeltcrBuresibHO, eciu Takoit Kyd pazburs Ha KyOmknu
¢ pebpoM &, TO BEPUIMHBI 3TUX KyOHKOB OyayT 00pa30BbIBATH KOHEUHYIO
(v/n/2)e-ceTs B mcxonHOM Kybe, a 3HAYUT, ¥ HOJABHO, JIO0OM MHOXKE-
CTBE, JIEKAIEM BHYTPHU 3TOro Kyda.

2. Enunuunas cdepa S B npocTtpaHcrse ls JaeT HaM IpuMep orpa-
HHYEHHOr0, HO He BIIOJIHE OrPAHHYEHHOro MHOXKeCTBa. JeficTBUTeNIBbHO,
paccMoTpuM B S TOYKH BUIA

er = (1,0,0,...,0,0,...),
es = (0,1,0,...,0,0,...),
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Paccrosinue Mexnay JTi0ObIMM ABYMsl TAKUMM TOUYKAMHM €, H €
(n # m) pasno v/2. Orciona Buamo, 4ro B S e MOKeT GbITh KOHeuHOU
E-CETH HH TIPU KAKOM € < \/5/2

3. Pacemorpum B {3 muoxkectso II touek z = (#1,..., Tn,...), OI-
YHHEHHLIX YCJIOBHAM
lz1] <1, |z €1/2, ..., |za] < 1/2770 L.

9TO MHOKECTBO HA3LIBACTCH OCHOBHBM napaascaenunedom («ruisdep-
TOBBIM KHPIIHYOM» ) npocTpancTsa lz. OHO c1yKuT npuMepoM Geckonetd-
HOMEPHOTO BIIOJIHE OTPaHH4YE€HHOro MHOXKecTBa. [ noKasarenncTna
€ro HOJHON OI'PAHMYEHHOCTH ITOCTYIINM CJIEYIONIHNM 00PasOM.

ITycts € > 0 sanano. Beibepem n tax, yro 1/2"71 < ¢/2. Kaxnoi

TOYUKE
T=(Z1,. Tmy---) (1)

u3 II comocraBum TOUKy

“ * e /

¥ =(z1,...,2n,0,0,...) (2)
U3 TOro ke MHOxkecTBa. [Ipu sTom

[e¢] o
plrat)= | 3 A<D < <
k=n-+1 k=n

Muoxecteo II* Touek Buga (2) u3 II Bnosiie orpanuveno (kaxk orpasi-
YEHHOE MHOXKECTBO B M-MEPHOM npocrpascrise). Bribepem B I1* xoueu-
HYI0 €/2-cerb. flcHo, 910 OHa Gy/er B TO e BpeMst -Cerbi BO BeeM I1.

2. KoMOakTHOCTS 4 MOJIHAA OrPAHHYEHHOCTbD.

Teopema 1. Ecin Mmerpudeckoe 1IpocTpascTBo R c4eTHO-KOMIIAKT-
HO, TO OHO BIIOJIHE OFPAHHIEHO.

HoxkasatenbcTo. [lpeanosioxkum, uro I He BHOJIHE OrPAHIYCHO.
D70 3HAYMT, YTO ITPU HEKOTOPOM £g > (0 B [l He cymecTByeT KOHEUIHOH
gg-cetu. Bospmem B R npoussBosibHyio TOouky a;. B R nalinercst xora
Obl OHA TaKasl TOYKA, CKAXKEM, A, 9TO pla,az) > €p (MHAYME TOYKA a4
6b1a Gb1 £g-cetbio st R). Hanee, B R waliyierca takasa ToYka ag, 9T0
plai,az) > ep u plaz,az) > €p, WHAYE DApa TOYCK Ay, az Obia Ol
gg-ceTh1o. Ecsiu Touku ay, . . ., 0 yKe GUKCUPOBAHDI, TO BLIOEDEM TOUKY
ap4+1 € R tax, 910 plai,apt1) >0 (1 = 1,..., k).

DTO NoCTpoeHue Jaer HaM OECKOHEUHYH IMOCJIEN0BATENILHOCTD ¢,
az,..., KOTOpasg HE uMMeEeT HM OIHOHM npenesbHOH TOYKM, IOCKOJILKY
plai,aj) > €9 upn i # j. Ho torna R ne c4erHO-KOMNAkTHO. Teope-
Ma JOKa3aHa.

MNrax, Mpl noKazaM, 4TO JUI1 METPUYECKUX NPOCTPAHCTB CYeTHAA
KOMIIAKTHOCTb BJIEYET MOJIHYIO OrPaHUYEHHOCTb, KOTOPAs B CBOIO OYe-
pens BJIeYeT HAJIMYUE CYeTHOH basbl.

B cuy Teopemsl 10 § 6 oTcrona nosiy4aeM Takoi BaKHbIH pe3ysibTaT.
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Cunencreue. Besakoe cHeTHO-KOMIAKTHOE METPHYECKOE NPOCTPAH-
CTBO KOMIIAKTHO.

Mel oKasasu, YTO NOJIHAS OrPAHKYEHHOCTh €CTh Heobxonumoe
YCJIOBUE KOMIAKTHOCTH METPHYECKOTO POCTPAHCTBA. DTO yCJIOBHE HE
AOCTATOYHO; HAIPAMEP, COBOKYIHOCTh PALMOHAJIBHBIX TOYEK OT-
peska [0,1] ¢ oOblYHBIM ONpPENE/IEHMEM PACCTOSHUS MEKLY HUMHU €CTb
BIIOJIHE OTPAHHYEHHOE, HO HE KOMIIAKTHOE NPOCTPAHCTBO: IOC/ICAOBA-
TEeJILHOCTB TOYEK YTOrO HPOCTPAHCTBA

0; 0,4; 0,41; 0,414; 0,4142; ...,

T. €. NOCJIENOBATELHOCTh AECATHYHBIX NpUOJIMKEHUR ducaa V2 - 1,
He ¥MeeT B HeM mpenesbHol Touku. OHAKO MMEET MECTO CJIEAYIoILAsd
TeOpeMa.

Teopema 2. Qs Troro 9Tobbl MeTpHIECKOE HIPOCTPAHCTBO R 6bL10
KOMIIAKTOM, HEOOXOIHMO H AOCTATOYHO, YTOOBI OHO ObLIIO OQHOBPEMEH-
HO!:

1) Bmoame orpanmvenHsIM,
2) HOJIHBIM.

HokaszarenbcTtBo. HeoOXomuMOCTh MNOJHON OrpaHUYEHHOCTH
yX)e oTMevasiach. HeobXonuMocTh NOJMHOTHL OYeBUOIHA: B CAMOM JieJie,
ecmu {T,} — dyHsaMeHTabHAS NOCJIEN0BATEIBHOCTE B R, He uMelo-
HIas [IPeNesia, TO 3Ta MOCJIeN0BATEILbHOCTh He uMeeT B K Hu onHOH npe-
NeJIbHOU TOYKH.

IMoxaxkem Tenepn, 4To ecau R BIOOJIHE OIPAHUYEHO U IOJHO, TO OHO
KOMIIAKTHO. B cuiy ciencrBust 3 Teopemsbl 1 I 9TOro HOCTATOYHO
YCTAHOBUTH, UT0 J C4€THO-KOMIIAKTHO, T. €. YTO BCAKAA [MOCJIELOBATE b=
HOCTb {Z,} To4ek u3 R umeer X0Ts OBl OHY TPEJIENBHYIO TOUKY.

IMocrponm Bokpyr kaxno# i3 Tovex, obpasyouux 1-cers B R, 3aMK-
HyThl} map panuyca 1. Tak kak 3Tu uwiapbl HOKpbeIBAOT Bee R, a uu-
CJIO MX KOHEYHO, TO IO Kpalineli mMepe omuH U3 HuX, Ha3oBeM ero B,
COMIEPXKUT HEKOTOPYI BECKOHEYHYIO [MOMIIOC/IEN0BATEIBHOCTE zﬁl),...

,zﬁ,l), ... mocrjenosaresibHOCTH {2, }. Jdanee, soibepem 1/2-cets B B,
M BOKPYT KaxKJOH U3 TOYEeK 3710l ceTu mocTpouM 3aMKHYTHI! mwap pann-
yca 1/2. ITo kpaifHeil Mepe OMH M3 THX IIAPOB, Ha30BeM ero Bs, co-
52) (2)

HepKUT GECKOHEUHYIO TOANOCACI0BATEALHOCTD Ly 'y -y Ly s« .. TOCJIE-

(1) o B
nosatesbaocTy {2y’ }. Hastee, Hailiem 3aMKHyTBIH wap B3 ¢ HEHTPOM
B By panuyca 1/4, conepxamuit 6ecKOHEIHYI0 HOAMOCIEN0BATEILHOCTD

(3 3 2
m§ ), ey :rg1 ), . .. TIOCJIE/I0BATEJIbHOCTH {:zs1 )} u T. 0. PaccMoTpuM Teneps

HapALy ¢ KaKIbIM Hmapom B, saMkHyTwIl map A, C TeM Xe IEeHTPOM,
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HO B IBa pasa Oosbiuero paguyca. JIerko Buuers, 910 mapst A, Broxe-
>3

HBI APYT B Apyra. B cuay nosnore npoctpanctsa R nepecetenve [ A4,
n=1

He IIYCTO ¥ COCTOMT M3 ONHOH TOYKU Tg. ITA TOYKA — NPeJe/bHast JIJ1A

ACXOAHON NOCTIeN0BATE/ILHOCTH {Zy, }, TAK KaK KaxKIasl ee OKPECTHOCTh

COIEPXKUT HEKOTOPBIY map By, a 3HaYuT, u BECKOHEYHYK) MOIIIOCIIEN0-

&
BATEJILHOCTD {:L'S, ) } nocnenosarensaocTi {z,}.

3. IlpenxoMnakTHble IOAMHOXKECTBA B METPHYECKHUX HNPO-
cTpaHcTBaX. [loHsTHE NPEAKOMNAKTHOCTH, BBEICHHOE HAMH B IIPEIbl-
AyuweM naparpade 1s OAMHOXECTB HPOU3BOJILHOIO TONOJIOTNYECKOTrO
MPOCTPAHCTBA, NPUMEHHMO, B YaCTHOCTH, K IIOJMHOXKECTBAM MeTpuye-
ckoro npocrpancrsa. Ilpn aToM, o4eBHIHO, TOHSITHE CHeTHON npenkoM-
NAKTHOCTU COBIIAOaeT 31eCh C MOHATHEM NPEOIKOMIIaKTHOCTH. (.)']‘MGTI/IM
caenyoumil mpocToi, Ho BaxkHbIA (akxT.

Teopema 3. [Ins Toro yrobbl MHOXKECTBO M, jrexkaiiee B IOJIHOM
METPDHYECKOM HPOCTPAHCTBEe R, OBLIO NPEeaKOMNAKTHBIM, HEODXOMIHMO
# JJOCTATOYHO, 4TODBI OHO OBIIIO BIOJIHE OIPAHUIEHHBIM.

JlokazaTesbCTBO Cpasy CJenyerT U3 TeopeMbl 2 W TOr0 O4EeBHIHO-
ro (paxTa, YTO 3aMKHYTOE NOJMHOXKECTBO MOJIHOIO METPUYECKOrO IPOo-
CTPAHCTBA CAMO HOJIHO.

3uauenue 3TOH TeOpeMbl COCTOUT B TOM, UTO, KAk IpaBWUJo, Jiere
YCTAHOBUTH IIOJIHYIO OrPAHUYEHHOCTD TOTO UJIM MHOIO MHOMXKECTBA, YeM
HEMOCPEICTBEHHO A0KA3aTh €ro NpelKOoMIaKTHOCTh. Bmecre ¢ Tem ana
NpUMEHEHKI B aHAJIM3e BaXKHA OOBIMHO NPEIKOMISKTHOCTD.

4. Teopema Apuemaa. Bonpoc 0 KOMOakTHOCTH TOrO MK HMHOIO
MHOXECTBA B METPHYECKOM IIPOCTPAHCTBE — JIOBOJABHO PACTIPOCTPAHEH-
Has B aHajiuse 3a0a4a. Mexay TeM, IonbITKa HEIOCPeICTBEHHO TpHUMe-
HUTb TEOpeMy 2 CTAJIKMBAETCHA ¢ TpyAHoCcTAMU. [ToaToMy ia MEOXKeCTB
B KOHKPETHBIX IIPOCTPAHCTBAX MOJIE3HO IATh CHELMAJbLHBIE KPUTEPUN
KOMOAKTHOCTU (MJIM HPEIKOMIIAKTHOCTH ), Dosiee yNoOHbIE HA NIPAKTHKE.

B n-MepHOM €BKJIMIOBOM NPOCTPAHCTBE NMPEIKOMITAKTHOCTL MHOXKEe-
CTBa PABHOCHJIBHA, KAK MBI BHEJH, ero orpasudeHsocTu. OHAKO L1
6osiee 06X METPUYECKUX NPOCTPAHCTB 3TO YKE HEBEPHO.

OpHuM ¥3 BaxkHeHIINX B aHAU3E METPUYECKHX NPOCTPAHCTB SIBJIsA-
ercs npocrpancteo Cla, b]. st ero mogMHOKECTB BEXKHDIA B 4acTO UC-
[0JIb3YeMbI#i KpUTEPUH NPEIKOMIAKTHOCTH HOCTABJISIET TAK HA3LIBAE-
Maa Teopema Apuesa. Yrobwl ee chopMysMpoBaTh, HAM IIOHA~
NO6ATCA Cleyonue NOHATHSA.

CewmeiictBo ® dynkuuil , onpene/IEHHBIX Ha HEKOTOPOM OTPEe3Ke
[a, b}, naspiBaeTCs pasnomepro vepaHUNEHHbIM, €CJIM CYILECTBYET TAKOe
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qncsio K, uro

lp(z)] < K
A7 Beex x € [a, b] u Bcex p € P.
CemeitctBo & = {@} Ha3bLIBAETCH PAGHOCTNENEHHO HENPEPLIGHBIM,

ecan i kaxkaoro € > 0 wabinercs takoe § > 0, 4to

lp(z1) —p(z2)] <&
IJ1st BCeX T1 U Tg U3 [a,b] Takux, uro p(z1,72) < §, n an1s Beex @ € P.

Teopema 4 (Apueusa). dus toro yrobsr cemeitctso ® Henpepss-
HBIX (yHKUMH, onpeneseHHbIX Ha OTpe3ke [a, b], 6b10 npeaxoMrakTHO
B Cla,b], Heo6xonmmo u gocraTodno, 4ro6er 3T0 ceMelicTBO 6bLI0 paB-
HOMEPHO OFPAHHYCHO H PABHOCTENEHHO HEIIPEPLIBHO.

HokazarenscrBo. HeobxogumocTs. Ilycts cemeiicrBo &
npenxomnakTHO B Cla, b]. Torna no npeasuaymeil TeopeMe Qs Kawk10-
ro MOJIOKUTEJILHOTO € B ceMmeiictBe ¢ cymiecTByeT KoHeunas &€/3-ceTb
@1, - -, 0. Kaxnas us byskuuit @;, Kak HenpepsBHAA HYHKUMUA HA OT-
peske, orpadundena: |¢;(z)| < K;.

Honoxum K = max K; + ¢/3. Tlo onpenenenuio £/3-cern, ajisa Bes-
KOro ¢ € ¢ umeem, X0Ts1 ObI JIJIs1 OOHOLO ©;,

plp; s) = maxfp(z) — pi(z)] < e/3.

Cuie1oBaTeabHO,

N

lo(@)] < les(@)| + § < Ki+ § < K.

Wrak, ¢ paBHOMEPHO OrPAHNYECHO.

Hanee, rak xak kaknas u3 GyHrumit @;, obpasyomux €/3-ceTs, He-
[PCPBIBHA, a CJICIOBATE/ILHO, ¥ PABHOMEDHO HenpepbiBHA HA [a,b], To
IUTA JAHHOTO €/3 cymecTByeT Takoe d;, 4To

lpi(z1) — pi(z2)| < /8,
eciu |z — 22| < §;.
Honoxum § = min d;. s npousBosbhoit dynkunu ¢ € & Beibepem
w; Tax, 4Tobbl p(p, i) < €/3; Torma upu |z; — z2| < § Gynem umern

lo1(z1) — p(z2)] < (1) — wil@)] + |pi(z1) — pilz2)|+
+ pi(z2) — p(z2)| <€/3+€/3+¢/3 =¢.

PasnocrenenHass HenpepbIBHOCTE ¢ Takyke IOKa3aHA.
HJocratounocts. [Iycts & — paBHOMEPHO OrpaHUYEHHOE M PAB-
HOCTENEHHO HENpepbIBHOE cemeicTBo dyukuui. B cuny teopembr 3 s
OKA3ATeNILCTBA ero npeakoMiaktaoctu B Cla, b] 10cTaTo9HO 10KA3aTh,
4O npu JiboM £ > 0 gus uero B Cla, b] cymwecrByer koHeuHast £-CETh.
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Iycrs |p(z)] € K nis scex ¢ € ® u nycrs 6 > 0 BuIBpano rak, 410
|e(zy) — w(z2)] < /5 npu |z; — 22| < § ans Beex ¢ € ®. Paszobbem
orpesok [a,b] Ha ocn & Toukamu Ty = a3 < x; < - < Ty = b
Ha IPOMEXYTKH JJIUHBI MEHblIEe § M MPOBEIEM Mepe3 3TH TOYKHU Bep-
TUKaJIbHble npsaMbie. Orpesoxk [—K, K] Ha ocu y pasobbeM TOYKaMu
9o = —K < y1 < -+ < y,, = K Ha npoMexyTKu IJIMHBI MEHb-
mwe £/5 U IpoBeneM 4Yepe3s TOUYKH JAeJICHHS TOPU30OHTAJIbHBIE IIPSIMBIE.
Taxum obpaszom, npsamoyroasHik ¢ < ¢ < b, —K < y < K pasobper-
€A Ha AYEHKH ¢ TOPUBOHTAJILHON CTOPOHOI MeHbule § U BepTHKAJIbLHOM
cropouoii mensme £/5. ConocraBum reneph xax ol gyukuun ¢ € @
JIoManyo ¥ (z) ¢ BepIIMHAME B TOYKaX (Tg,yr), T. €. B y3J1aX JIIOCTPOEH-
HOI CeTKH, U YKJIOHSIOWYIOCS B TOYKaxX Iy oT dyukumnu @(r) MeHblle,
4YeM na £/5 (CyuecTBOBaHME TAKON JOMAHOR OYEBUIHO).
[TocKOJIEKY IO MOCTPOCHUIO

lo(ze) — ()l <e&/5,  le(@rir) — v(zr)l < /5,
lo(zr) — plzri)| < /5,
TO ,
|1/)(:L'k) - UJ(.’E}H.l)} < 36/5
Tak Kak MeXIy TOYKAMH I U ZTpi1 OyHEuna ¥(xr) auHelna, 10
[W(zk) —v(z)| < 3e/5 nast Beex & € (g, Tpy1 -
IMyctb Teneps & — npOM3BOJILHAA TOYKA OTPE3Ka [a, bl u xp — Ouin-
kaflman K 2 CjieBa U3 BBIOPAHIILIX HAMU TOYEK aAesenus. Torma

lo(2) = w()] < lolz) — (@)l + leler) — Pzl + [¥lze) - ¥(@)] <e

Caenosatesnsiio, toManble ¥ (x) no oruomenu Kk ¢ ob6pasyior e-ceThb.
Hucsio ux, OYeBHIHO, KOHEYHO; TakuM obpasoM, ¢ BrosiEe orpasntcHo.
Teopema MOJAHOCTHIO JOKA3AHA.

5. Teopema ITeano. Ilokaxem, Kax IpuMeHsercs Teopema Apuesa Ha
IpHMEpe CJIENYIOUeH TeopeMbl Cyn{eCTBOBAHUS I 00bIKHOBEeHIbIX aude-
PEeHHHAIBHBLIX YpasHeHUH ¢ HernpepsiBiolt npasoit uacrsio.

Teopema 5 (Ileawno). Ilycrs pano nadepenunansuoe ypaBHeHe

Y~ fla.y). (3)

Ecsn pyukuua f HeupeppiBEA B HEKOTOPO# orpanmv4enHol 3aMxHyToi obJta-
cr G, 10 4epes Kax Ay BHYTDCHHIOW TOYKY (T, Yo) 310H 06U1ACTH IPOXOIHT
XO0Tst ObI OOHA HHTEI'PAJIBHAA KPHBAA JAHHOTO YPABHEHHA.

Hoxrkazareabcrso. Tak xak dbyuxuus f HenpepbiBHA B OTPAHHYEHHON
samMKHyTo# oBsacTu, To ona orpanuyvena: |f(z,y)| < M = const.
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TIpoBenem 4epes Touky (o, Yyo) IPAMBIE C YIJI0BbIME K03 duumentamu M
u —M. Ilposenem, nasiee, BePTUKAJIbHBIE NIPAMBIE £ = @ U T = b Tak, 4T0-
OBl OTCEKaeMble MMM B3 TPEyIrOJbHUKA ¢ obmel BepmnBoi (Zo, Yo) LEJTUKOM
Jiexas BHyTpu obsactu G.

9ra napa TPEyrosLHUKOB 06pasyer 3aMKHyTOE MHOXKECTBO A.

Iloctpoum Tenepn 111 JAHHOTO YPABHEHUS! TAK HA3BIBAEMbIE JIOMAHBIE
Ditsiepa cienyompM 06pa3oM: IPOBENEM U3 TOYKH (Xo,Yo) UPAMYIO ¢ yIVIO-
BbIM KO3 dbunmentom f(zo,yo). Ha sTolt npamoli BO3bMEM HEKOTODYI TOYKY
(z1,y1) v HpoBEnEM Yepes Hee NIPAMYIO C yIJIOBbHIM Koaddbunnenrom f(z1,y1).
Ha sTo#t npsiMoit Bo3bMeM TOuKy (T2, Y2), HPOBEIEM Yepe3 Hee NPAMYIO C yIUIo-
BbIM Ko3ddpuunentom f(z2,y2) u T. A PaccmoTpum Teneps mocsemoBaTesib-
HOCTb JIOMaHbIX DHuepa Ly, ..., Ln,..., npoxogsmux 4epes Touky (o, yo),
TAaKHX, YTO IJIHHA HaubOJIbWIEro U3 3BEHbEB JIMHHU Ljp CTpeMuTCcs K HYJIIO
upu k — oc. Ilycrs @i — dbyskuusa, rpaduk xoropolt ecrs sunns Ly. PyHk-
LHH @1, ..., Pk, ... 00JIAJAIOT CAEAYIOWMUMHA CBOHCTBAMH:

1) ounu onpeneseHsl 1ia OQHOM M TOM Xe oTpeske [a, b,
2) OHM PABHOMEPHO OTPAHHYEHE,
3) OHM PaBHOCTENCHHO HEIPEPLIBHEL

Ha ocnoBanun Teopems! ApueJa U3 NOCEI0BATELHOCTH {¥k } MOXKHO BbI-
6pare paBHOMEPHO CXOIALLYIOCS NOCJIEA0BATEILHOCTE. IlycTh 31O Oyner mo-
cregopaTessaocts @ o)

Monoxum p(z) = lim ¥ (x) upn k — co. Hcno, uro p(zo) = yo. Ocraerca
IIPOBEPUTH, YTO  YAOBJIETBOPSieT Ha oTpe3ke [a, b] nannomy nuddepennnasin-
Homy ypaBrenuw0. g sroro Tpebyercs nokasars, 4o Asts joboro € > 0

|20 =) ot o] <,

eCJH TOJILKO BesimduHa |z’ — 1| nocrarouno mana. [Ins moKa3aTeasCTBa 3TOTO
B CBOIO O4Y€peAb HYXHO YCTAHOBMTB, YTO IIPH AOCTATOYHO Gosibmunx k

I‘P(k)(x") )

3

=) e e M) <6

ecsu TONBKO pasHocTh |z — x| mocrarouno mana.
Tax xax f HenpepwiBHa B obstactu G, 10 11 sioboro € > 0 Hallmercsa Takoe
11> 0, uTo

f@'y) —e < flz,y) < fl@' 9 +e, ¥ = ela),

ecJiu
lz~z'l<2n v |ly—9|<4M

CosoxynnocTts touex (r,y) € G, yIOBJIETBOPAKIMAX STUM ABYM HEPABEH-
cTBaM, npencrasiger cobott nexkoroprelt npsamoyronbauk Q. Ilycts Teneps K
HACTOJIBKO BEJINKO, YTO s Bcex k > K

lp(x) — ¢™*)(z)] < 2M7y
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M BCe 3BeHbsl JioMaHOM L umewr gouHy Mebimie 7. Torma npu
|z — 2’| < 217 Bce somanbie Dinepa ¥, gna xoropeix k > K, mennxom
JIEXKAT BHYTDH (.

Hanee, nycts (ao,b0), ..., (an+1,bns1) — Bepummnst somauoli Ly, npudem

aoga:'<a1<ag<---<an<x"<an+1

(MBI 11 ONpPENESIeHHOCTH cuuTaeM z' > ') aHAJIOTMYHO PaCCMaTPUBACTCS
cny4ait 7 < z'). Torna ana coorsercreyomell GyHKIM <p("") uMeeM

¥ (a1) — ¢¥ (') = f(ao, bo)(a1 — '),
¢ Naip1) — " ar) = fai,b)(aisr —as), i=1,...,n—1,
W(k)(l'”) _ (p(k)(an) - f(an,bn)(.’l:” —an).

Orcrona npu [z — £'| < n nonyuaem

[l y) ~ el(ar - 2') < (@) = (@) < [f(,9) + €](ar — ),
[F(@', ) — el(ai — ai) < 9 (aiz1) — ™ (@) <
< [f(z', vy +el(aipr —as); i=1,...,n—1,
[ y) = el(e” — an) < o) ~ o (an) < [f(2',¢) + e](@” ~ an).

CyMMHUDPYS 9TH HEPABEHCTBA, HAXOLUM

[f(@',y) —el(” —2') < (") = oMU @") < [f(z',y) + el(@” — &),
410 K TPeboBAIIOCH JOKA3ATD.

Pasnbple NOANOC/IENOBATE/IHHOCTH JIOMAHBIX OJHJepa MOryT CXOQUTHCH
K pa3HbiM pewenusm ypasuenus (3). ITosromy pemenue ypasBHeHus y' =
= f(z,y), npoxoasiutee uepes Touky (o, Yo), BOOGLIE TOBOPA, HE EAUHCTBEHHO.

6. PaBHoMepHasi HenpepbulBHOCTh. HenpepbiBHble 0TObpavKe-
HUASA MeTPUYECKHX KOMNAKTOB. s orofpaxenuii METpHYECKOro
HPOCTPAHCTBA B METPHUYECKOE IIPOCTPAHCTBO, B YACTHOCTH, HJISL YHCJIO-
BBIX (PYHKLHH Ha METPpHIECKMX POCTPAHCTBAX, HAPALY C TOHSITUEM He-
[PEPBIBHOCTY HMEET CMBICJI BAIKHOE [JIs1 AHAJIN3A NOHATUE PABHOMEPHOH’
HEIpPePLIBHOCTH: 0TOOpaxenne F METPUYECKOro npocrpadcTsa X B me-
TPHIECKOE MMPOCTPAHCTBO Y HA3BIBACTCA DABHOMEPHO HENDEPBIGHBIM,
ecsm JyIst Kaxaoro € >0 nalinercs takoe § >0, uro pa(F(z1), F(z2))<e
KaK TONBKO p1(T1,Z2) < & (3meck p1 — paccrosnme B X, a g2 — pac-
crosiHUE B Y), IIpUteM § 3aBUCUT TOJBLKO OT &, HO HE OT | H T3.

Yupaxuenue. Ilokazare, wro uuciaopas dbyuxkuus F(z) = sup z(t)
pasHOMeCpHO HenpepbidHa Ha npocrpancTee Cla, b]. LAY

JnA HenpepsIBHBIX OTOOPAXKEHHUN METPUYECKMX KOMITAKTOB HMeeT
MeCTO CJISAYIOIas Teopema, 0000HAI0nAasT XOPOUIO H3BECTHYIO U3 3Jle-

MEHTAPHOTO KYPCH AHAJIH3A TEOPEMY O HENPEPLIBHLIX MYHKUUAX HA OT-
peske.
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Teopema 6. HeunpepbiBHoe 0TOODAKEHHE METPHICCKOTO KOMIIAKTA
B METPHYECKOE IIPOCTPAHCTBO PABHOMEPHO HENPEPBIBHO.

Hokasatenscrso. [Iycrs orobpaxkenue F MeTpuyueckoro KoM-
nmakta K B MeTputdeckoe npocTpancTBO M HENpepblBHO, HO HE PABHO-
MEPHO HeIIPEPLIBHO. DTO 3HAYUT, Y4TO JI/IA HEKOTOPOro £ > (0 U Kax10ro
HATYPaJbLHOrO n HalnyTcs B K TAKue TOUKH Ty, U Zh,, 9T0 pi(Zn,Zy) <
< 1/n u B 10 %€ Bpems pa(F(z,), FUr,)) > € (py — paccrosnue B K,
p2 — paccroarue B M ). Y3 nocnenoBaTeabHOCTH {Z, } B CHITY KOMIAKT-
HocT! K MOKHO BBIGpATh MOAMOCTEIOBATENBHOCTD {2y, }, CXOIAILYIOCH
x HexoTopo# Touke z € K. Torma m {z;,, } cxonuTca K x; HO MPH 3TOM
JLJLST KAXKIO0T0 k TOJKHO GbITh BBIIIOJIHEHO XOTsA OBl OIHO U3 HEPABEHCTB

p2(F(x), F(2n,)) 2 €/ po(F(z), F(zn,)) 2 €/2,

YTO NPOTUBOPEYHT HEIPEPLIBHOCTH 0ToOpaxkennsi F' B Touxe 7.

7. O6obmiennas reopema Apuena. Ilycrs X n Y — nsa merpu-
YeCKMX KOMIIAKTA ¥ nyCTh Cxy —- MHOXECTBO BCEX HEIPEPBIBHBIX OTO-
opaxenni f komnakta X BY . Beegem B Cxy paccrosinue npu MOMOIIHM
dopmyibl

p(f,9) = sup p(f(z),9(z))-
z€X

Jlerko nposeputn, uTo Takum obpaszom Cyy NpPEBPaLIAeTCs B METPH-
YeCcKoe NPOCTPAHCTBO.

Teopema 7 (06o6bumeunnan reopema Apunena). dua npen-
komnakTHocTH MHOXxecTBa D C Cxy HeOBXOQUMO H AOCTATOYHO, ITOOBI
Bxogsauwue B D ¢pyHrumn f 6171 paBHOCTEIIEHHO HENIPEPbIBHEL.

Tlocnenuee o3nagaer, yto ana goboro € > 0 10KHO CyLIECTBOBATH
takoe 6 > 0, 4T0 u3s
pla',2") < 8 @)

BEITEKaeT

p(f('), f(=")) <e, (5)

KakoBb! Obr #H 6bltn f w3 D u ' u ' u3 X.

HoxasarenscTBo. HeobxoamMocTh JIOKA3LIBAETCS TAK XKe, Kak
u B Teopeme 4.

JoxraxeMm HOCTATOYHOCTD. [11s1 370r0 1norpy3um Cxy B IPOCTPAHCTBO
M xy Bcex orobpaxkenuil xommnakta X B KOMIIAKT Y ¢ TOH e camoit
MeTpuKOoH

p(fig) = sup p(f(z),9()),
xr
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Kotopas 6bia BBeneHa B Cyy, # IOKaXKEM NPEIKOMIIAK THOCTh MHOXe-
crBa DB Mxy. Tak xak Cxy 3aMKHYTO B Mxy 1), TO U3 IPEIKOMIIAKT-
HocTH MHOXecTBa D B Mxy crenyer ero npenxkomnakThocTh B Cxy.

Bamagum € > 0 nponssosbHo U BhIOepeM § Tax, 4ToOb M3 (4) BBI-
tekano (5) mosa secex f us D u Becex x', ' us X. Jlerko supers, 4T0
X MOKHO IPECTABUTH KAK CYMMY KOHEYHOT'O YHCJIA HENepeceKalommx-
cs1 mHOXecTB F;, Takux, uro u3 z’', ' € E; cnenyer p(z’,z") < 6.
HeficTBuTesIbHO, [J1sl BTOTO JOCTATOYHO BLIOPATH TOUKH T3, . .., T, TaK,
9T00BI OHK 00pazoBanu §/2-ceth B X ¥ NOJOXKUTH, HAIPHMEP,

E; = B(z;,6/2)\ .U'B(:rjé/2),
i<d
rne B(z;,d/2) — wap paguyca §/2 ¢ uenrpom z;.

Paccmorpum Teneph B KOMIAakTe Y HEKOTOPYK KOHEYHYIO E-CETh
Y1,---,Ym, ¥ HOycte L — coBokynmrocTs GbyHxuu# g¢(x), npuaummalo-
mux Ha MHOXKecTsax F; snavenusa y;. Yucqao takmx ¢dynxnnmil, ove-
BUHO, KOHeuHo. [lokaxkem, 41O OHu 06Pa3yT 26-CETh 110 OTHOIEHHIO
k D B Mxy. Helicrsuresvuo, nycts f € D. s BCAako# TOYKM x; U3
Z1,..., T, HAHOETCS TAKAsA TOUKA Y; U3 Y1, ..., Ym, 9470 p(f(zi),y;) < e.

Hycrp dpynknusa g € L Beibpana Tak, uro g(z;) = y;. Torna

p(f(z),9(z)) < p(f(2), f(:)) + p(f(2:), 9(z:)) + p9(zi), 9(2)) < 2,

ecsi 1 BbIOpaHo Tak, 4ro T € E;.

O1coia BEITEKAET, YTO KOHEYHOE MHOXKECTBO L neficTBUTENbLHO €CTh
2e-cerb nast D n, Takum obpasom, D npenxomnaxtao B Mxy, a cneno-
Baresibho, 1 B Cxy.

§ 8. HenpepblBHbIE KPHBbIE B METPHYECKHX MPOCTPAHCTBAX’)

Ilycrs 3apmaHo HenpepbsiBHOE oTODpaxeHHne
P = f(t)

orpeska a < ¢t < b B merpuyeckoe npocrpavctBo R. Korna t «npoberaer» oT-
pesok ot a 70 b, coorBercTByOmas Touka P «upoberaer» HEKOTOPYIO «HENpe-
PBIBHYIO0 KPHUBYI0» B upocrpancrse R. Ham npeacrour nats crporue onpene-
JIeHUs, CBA3AHHbLIE C U3JI0XKeHHo# ceituac rpyboit naeeit. [lopsanox, B KoTopoMm

1) IMockosibKy npemest paBHOMEDHO CXOAAMIEHCH TOC/IC/IOBATCILHOCTH HElPEPhiB-
HBIX OTobpaxkeHuil ecTh TakKe HenpepuBHOE OTobpaxkeHHe. YKa3aHHOe NPEeNsIoXKe-
HHEe IpeacTasisieT coboit nenocpencreennoe 060611eHNe N3BECTHON TEOPEMbBI AHANIN3A
¥ IOKA3bIBAETCH TAK JKE, KAK M BTa TeopeMa.

2)BroT naparpad mHe CBA3aH C AaNLHEHIIMM ManOXenmeM. I1pu kemaHuu 4uTa-
T€JIb MOXET €r0 ONYCTUTh.

5—1324



126 I'z. 1. Mempuvecxue u monoaozunecKue npocmparcmaen

NpPOXOAATCH TOYKM KpHBOH, cymecTBeH. QHO M TO Xe MHOXKecTBO, u3obpa-
KEHHOE Ha pHC. 12, NPOXosuMOe B HANIPABJICHNAX, YKA3aHHBIX Ha puc. 13 u 14,
Mbl OyJeM CYMTaTh PA3JMYHBIMM KPUBBIMH. B KayecTBe Ipyroro npuMepa
paccMoTpuM AelcTBuTenbuyio GyHKUMIO, onpeseentyo na orpeske [0, 1], xo-
Topas n3odpaxkena Ha puc. 15. OHa onpesesiser «KPHUBYIO», PACIOJIOKEHHYIO
Ha orpe3ke [0, 1] ocu y, OTJIMYHYIO OT 3TOrO OTPE3Ka, OAHOKPATHO IpolijeHHo-
ro ot Touku 0 1m0 Touku 1, Tak kax orpesok [A, B] npoxoaurcs Tpuxas! {1Ba
pa3a BBepX U OIMH Pa3 BHH3).

A

Puc. 12 Puc. 13 Puc. 14

OpHaxko IpH OOMHAKOBOM HOPHAJAKE MPOXOXKIEHUS TOYEK NPOCTPAH-
ctBa BHIGOp «mapamerpa» t Mbl Oyaem cuurarh HecyuecTsenubiM. Hanpumep,
byuxkuu, uzobpaxennple Ha puc. 15 u 16, onpeensor OgHy U Ty Xe «KpH-
BYIO», DACIOJIOXKEHHYIO HA OCH Y, XOTs 3HAYEHUA MapaMerpa f, oTBevarouue
KaKo#-s1mb0 ToOYKe KPUBOH, B ciiyvanx puc. 15 u 16 MoryT 6bITh PA3/IMYHLIMH.
Hanpumep, B ciry4ae puc. 15 Touke A COOTBETCTBYIOT Ha OCH ¢ JBE M30JIMPO-
BaHHBIE TOYKH, & B CjIy4ae puc. 16 — oaHa M30/IMPOBaHHAA TOYKA M JIeXKAINU
npasee Hee 0Tpe30K (korma ¢t npoberaer 3TOT OTPE30K, TOYKA HAa KPHBOU OCTa-
ercs Ha mecre). ([Jomyckars taxue orpesku HemogsuxkHocTd P = f(t) 6yner
yao6HO B JaJibHeHIIeM NPH MCCEI0BAHHH KOMIIAKTHOCTH CHCTEM KPUBBIX.)

y y
| B e |l e e
| I
1 Bp——= |
B|-——— i |
1 |
i 4 :
L o
1
I\ 3 ] ,'\ LJ !
0 1 t 0 1 t
Puc. 15 Puc. 16

Tlepeiinem x dopMannHbIM oupeneneHusaM. [Ipe HenpepbiBHble HYHKLIUU
I g
P=f(t), P=f("),
OIpenesIeHHBIE COOTBETCTBEHHO Ha OTPE3Kax

al < tl < b,, all < t” Sb,/
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A IPpMHUMAKINe 3Ha4YEeHUA B METPHYECKOM IIPOCTpAaHCTBE R, HA30BEM 3K6U-
BANEHMHDIMU, €CJIN CYIUECTBYIOT IBEC HEIIPEPBIBHbIE Hey61>ma,}0mne (l)yHKIJ.MH

t = (pl(t)’ = (p”(t),
OIIpeaCJICEHHbIC Ha HEKOTOPOM OTPE3Ke
a<t<b

u obaapamlomue csolfcTBaMu

I
o

¢'(a) =d ©'(b) =¥,
(pli ((L) —_ al[, ('0” (b) — bll’
Fle' ) = l¢" ()]

st Beex t € (a, b].

Jlerko BMAETD, YTO TAK BBEJEHHOE OTHOLIEHHE SKBUBAJIEHTHOCTH pedpJiek-
cupno (f sxpupanenrso f), cummerpuuno (ecin f' sxkpusasnento f', 1o f'
3KBHBAIECHTHO f'). MOXHO IIOKA3ATH, YTO OHO M TPAHBHTHUBHO (M3 3KBHBAJICHT-
nocru f w f” u sxpusanentnocru f' u f' BoiTexaeT 3KBUBAJEHTHOCTL f'
u f"'"). Iloaromy Bee nenpephisHEle DYHKIIMHM PACCMATPMBAEMOFO TUNA pa3bu-
BAIOTCH HA KJIACCH (DYHKIMHA, SKBUBaJIeHTHRIX Mexay cobolh. Kaxpwilt Tako#
KJ12CC ¥ OLPEIESIACT HEeNPEePueHYI KPUsyo B IpocTpaHcTee R.

s mobott bynkunu P = f/(t'), onpenenennoit na xaxom-subo oTpes-
ke [a’,b'], nafinercs sxeupanenTHan e#f DYHKIMS, OTPENEIGHHAN HA OTPE3KE
[@”,¥"] = [0,1]. HeticTBuTebHO, TOCTATOYHO NMOJIOXKHTH 1)

=o' W)= -at+ad, t"=¢"t)=t

Taxkum 06pa3oM, BCAKYIO KPHUBYIO MOXHO IIPEINIIOJIAraTh 3ajaHHON mapame-
TPUYECKM NpH nomouu GyHKUMH, OnpeneseHsolt na orpeske [0, 1].

TTosToMy vesiecoobpasso BeBecTH B paccmorpenme npocrpanctso Crp He-
npepsiBubix oTobpaxenuii f orpeska I = [0, 1] B npocrpancTso R ¢ MeTpukoi

o(f.9) = sup p(f(t), 9(t)).

Bynem cumrars, YTO NOCHIENOBATENIBHOCTL KPEBLIX Li, ..., Ln,... cxo-
auTcsi K XpuBo# L, ecoin xpusbie L, MOXHO HapaMeTPHYECKH NPEACTABUTL B
BHIE

P:fﬂ(t)) Ogtgla

a kpuBy© L — B Bune
P=f(t), 0<t<1,

Tak 410 p(f, fn) — 0 npr n — oo.
TIpumenss 060b6menHyIo Teopemy Apuesna (teopema 7 §7), sierko noxasars
CJIERYIOULYIO TeopeMy.

1) Mer cunTaeM, 9To sceraa a < b. ODHAKO MBI HE HCKJIIOYAEM «KPHBLIX», KOTODBIE
COCTOAT M3 OXHOU-AVHCTBEHHOM TOYKH M NOJIYYaloTCs, ecyM Ha [a,b] dynkmua f(t)
MOCTOSIHHA. ITO TOXKe yA00HO Ans najibHelIero.
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Teopema 1. Ecom nocitegoBaresibHocTs KpUBbIX Ly, ..., Ly, ..., Jexa-
wux B KoMnakTe K, MOXHO NpejcTaBuTh HapAMETPHYECKH IIPH IIOMOLIH DAaB-
HocrenenHo menpeppBibix dyuxunit ua orpeske [0, 1], 70 u3 Hee moxpo BbI-
JEJHTh CXONAULYIOCSH MOMTOC/ICIOBATE/IEHOCTD.

OnpenesiuM Teneps QJIMHY KPHBOH, 3aanuoil napaMerpudeckn pyHKuueh
P=f(t), a<t<h,

XaK BEPXHIOH I'padb CYMM BHIA

Zp(f(t,-_l),fm)),

rae TO4Yku t; HONAYUHEHDb] JINUIL YCJIOBUAM
a:togtl <-~$t,» <~~<tn:b‘

Jlerko BugeTs, 4TO JAJIMHA KPUBOH HE 3aBUCHT OT BbIOOpA ee napaMerpuye-
CKOrO NpEeICTABJIEHUA. KCn OrpaHUYHTHCS IAPAMETPHYECKIMU NIPeaCTaBJIe-
HusAMu nocpencrsoM dbynkunuil, sagannbix Ha orpeske [0,1], To serxko moxa-
3aTh, YTO JUIMHA KPHUBOH €CTh TOJIyHENpepbIBHBIY cHu3y (yHKUMOHAI OT f
(3 npoctparctse Crgr). Ha reomMerpudeckom si3bIKe 3TOT PE3yJIbTAT MOXKHO
BBIPA3UThL B BUJE CJleAyomeil TeopeMpl 0 MOJIYyHEIPEPBIBHOCTH.

Teopema 2. Ecimm nociregoBate/IbHOCTs KpHBBIX Lp  cxommrea
k kpuBo¥ L, to aimna xkpusoit L He Oosiblie HHXHEro npenesa IJIHH KpPH-
Bbix L.

PaccmoTpum Teneps cnenyansHo XpuBBle KOHedHOl aanuen Ilycrs
KpHBas ONpesesieHa mapaMeTpuyecku dyHKuue

P=f@t), a<t<b

Oyuxuus f, paccmMarpuBaeMasi Jmnb Ha orpeske [a,T)], tme a < T < b,
onpeuesiAeT «HaYanbHbill 0Tpe3ok» kpusoit or Touku P, = f(a) mo roukn
Pr = f(T). lycts s = ¢(T) — ero pyuxa. JIerko ycranaB/iMBaeIcs, 4To

P =g(s) = fly™"(s)]
€CTh HOBOE MAPAMETPHYECKOe MpeacTaBjeHue Tol xe kpusoil. Ilpu arom
s npoberaer orpesok 0 £ s £ S, tme S — psuHa Bcelt paccMmarpuBaeMoit
KPUBOH. DTO npeAcTaB/ieHUe YIOBJIETBOPAET TpeGoBaAHHUIO

p(g{s1),g(s2)) < Is2 — s1f

(mMHA MyrH HE MEHbILE XOPAbI).
Ilepexoas k orpesky [0, 1], mostyunM napamMerpu4eckoe IPEACTABIEHNE

P=F(r)=g(s), 7=s/S,
YAOBJIETBOPAIOILEE yCIIOBHIO JIMmmuna
p(F (1), F(r2)) € S|m — 7.

Mpet BuauM, rakum o6pasoM, 4uro das ecexr xpuswz daunst S < M, zde
M — nexomopas xorcmaenma, 803MONCHO NaApaMempurecKoe npedcmasaenue
PASHOCTENEHHO Henpepuenumu dynxyuamy, zadanmvmu na ompeske [0,1].
K unuMm, cnepoparesibHo, npuMenuMa TeopemMa 1.

TloxaxkeMm CHUTY IIOJIyHEHHBIX OBIMIMX PE3YJILTATOB HA IPHMEpe JOKA3aTe b
CTBa CJIEAYIONIEr0 BAXKHOIO MPENJIONKEHMA.
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Teopema 3. Ecan B kommrexte K nse rouku, A 0 B, MoxHO coenuHNTH
HelpepsIBHOH KPHBOH KOHEYHOH MJTHHDBI, TO CPEAH TAKHX KPUBBIX CYWECTBYET
KPHBAsT HAHMEHBIUCH [LTHHDI.

B camoMm gese, nycTh Y eCTh HHXHSAS CPAHL JJIMH KPHBBIX, COCIMHAIOMMX
A n B 8 komnakte K. IIycrs paunsl kpusbix Ly, ..., Ly, ..., COCQHHAIONMX
A u B, crpemsarca x Y. U3 nocneaosarensnocty L, nmo teopeme 1 MOXHO
BhIOpATh CXONAILYIOCH MOAIOC/IEN0BATENbHOCTL. [1o Teopeme 2 mpenesibHas
KpHuBas 31Ol NOANOCIIEOBATE/ILHOCTH HE MOXKET UMeTh Iy Gosbwe Y.

OtMmerum, 4TO jJaxe B caydae, xorga K sBiigercs 3aMKHyTOH rianxkoi
{(nannexamee yncso pas guddgepeHuupyeMo#t) NOBEPXHOCTHIO B EBKINAOBOM
TPEeXMEPHOM MIPOCTPANCTBE, 3TA TEOPEMA HE BBITEKAET HEIOCPEACTBEHHO U3 pe-
3y/JbTATOB, YCTAHABJIKBAEMBIX B Kypce nud depeHuuansHoil reoMeTpun, riae
OTPAHHYHBAIOTCH OOBIMHO CJIy9aeM JOCTATOYHO HJIU3KUX APYD K APYry TOYEK
Au B.

Bce nsnoxennoe soime npuobpesio 661 66AbBMIYI0 MPO3PAYHOCTD, €CJIH ObL
Mbl HaJE/JIUJI¥ MHOXECTBO BCeX KPUBBIX JAHHOMO METPHYECKOr0 MPOCTPaH-
crBa K CIPYKTYpOH METPHYECKOro HPOCTPAHCTBA. JT0 MOXHO CHEJIATh, Olpe-
Jesifad pacCcrodnne Mexay XpusbiMu L1, Ly dopmysoh

p(Ly, L2) = inf p(f1, f2),

rae HUKHAA rpaHb GEpercs 10 BCeM BO3MOXKHBIM [apaM NapaMeTPUYECKuX
npeacrasirennit kpusoit Li npu nomomn dbysxuuu P = f1(t) (0 £t £ 1)
u kpuBoit Lo npu nomomn pyuxuuu P = fo(f) (0 <t < 1).

Jloka3aTenbCTBO TOTrO, YTO 3TO PACCTOAHME YIOBJIETBOPHET ODBIMHBIM aK-
CHOMaM, O4Y€Hb IIPOCTO, 3a HUCKJIKDYEHHEeM OJHOI'0 MIYHKTa: NIPpeaCcTaBjadaeT He-
KOTOpBIE TPYJHOCTH HOKa3arh, 4yro u3 p(L;, L) = 0 BelTekaer TOXRZECTBO
KpuBbIx Ly, Ly. D1or dakT sABiseTca HENOCPELCTBEHHBIM CJIEJCTBHEM TOIO
06CTOATENIBCTBA, YTO HHXKHAA I'PaHb B (HOPMYyJie, KOTOPOH MbI ONPEIe/THIIH
paccrosune p(L1, Ly), nocTuraercs npu HajJexameM BHIOOpE mapaMeTpude-
ckux npeacrasienuit fi, fo. Ho nokaszaresibCTBO 3TOr0 NOC/IEIHEr0 YTBEDXK 1€~
HUA TOXE He OYeHBb IPOCTO.
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HOPMHWPOBAHHBLIE U TOIIOJIOTUYECKUE
JIMHEVHBIE ITPOCTPAHCTBA

§ 1. JInneiinste npocrpaHcTBa

Tlousitue unetHOrO IPOCTPAHCTBA OTHOCUTCA K HACJIY CaMbIX OCHOB-
HbIX B MaTemaruke. OHO 6y)1€T UIrpatrbh BaAXHYK PDOJIb HE TOJIBKO B 2TOU
TJjlaB€, HO U BO BCEM JlaJibHeRIeM U3JI0KEeHHH.

1. OcHoBHBIE ONpenejieHHsa W OpUMephi JuHeldHBIX npoct-
PaHCTB.

Onpenenenune 1. Henycroe MHOXeCTBO L 2/71€MEHTOB T, Y, 2, . - -
HA3BIBAETCA AUHEUHbIM, WK BEKMOPHBIM, NPOCMPAHCMBOM, €CJIH OHO
YHOBNIETBOPAET TAKUM YCJIOBUSIM:

I. s s106s1x ABYX 3J1eMEHTOB £,y € L OnHO3HAYHO OnpenesneH Tpe-
Tl aneMenT z € L, HasniBaeMbIft ux cymmol u obo3HavaeMsilt T + ¥,
npuyeM

1) z +y = y + T (KOMMYTATHBHOCTB ),

2) z+ (y + z) = (z + y) + z (acconuaTUBHOCTS),

3) B L cymecrsyer Takoit snemenr 0, ywro £+ 0 = x nnsaBcex £ € L
(cymecrBoBanve HyJst),

4) nna kaxnporo z € L cymecrByer Takolt sseMeHT —x, 4TO
z 4+ (—z) = 0 (cymecTBOBaHNE MPOTUBOIIOJIOAKHOIO JIEMEHTA).

I1. Jna snoboro vucna o u awoboro snemenTta r € L onpenenex ase-
MeHT az € L (npoussedenue anemMeHTa £ HA YUCJIO &), IPUYEM
1) a(fz) = (af)z,
2) 1.z =z,
3) (a + B)z = az + Bz,
4) a(z +y) = az + ay.

B szaBucumocTtu or Toro, xako#f samac yucesn (BCe KOMILIEKCHbBIE
HJTH TOJIBKO AEHCTBUTEIIbHBIE) HCIIOJIB3Y €TCS, PA3JIMYAIOT KOMILJIEKCHbBIE
u JeifcTBuTeNbHBIE AuHeliHbe MpocTpancTsal). Belony, e He orosope-
HO NPOTHMBHOE, HAIIM IOCTPOEHUst OyAyT BepHbl Kak s OefCTBUTEIIb-
HBIX, TaK U JJIsi KOMIUIEKCHBIX IIPOCTPAHCTB.

1) Mox1o 6b1710 651 PAaCCMATPHBATL M JIMHEHHBIE MPOCTPAHCTBA, HAX IPOH3BOJIb-
HBIM [OJIEM.
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3aMeTuM, 9TO BCHKOE KOMIUJIGKCHOE JIMHEHHOE NMPOCTPAHCTBO MOXK-
HO PACCMaTPHBATh KAK HEKOTOPOE 1eHCTBATE/IbHOE MPOCTPAHCTBO, €CIH
OrPAHUYMTLCA B HEM YMHOXKEHNEM BEKTODOB Ha JIeHCTBUTENILHBIC YUCIA.

PaccmoTpuM HEKOTOpbIE MpHMEpbI JIMHEWHBIX HPOCTPAHCTB, IIPENo-
CTABHB YUTATEJIO MPOBEPUTH IJIA KAXKIOro u3 HUX ¢(hopMyJIMDOBaHHEIE
BBIIIE AKCHOMBL.

1. Ilpamast smuus R, T.e. COBOKYMHOCTHL IEHCTBHTEJIHHBIX HHCEJI,
C OOBIYHBIME APUDMETHYECKUMHY OIIEPALMAMI CJIOKEHUS U YMHOXKEHHUH,
IpeiCcTaBaAeT coboll IMHeiHOe MPOCTPAHCTBO.

2. COBOKYNHOCTB BCEBO3MOXHBIX HABOPOB 1 AEHCTBUTEIILHBIX HUCEJ
z = (z1,...,%Tp), DHE CJIOKEHHME H YMHOXEHUE HA YUCJIO ONPEACIISIOTCS
dopmyaMu

(-Tl:‘-- )zn)+(y17-"' 1yn) = (1‘1 +y17"' 7$n+yn)a
a(z1,...,zn) = {az1, ..., 0z,),

TaKke ABJIACTCA JUHeRHsIM npocTpaHcTBoM. OHO HaspiBaeTca geficTau-
TEJILHBIM T-MepHuM! ) apudmemuneckum npocmpancmeom u 0603Ha9a-
ercsi cuMBoJIOM R™. AHANOrM4HO, KOMILJIEKCHOE M-MepHoe apudMery-
vqeckoe mpoctpadcrBo C* ornpenesisercss Kak COBOKYNHOCTh HabOpOB 7t
KOMIIJIEKCHBIX YHCEJ (¢ YMHOXEHHEM Ha JI0ObIe KOMILIEKCHbIE YUCJIA).

3. HenpepsisHble (IeficTBUTENIbHbIE MM KOMILIEKCHBIE) (hyHKIWH
Ha HEKOTODOM OTpe3ke [a, b] ¢ 0ObIYHbIME ONepaunsiMy CJIOKeHNsT (PyHK-
UMt M YMHOMKEHHA MX Ha 4Hucja 0OpasyoT JIHHEHHOe MPOCTPAHCTBO
Cla, b], aByIsIOmEECA ONHAM U3 BaxKHEHINMX NJIA AHAJIU3A.

4. IIpocTpacTBO I3, B KOTOPOM 3JIEMEHTAMH CJIYKAT TIOCIEI0BATE b=
HOCTH 4YncCesl (JeHCTBUTENILHBIX MM KOMILIEKCHBIX)

T=(Zy, s Tpy--.),

YOOBJIETBOPAIOIIUE YCJIOBUIO

o0

S lzal® < oo, (1)

n=1
C onepanuaMu
(@1, s Zny - )+ Yo s VUny-- )= (@1 Y1, Ty Yny - ),
alz1,...,Zn,...) ={azy,... ,0Zn,...),

SIBJIAIETCH JIMHeHHbIM TpocTparcTBoM. Tot bakT, 4To CyMMa ABYX IO-
CIIeI0BaTeNILHOCTEH, yaoBJeTbopsaomux ycenosuio (1), Taxxe ynosJe-
TBOPSICT 3TOMY YCJIOBHUIO, BBITCKAET M3 VICMEHTAPHO'0 HEpaBEHCTBA
(a1 + a2)2 < 20,% + 2(1%.

1) DroT TepMun byner pasbAcHeH B najbHeifureM.
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5. Cxopsiuuecs nOCJIeN0BATENILHOCT £ = (Z3,Z2,...) € HOKOOPAH-
HAaTHBIMU OUEPAUHUAMH CJOKEHUs U YMHOKEHUS HA 4HCJIa 00pasyior
nunefinoe npocrpancTo. O603HAYUM €ro c.

6. IlocsenoBarenpHocTy, cxopsammecs Kk 0, ¢ TeMu XKe ONepauysiMu
CJIOKEHUsI M YMHOXEHUsI, Takke 00pasyloT JMHefHOe NmpOCTPaHCTBO.
Ob6o3HauuM ero cgp.

7. COBOKYIHOCTb 771 BCEX OTDAHUYEHHBIX YHMCJIOBBLIX [IOCJIENOBATEIIb-
HOCTEl C TeMM K€ OlepalMsiMU CJIOKEHH ¥ YMHOXEHHMA Ha YHCIIa, YTO
U B npuMepax 4-6, Toxe npeacrasiifer cobolt simHeilHOe TPOCTPAHCTBO.

8. Hakonen, coBokynHocTh R BCEBO3MOKHBIX HHMCIIOBBIX HOCJIEIO~
BaTEJILHOCTEN C TeMU XK€ CAMBbIMH ONEPAIUAME CJIOKEHU U YMHOXKEHNSA
Ha 4UCJIa, YTO U B IpuMepax 4-7, Toxe ABNAETCA JIMHERHBIM IPOCTPAH-
CTBOM.

ITockosnbky CBOMCTBA JIUHERHOIO IPOCTPAHCTBA — DTO CBOKCTBA OIme-
panuil CJI0XKEHUs 3JIEMEHTOB M YMHOXEHHs MX Ha 4HCJIA, eCTECTBEHHO
BBECTH CJIERYIOINEE OIpeiesIeHne.

Onpenenenue 2. Jluneliuvie npocrpasctea L u L* HasbiBaOTCS
USOMOPPHOIMU, €CTTH MEXKITY MX 9JIEMEHTAMM MOXKHO YCTAaHOBUThL B3aUM-
HO O/IHO3HAYHOE COOTBETCTBUE, KOTOPOE COTJIACOBAHO C OnepauusMu B L
u L*. 310 03Ha4YaeT, YTO U3

zozh, yeoyt
(z,y € L; z*,y* € L*) cnenyer
r+y ety

u *
ar & ar

(¢ — DPOUBBOJILHOE YHCIIO).

M3somopgdHbIE TPOCTPAHCTBA MOXKHO PACCMATPUBATH KAK PA3JIUYHBIE
peasM3auMl OOHOFO M TOTrO Ke mpocrpanctsa. [Ipumepamu uso-
MOP}HBIX JIMHEHHBIX HPOCTPAHCTE MOTYT CJIYyXHTh apudMeTHIecKoe
n-MEpHOe NPOCTPAHCTBO (nefiCTBUTENBEHOE MM KOMILJIGKCHOE) U IPO-
CTPAHCTBO BCEX MHOTOYJIEHOB CTenerH < n — 1 (COOTBETCTBEHHO ¢ nci-
CTBUTECJIbHBIMHU HJIM KOMNJAEKCHbBIMH KO3(1)(1)HIIH€HT&MH) ¢ OOBIYHBIMU
ONepaluaAMy CJIOKEHHS MHOTOY/ICHOB M yMHOXCHMS UX Ha gucia (no-
KaxXuTe H30MOpGHOCTS!).

2. JIuHellHasi 3aBMCHMMOCTB. DJIEMEHTH! &, ¥,...,Ww JIMHEHHOro
npocTpadcTBa L HA3BIBAIOTCA AUHETHO 306UCUMBIMU, €CJIA CYIIECTBY-
0T Takue 9ucia a, 3,..., A, He Bce pasubie 0, 410

az+fy+...+ Aw =0. (2)
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B IIPOTUBHOM CJIYYae€ 3TH 3JIEMEHTBI Ha3bIBaIOTCA AUHETUHO HE3ABUCUMDBL-

M. VHaye rosops, sJI€MEHTHI Z, Y, ... , W JIMHEHHO HE3ABUCUMbI, €CJIH
U3 paBeHCTBa (2) BoiTekaeT, yTo @ = f = ... = A = (.
BeckoHeyHas CUCTEMA JIEMEHTOB I,Y¥,... npocrpaucrsa L Ha-

3BIBAETCS AUHETIHO He3asUuCcuMOol, eciy mobast ee KOHEYHAs MOJACHCTEMA
JIMHEHHO He3aBUCHMA.

Ecnu B npocrpancTse L MOXHO HAUTH 1 JIMHEHHO HE3ABUCHMBIX 3JIe-
MEHTOB, a JIobkIe 7 + 1 3JIeMEeHTOB 3TOro NPOCTPAHCTBA JIMHEHHO 3aBU-
CUMBI, TO TOBOPAT, YTO HPOCTPAHCTBO L uMeeT pasmeprocms n. Eciau
ke B L MOXKHO yKa3aTh CUCTEMY K3 IIPOM3BOJILHOIG KOHEYHOTO YUCIIA
JIMHEHHO HEe3aBUCHUMBIX 3JIEMEHTOB, TO TOBOPST, YTO MPOCTpPaHCTBO L
beckonewnomepro. Bazucom B n-MepHOM IpocTpaHcTBe L HaspIBaeTCst
n06aa cucTeMa u3 7 JIMHEHHO He3aBHUCHMBIX 3JieMeHTOB. [IpocTpaHcTBa
R™ B peficrBuresibHoM citydae 1 C° B KOMILJIEKCHOM MMEIOT, KAK JIErKO
NpOBEPHUTh, PA3MEPHOCTD 71, OIIPABAbIBAsI TEM CaMbIM CBO€ Ha3BaHHE.

B xypce nunuelinoit anrebpsl paccMaTpHBAIOTCA JIHHEHHbIE IPOCTPAH-
cTBa KoHeuHol pasmeprocTu. HaoGopoT, Mbl, kax npasusio, byaem 3aHu-
MaTbCs MPOCTPAHCTBAMYU OECKOHEYHOr0 YUCJIa U3MEPEHUH, IpencTaBiis-
IOIIMME OCHOBHOH WMHTEPEC C TOYKM 3PEHUs aHasusa. Mbl nMperxocTas-
JIsieM YUTATEsIO MPOBEPUTh, YTO KAXKIOE U3 IPOCTPAHCTB, YKA33HHDIX
B npumepax 3—8, uMeeT HECKOHEIHYIO PA3MEPHOCTb.

3. Iloonpocrpancrea. Henycroe noamuoxectso L' smHeliHoro
IPOCTpaHCTBA L HA3BIBACTCS ROGRPOCTPAHCTNEOM, ECJIH OHO caMo obpa-
3yeT JinHellHoe NPOCTPAHCTBO N0 OTHOIIEHHIO K ONpEeJeseHHbIM B L one-
palusiM CJICKEHUSI U YMHOXKEHUST Ha YHUCJIO.

Unave rosopst, L' C L ects nognpocrpancTso, ecmus x € L'y € L'
crenyer, uro ax + By € L' npu mobeix o u S.

Bo Bcsikom smmHetiHoM mpoctpaHcTBe L MMeeTcsa MOgnpOCTPAHCTBO,
COCTOSIIEE U3 OMHOTO HYJIsl, — HyJieBoe rnoanpocTpancTso. C npyro#
CTOPOHBI, Bce L MOXHO paccMaTpuBaTh KaK CBOE IOANPOCTPAHCTBO.
IloanpocrparcTBO, orinyHoe OoT L u comepxkaluee XOTs Obl OZUH He-
HyJIEBOH 3JIEMEHT, HA3BbIBACTCH COBCMEEHHBIM.

IIpuBenem npumeps! COBCTBEHHBIX MOAIPOCTPAHCTB.

1. Ilycts L — xakoe-1u60 jivHERHOe TPOCTPAHCTBO U £ — HEKOTOPLIT
ero HenyJieBol ajiement. CoBOKyNHOCTD 3JieMeHTOB {Az}, roe A mpobe-
raeT BCe YMCJIa (COOTBETCTBEHHO JIeHCTBUTE/IBHBIE MM KOMILJIEKCHbBIE),
obpa3syeT, O4eBUIHO, ONHOMEPHOE NOANPOCTPAHCTBO. OHO ABJISIETCA COO-
CTBEHHBIM, eCJIi pasMepHocTh L Hosbume 1.

2. PaccMoTpuM npocTpaHcTBO HenpepoiBHbix (yuxuuit Cla, b] (npu-
Mep 3 n. 1) u B HeM cOBOKYNHOCTb Bcex muorodnenos Pla,b]. Scno,
4TO MHOrousleHs! of6pasyior B Cla, b] nognpocrpascTBo (nMeromee, Kak
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u Bce Cla,b], Geckoneunyio pasmeprocts). B 10 e Bpems camo npo-
crparcrso Cla,b] MoxHO paccMarpuBaTh Kak NOANPOCTPAHCTBO Gosiee
OOLIMPHOTrO NPOCTPAHCTBA BCEX, HEHPEPLIBHBIX M Pa3PHIBHBIX, (byHKIMH
Ha [a, b].

3. PaccmoTpuM, HakoHelN, UPOCTPaHCTBA lz,¢p,c,m 1 R® (npume-
pot 4-8 n. 1). Kaxxnoe n3 Bux sBsieTca COBCTBEHHBIM MOANPOCTPAH-
CTBOM NOCJIE/LYIOMIETO.

Ilycts {x,} — npousBOSBLHOE HEMYCTOE MHOMXECTBO BJIEMEHTOB JiM-
nefinoro npocrpancrsa L. Toraa B L cymecrByer HauMmeHbiee HOANPO-
crpaHcTBo (6BITH MOXeT, cosnanawmee ¢ L), kotopoe conepxut {z,}.
HelicTBuTensHo, o xpaiiHelt Mepe OIHO HOANPOCTPAHCTBO, COAEPXK alllee
{zs}, B L cymectByert: 3to Bce L. [lanee sicHo, uto nepecevenue A1060-
20 muooiceemea {L,} nodnpocmpancme ecmov chosa nodnpocmpancmao.
B camom nene, ecnw L* = (L, u z,y € L*, Tou ax + By € L* upn

14

BCEX @, B. BosbMeMm Teneps BCe MOANPOCTPAHCTBA, COOEPIKAIIHNE CUCTEMY
BEKTOPOB {Z, }, U pacCMOTPUM KX epeceveHue. ITO U Byler HAUMEHb-
iliee MOANPOCTPAHCTBO, COMepKaliee CUCTeMy {Zo}. Takoe MHHAMAIDL-
HOE NOANPOCTPAHCTRO Mbl HA30BEM NOJNPOCTPAHCTEOM, TOPOHCICHHBLM
MHONHCECTNBOM T, WIIH AunElNOl 060a0uk0t MHOXKeCTBA {Zo}. Mb1 Oy-
nem o6o3rauaTs 910 noanpoctpancrso L{{zq}).

Yunpaxnenue. Jluneiino nesaBucuman cucreMa {Zq } 2JIEMEHTOB JIMHEH-
HOro unpocrpaHcTBa L uaswiBaercsa 6asucom amensn, ecim ee smnHelinas o06o-
Jouka cosnagaer ¢ L. Joxasats cuieqyioume yTBEPXIeHUA:

1) B xax oM JIHHERHOM NIpocTpaHcTBe cyuecTByer 6asuc [amens.

Yxasanue. Vicnonp3sopars stemmy Ilopha.

2) Ecau {zo} — Gasuc I'amens B L, To xaxneiii BekTop * € L enun-
CTBEHHBIM O0PA30M IIPEICTAaBJIAETCS B BUJE KOHEeYHOU snHeliHo# koMbuHanun
HEKOTOPBIX BEKTOPOB CHCTEMB! {Zo }.

3) Jlwbbie npa Gasuca [amens B JiMHEHHOM IPOCTPAHCTBE PaBHOMOIUIHBI;
MowHoCcThL H6a3uca [Namens JiMHEHHOrO0 NPOCTPAHCTBA MHOTOA HA3BIBAIOT asze-
fpauneckoti pa3mMepHocmvI0 ITOr0 NPOCTPAHCTBA.

4) JInnelinsle 1pocTpaHCcTBa M30MOPGHEI TOTAA M TOJIBKO TOIIA, KOIIa OHH
UMEIOT OJMHAKOBYIO aIrefpanvyecKkyo pasMepHOCTb.

4. Paxkrop-npocrpadcTsa. Ilycrs L — nmHeitHOe MPOCTPAHCTRO,
u L' — nekoTopoe ero noanpoctpatcTso. CxaxkeM, YTO JBA 3JIEMEHTA &
u y u3 L oxeusarenmubl, €CJH UX PA3sHOCTb T — Y npuHagiexur L'. 91o
oTHowenue pedJIeKCUBHO, CUMMETPUYHO ¥ TPAH3UTUBHO, T.€. ONpEle-
et paszbuenue Bcex x € L Ha knaccel. Kiiace sKBUBaJIEHTHRIX 3J1€MeH-
TOB Ha3bIBAETCS KAGCCOM cmedcrocmu (no nognpocrpancrsy L'). Coso-
KYIIHOCTb BCEX TaKMX KJIACCOB Mbl Ha3oBeM gaxmop-npocmparcmeom L
no L' u obosnauum L/L'.
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B moboM dbakTop-npoCcTpaHCcTBe, eCTECTBEHHO, BBOXATCA OHEpalUU
CJIOKEHUS U YMHOXKEHUun Ha vuciaa. Umenno, nycrs £ u 1 — ABa KJac-
ca, NpeacTaBasolmmux coboit anementsl u3 L/L'. Boibepem B KaxknoM
U3 3THX KJIACCOB MO MPEACTABUTENIO, CKAXEM, T U Y COOTBETCTBEHHO,
H HA30BeM CyMMOH KJ1accoB € U 1) TOT KJIaCC, KOTOPBIH CONEPXKHUT 3Jle-
MEHT Z+Y, & HPOU3BEIEHUEM KJjlacca & Ha YUCJIO & TOT KJ1acc ¢, KOTOpBIf
COJEPXKHUT 3JIEMEHT ax. JIerko npoBepuTh, YTO pe3yJjIbTaT He U3MEHUT-
CA OT 3aMeHbl NpencTaBuTesiedl £ U ¥y KAaKuMHu-iMO0 OpyruMH [peIcTa-
surensmu ' u y' Tex xe kjaccos € m 1. Taxum oOpasoM, Mbl aeit-
CTBUTEJIBHO ONIPEIEIINIIN JIMHEHbIE onepauy HajJ 3JIEMEHTaMH (haKTOp-
npocrpancrsa L/ L'. HenocpencrseHnast IpoBepKa [IOKA3BIBAET, YTO 3TH
OIlepAIIMH YJIOBJIETBOPSIOT BCeM TpeDOBaHUSIM, COAEPKAUMMCH B OIpe-
nenenuy ymHelHOro npocrpancrsa (nposenure 3ty nposepky!). Muaue
roBops, kaxnoe gaxmop-npocmpancmeo L/ L' (c TeMr onepauuamMu cjio-
KEHMsI i YMHOXEHHUS Ha YHCJIa, KOTOPBIE MBI CEH4ac B HEM ONPEIesIUIIN )
npedcmasanem coboti aunetinoe nPocmMpancmeo.

Ecnu L — npocTpaHCTBO i MSMEpeHHi, a ero momnpocrpaictso L'
uMeeT pasMepHocTh k, To dakrop-npocrpancrso L/L' umeer pazmep-
HocTh 1 — k (mokaxure atol).

[Iycrs L — mnpousBojibHOE AuHE#HOe npocTpaHcTBo ¥ L' —— Heko-
TOpOe ero NOMIPOCTPaHCTBO. Pasmeprocts dbakTop-npocrpanctsa L/L!
HA3bIBAETCS XOPAZMEDHOCTRGI0 NoanpocTpancTsa L' B npocrpancrse L.

Ecnu mopnpocrpatcrso L' C L umeeT KOHEYHYIO KOPA3ZMEPHOCTD 7,
T0 B L MOXHO BBIGpPATH BJIEMEHTHL Z1,. . . , T TAK, YTO BCAKUHN as1eMEeHT
z € L 6yner (0mHO3HAYHO) NPENCTAaBAM B BUIE

T=oT + ...+ apZp + Y,
rae o1,...,0, — uncaa n y € L'. HefictBurenpHo, mycts haxTop-
upoctpanctso L/L' nmeer pasmepHoctb n. Beibepem B sToM daxTop-
upocTpalcTBe 6asuc &,...,§, ¥ U3 KAXIOro KJsacca £ sbibepeM 1o
IIPEACTABUTEIO T . IlycTh Teneps & — Jirobolt anement us L n £ — ToT
knacc B L/L', xotopstit conepxur z. Torma

E=oby + ... +ankn

Ilo onpenesteHnIo 3TO 3HAYNT, YTO KAXK/IBIH 3JIeMEHT U3 £, B YACTHOCTH T,
OTJINYAETCA JIUIG HA 3J1eMeHT U3 L' 0T Takoi ke sunetinoit koMGunanuu
3JIEMEHTOB I1,...,Ln, T.€.

r=mzr +...+a,r, +y.

OnHO3HAYHOCTD TAKOR 3aNMCH NPEHOCTABJIAEM IOKA3ATh YUTATEITIO.

5. Jlunelinbie dpyHkumonansr. Yucaosyw dyuxuuio f, onpene-
JIGHHYIO Ha HEKOTOPOM JIMHeHHOM nmpocTpaHcTBe L, Mbl OyeM HA3LIBATH
dynryuonasom. ®yaxumonan f HaspiBaeTca addumuenbviM, €CIIH

flz+y) = flz) + f(y) naascex z,y € L;



136 a. 111, HopmupoearHvie u MonoA02uMECKUE THPOCTMPARCINEE

OH HAa3BbIBACTCHA 00HOPOORVIM, €CTIH
flaz) = af(z) (o — npousBosibHOE YHCIIO).

OyHKUMOHAN f, ONpenesieHHblii B KOMTIIJIEKCHOM JIMHEeHHOM IIpo-
CTPAHCTBE, HA3BIBACTCS CONPANCEHHO-00HOpodubim, eciin f(az)=af(z),
e @ — 4YMCJ10, KOMIIJIEKCHO COTIPSDKEHHOE (.

AnnuruBabIE  OIHOPOIHBIH (PYHKUMOHAJI HA3LIBAETCA AUHETHBIM
Pynxyuonasom. ANAUTUBHBIR CONPKEHHO-OMHOPOHBIH (hyHKIMOHAT
HA3bIBACTCS CONPAHCEHHO-AUHETHBIM, 2 HHOTHA, NOAYAUHETHBIM.

Ykaxem npumeps! JinHeHHBIX QYHKIUOHATIOB.

1. IIycts R™ ecth n-mepHoe apudMeTHIECKOE NPOCTPAHCTBO C 3Jie-
meHtamu z = (Z1,...,Z,) U a = (ai1,...,a,) — OPOU3BOJILHBIH HabOp
u3 n bukcupoBanHbix yuces. Torga

flz) = Z aiT;

-— nnuelinpiit pyaxnnonasi B R . Beipakenue

flz) = Z a;T;
i=1

npencrasasier coboit conpsixeHHo-TuHeRHbI GyHKuuonan B C7.
2. Unrerpast

b b
Iz} = [ z(t) dt, Ilz) = [ z(t)dt
a a
NPEACTABJISAIIOT CODOY COOTBETCTBEHHO JIMHEHHBII M CONpPsIKEeHHO-JIMHER-
ub1it pbynxumonasne: B npocrpancrse Cla, b].
3. Paccmotpum 6ostee obumit npumep. [Iycts yo — HekoTopast pukcu-
poBaHHas HenpepbiBHAsA GyHKIMA Ha {a, b]. [Tostoxkum mst 106oit dbynk-

uun z € Cla, b] ,

F@) = [ (tyolt) dt.
a
JIuneiHOCTH 3TOr0 (PYyHKIHOHAJIA CJIeyeT U3 OCHOBHBIX CBOICTB ome-
pauuyu uaTerpupoBanns. PyHKINOHAI

b
F(a) = [ #(t)wolt) dt
a
Oyner conpsbkenHo-nHelnbiM (B xoMIexcHoM npoctpadcrse Cla, b]).
4. Paccmorpum B TOM Xe camoM npoctpascree Cla,b] nnneinbii
dyuxkumonas apyroro THna, a UMEHHO, IOJIOXUM J;, = {tg), TaK YTO
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3Havenne GyHKUHOHAA 0y, HA (DYHKIMH T PABHO 3HAYEHHIO 3TOH DyHK-
uuu B (hUKCUPOBAHHON TOYKE fg.

9101 bYHKUMOHAI OOBIYHO 3AITUCLIBAIOT B BUJIE

b
5iy(2) = [ 2()8(t — to) dt,
a
nNoHNMasA 1noj 0 «HYHKUHUIOS, KOTOPAs pABHA HYJIIO BCIOY, KPOME TOYKH
t = 0, n unrerpan ot kKoropol pased enumuuue (d-pynxuusa upaxa).
Takne «DYHKUMMS> MOJYUUIIN CTPOTOE ONPEeJICHHe B PAMKaX TEOPUHN
06001eHERIX DYHKIUI, 3/1eMeRThI KOTOPOiH ByiyT n3/10XeHb! B § 4 cJe-
Oywuel riaaBol.

5. IlpuBegem npumep JmmHeltHOro dyHKUMOHAIA B npOCTpaHcTee .
[ycrs & — duxcuposannce uesI0e NOJGKUTENBLHOE YUCI0. s kaxk-
goro & = (Z1,...,&n,...) u3 ly nosoxum fi(x) = zg. JluseitnocTs Ta-
KOTO (DYHKIMOHAJIA OYeBUAHA. DTH (DYHKIMOHAJIBI AONYCKAKT «PaCIpPOo-
CTpaHeHHe» HA APYTHUe NPOCTPAHCTBA NOCTIEA0BATEIbHOCTER, HAanpuMep,
Ha Cp, ¢, m, R (upumepst 5-8, u. 1).

6. T'eomerpudeckuil cmpica JimneliHoro ¢pynknpmonana. Ilycrs
f — HEKOTOpBIR OTAUYHBIH OT TCXKIECTBEHHOrO HyJia JUHEeRHbIH dyHK-
HHoHAJ Ha auHeliroMm npocrpancTtse L. COBOKyNHOCTD TEX 3JIEMEHTOB T
w3 L, KOTOphI€ YIOBJIETBOPSIOT YCJIOBUIO

f(z) =0,

npejcTasisger coboit nognpocTpaHcTBO mpocTtpaHcTBa L — nodnpo-
cmparemao nyaet unu sdpo dyukimonana f. HeitcrBurensro, ecin

flz) = f(y) =0, T0
flax + By) = af(z) + Bf(y) = 0.

970 moanpocTpancTso obozuavaerca Ker f1).

Honnpoctpancrso Ker f umeer xopasmeprocth 1. HelicrBurensHo,
BO3bMeM KaKOH-1n00 31eMeHT g, He Bxoasmuili B Ker f, 1. e. Takoil sse-
MeHT, 9T0 f(xg) # 0. Takoil anemenT naiinercs, nockosbky f(x) Z 0.
Bes orpanndenus obmuocTu MOXKHO cuuTarh, 9ro f(zg) = 1, u6o B npo-

N xr
THBHOM CJIy4ae Mbl 3AMCHUIIH Obl Lo HA — o2 (ﬂcno, Y10 f(f(; )= 1.)
(4]

flzo)
g Kaxaoro ajemeHta z NoJoxnMm y =z — f(x)zg; Torma f(y) =
= f(z — f(z)xp) =0, r.e. y € Ker f.
IIpencrabiiense ajiemenTa B Buge T = axg + y, rae y € Ker f,
npyu GUKCUPOBAHHOM 3JIEMEHTE Ty €OMHCTBEHHO. B camoMm jgese, nycCrhb
z=azo+y, y€Ker f, r=c'zo+y’, y'€Ker f. Torna (a—a')ze=y' —y.

1} Or anrnwmiickoro cnosa kernel — sapo.
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Ecnu 3necs @ = o, To odesuano, uto y' = y. Ecu xe o # o, 1O
’
ZTo = %——&y; € Ker f, 4To nporuBopeduT BubOpy Zg.

Orciona cienyer, 4TO JBa BJIEMEHTA £} W Tz TOCUA U TOJIBKO TOLIR
NPUHAAJIEKAT OOHOMY KJ1aCCy CMEXHOCTH 10 noanpocTpaHctBy Ker f,
korma f(z:) = f(z2).

HeiticrBurennuo, us x; = f{r;)To + y1,Z2 = f(2)zo + y2 BBITEKAET,
qto £y — T3 = (f(z1) — f(x2)) - 2o + (y1 — y2). Orcropa BUAHO, YTO
z1 — x9 € Ker f torma u TOJIbKO TOrHA, KOraa kKoadduuuenT npu o,
1.e. f{zy) — f(z2), pasen 0.

Besixult xnace € no nognpocrpanctsy Ker f onpenensercs JiobsiM
n3 csoux npencraeuresiell. B xauecTse Takoro npeacTaBUTENA MOXK-
HO B3#Thb 3JIEMEHT BUIA aZg. OTCIOfa BWIHO, YTO MOJHPOCTPAHCTBO
L/ Ker f neficrBuresibro oquoMepHo, 1. €. Ker f umeer xopasmeprocts 1.

IMoanpocrpaucrso Ker f onpenesisier uneftunit byuxnuonad, obpa-
MAMUHCA HA HEM B HYJIb, C TOYHOCTHIO A0 MOCTOSIHHOIO MHOMXHTEJIS.

B camom gnene, nycth (hDYHKUMOHANBI f M ¢ UMEIOT OFHO M TO XKe
anpo: Ker f = Ker g. Buibepem asleMenT o Tax, 4tobnt f(rg) = 1. Mbt
yTBepxIaeM, uro g(zg) # 0. HelicTBuresbHo,

z = f(z)zg +y, y€Kerf=Kerg,

9(z) = f(z)g(zo) + 9(y) = f(z)g(z0)-
Ecsu 6b1 3HAaUeHUE g(zp) pasHsanock 0, To GyHKIMOHAT g OBLI GBI TOX-
necTBeHHbIM HysieM. U3 pasenctsa g(z) = g(zg)f(z) u BBITEKaeT npo-
NOPIMOHAJILHOCTL (PyHKUMOHAJIOB g ¥ f.

J7s Beaxoro momnpocrpancTsa L' kopasmepHocTy 1 MOXHO yKa3aTh
taxo#t dbyuxuuonan f, uro Ker f = L'. Jocrarouyno Beibpars npous-
BOJIbHBLE 31eMenT Zo ¢ L' u npencraButs xaxibiil anement z € L B BH-
ne £ = azg+y. Takoe npencrasiienue equncTeHHo. [Tostoxus f(z) = «,
MBI TTOJIy4uM JinHelHb PyHnknuonas f, mis koroporo Ker f = L' (upo-
BEPUTH 3TO!).

IIycrs L' — xagoe-uubyap HOAMPOCTPAHCTBO KOPA3MEPHOCTH 1 B JK-
HellHOM TpoCTpaHcTBe L; TOrja BCAKMIl KJIACC CMEXKHOCTH NPOCTpaH-
crBa L 1o nopnpoctpascTsy L' Ha3bIBAETCS 2unepniockocmbio, mapaJi-
JNesibHOM noampoctpancTsy L' (B 4acTHOCTH, CaMO MOAUPOCTPAHCTEO L'
ABJIACTCS 2UNEPTAOCKOCTIBbI0, cogepxatiieil 0, T.e. «npoxonsmeit yepes
Havyaso KoopuauHar»). WHpiMu csoBamu, runepnnockocts M', napads-
JIEJIbHAA TOAIPOCTPAHCTBY L', — 9TO MHOXKECTBO, noJiyuamomeecs u3 L'
[1apAJIJIEJILHBIM IlepeHocoM (CaBuroM) Ha Kaxo-uubyns BeKTop T € L:

M=L+z={y:y=z+z0,z € L'}.
ScHo, 910 ecomu 9 € L', o M' = L'; ecim xe zg ¢ L', To M' # L',
Ecnn f — nerpuBvanbhbiit gunefiublil GyHKIMOHRAN Ha pocTpaHcTse L,
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T0 MHOKecTBO My = {z: f(z) = 1} sBIsI€TCA rUNEPIIOCKOCTbIO, IAPAJ-
nensHoft noanpocrpanctsy Ker f (neficrBuresnsHo, dbukcupys kakoii-
HUOYIs BJIEMEHT Zp, 1A Kotoporo f(xzg) = 1, Mbl MoxeM BCakuit Bek-
TOp * € My, npeacTaButh B BUe = = xg + y, riue y € Ker f). C apyro#t
cropoust, ecnu M’ — xakas-Hubyb FHIEPIJIOCKOCTD, NAPaJliesIbHas
nonnpocrpadcrsy L' (kopasmeprocTu 1) n He npoxogsaiuas yepes Hada-
JIO KOOPAMHAT, TO CYWIECTBYEeT €AMHCTBEHHBIH JmHedubli yHK-
uuonan f tako#, uro M’ = {z: f(z) = 1}. HellcrBuTenbHO, NyCTh
M' = L' + x4,z € L; Torga Bcaxuit saement z € L oaHo3HauHO npen-
CTaBUM B BHIE T = aZg+y, rae y € L'. Tlonaras, xax u Boune, f(z) = a,
Mbl NOJIYYMM MCKOMbIH JinHeHHbI (hyHKUMOHAI, €UHCTBEHHOCTL CJie-
ayer w3 roro, yro ecqia g(z) = lnupu z € M', ro g{y) =0 npu y € L',
TAK 4TO
glazo +y) = a = flaze +y).

Taxum 00pazoM, YCMAHOEAEHO B3AUMHO 0JHOZHANHOE COOMEEMCTNEUE
MENCOY BCEMU HEMPUBUAALHHMU AUHETHBIMY PYHKYUOHAAAMY, ONpE-
deaennvimu He L, u ecemu zunepnaockocmamu 6 L, ne nperodswumu
wepes HaAULA0 KoOpJuHam.

Yupaxuenue. Ilycts f, fi,..., fa — maxue smnHeiusie PpyHKIMOHAIIBI
Ha suHeHnom mnpocrpanctee L, yro n3 fi(z) = -+ = fa(z) = 0 Bwm-
tekaer f(z) = 0. Torma CyMIECTBYIOT TAKHE MOCTOAHHBIC Q1,...,Qn, 4TO

3

flz) =3 axfi(z) nas Beex z € L.

§ 2. BolnykJible MHOXKECTBA M BBRIIYKJbLIe (hYHKIMOHAJIBL.
Teopema Xana—Baunaxa

1. BeinykJible MHOXe€CTBa U BBINMYKJble TeJda. B ocHoBe MHO-
IUX B&KHBIX PA3JEsIOB TEOPHU JIMHEHHBIX TPOCTPAHCTE JIEKUT IIOHATHE
svinyraocmy. OHO ONUPAETCA Ha HALJIFAAHBIE FEOMETPHUYECKHe NPeaCTa-
BJIEHMS, HO BMECTE C TeM ACNYCKAET U YUCTC aHAJUTHYIECKYIO opMy-
JIMPOBKY.

ITycre L — Hexkoropoe jmneliHoe me#cTBUTEJNbHOE nNPOCTPaH-
CTBO U T, ¥ — OBe ero touku. Hazobem samrrymvm ompeskom B L,
COCHUHAIIMM TOYKH T U Y, COBOKYIHOCTh BCEX 3JIEMEHTOB BAIA

ax+ By, rtae a,820, a+3=1.

OTPGBOK oes KOHIEBbIX TOYEK T U Y HA3BIBACTCH OMKDPBMBM OMNPE3-
KOM.
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M=uoxectBo M C L Ha3bIBAEICH 8LINYKABIM, €CJIM OHO BMECTe C JI0-
ObIMY ABYMS TOUKAMH T W Y COOEPXKUT M COEOUHSIOUMI UX OTPE3OK.

HazsoBeM adpom J(E) npousBosibHOTO MHOXkecTBa F£ C L COBOKyII-
HOCTb TakdX €ro TOYEK I, 4TO0 JJId Kaxmoro y € L ualinercs takoe
qpcso € = e(y) > 0, uro £ + ty € E upu |t| < €.

BeinykJjioe MHOXKECTBO, S1IpO KOTOPOI'O He MyCTO, HA3bIBACTCHA 6HNY-
KABLM TEAOM.

ITpumepsl. 1. B TpexmepHoM eBKIMIOBOM MPOCTpPaHCTBE Ky6, map,
TETPA3AP, HOJIYNPOCTPAHCTBO MPEICTABJIAIT COGOH BLINYKJIbE TEJIA.
OTpesok, NJA0CKOCTh, TPEYTOJBHHAK B TOM K€ IPOCTPAHCTBE — BBIILY-
KJIbl€ MHOXKECTBA, HO HE BBLITYKJIbIE TEJA.

2. PaccMOTpMM B NpOCTPAHCTBE HENPEPLIBHBIX DYHKIUN Ha OTpe3ke
[a, b] muOX)eCTBO byHKIMH, yroBseTBOpstonuX yeaosmo |f(t)]| < 1. 9o
MHOXKECTBO BBIIYKJIO; neficrBurenbro, ecout |f(t) < 1 u [g(t)| < 1, To
mpra+8=1,a,320

laf(t) + Bg(t)| S a+ B =1

Yupaxaenue. [Ipopeputsh, ABJISETCH JIM 3TO MHOXKECTBO BBILYKJIbIM Te-
JIOM.

3. Enunuunsit wap B ls T, €. COBOKYHHOCTh TAKUX TO4YEK Z = (1, ...,
Tp,.-.), 9TO Y. 123 < 1, ectb BHIMyKJIOE TEMO. Ero anpo coCTOUT U3 TO-
4eK Z, yOOBJIETBOPAIOWMX YCIOBUIO Y T2 < 1.

4. OcnosHoit napaJjunestenumnen II B l; — BblIyKI0€ MHOKECTBO,
HO He BbIIYKJIOEe Tesio. B camom pgese, nmycts x € II; 310 o3Hadvaer,
aro |z, € 1/2"! gna scex n = 1,2,... Homoxum yo = (1,1/2,...,
1/n,...). Oyctes x + tyo € II, T.e. |z, + t/n| < 1/277}; Torma

t t 1 1 1
Iﬁ’ < |Zn + h‘l +|znl < gn—1 + gn-1 = gn-2>
orkyzna t = 0, T.e. aapo muHoxecrBa II mycro.
Ynpaxuenus. 1. lIycts ® — COBOKYNTHOCTb TOYEK T = (L1,..., Tn,...)

u3 l2, YHOBJIETBOPAIOMMUX YCIIOBHIO anz,zl £ 1. Joxasars, uto ¢ -— BbIITY-
KJIOE MHOXKECTBO, HO HE BBIYKJIOE TEJIO.

2. Jokasare TO Xe CaMoe OJIsT MHOXECTBA TOYeK B 2, KaX/1as U3 KOTOPBIX
HMeEeT JIMIIb KOHEYHOE YMCJIO OTJIMYHBIX OT HYJIA KOODJUHAT.

Ecau M— BBITYKJIOE MHOXKECTBO, TO €ro Anpo J (M) Toxe BhiLyKJIO.
HeitcrBurensHo, nyctb 2,y € J(M)nz=az+ 8y, a,820,a+ 0 = 1.
Torna ans pannoro ¢ € L unalinyrcs rakpme €1 > 0 u €2 > 0, uro npu
[t1] < €1, |t2| < €2 TOURM T +t1a v y+ toa NpuHALTIEKAT MHOXKECTBY M,
CJIeIOBATEJIBHO, eMY NPUHAAIEKIT U Touka a{T+ta)+ By +ta) = z+ta
upu |t| < £ = min(ey,e2), T.e. 2 € J(M).
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Ycranosum cJleyrulee BaxKHoe CBOHCTBO BbITYKJIBIX MHOXKECTB.

Teopema 1. [Iepecevenne J060ro 4icjia BbIIYKJIBIX MHOMXKECTB
€CTh BBITYKJIOE MHOMXECTBO.
HokasaTtenscrso. lycts M = [\ M, u Bce M, — BbinykJbie

23
muoxectBa. Ilycts, nasiee, T U y — JBe NPOU3BOJIbHBIE TOYKH H3 M.

Torna 0TPe30K, COSAUHSAIOUIMIE TOYKH T U Y, NPUHAIJIEKHUT KaXKIOMY
M,, a caegosarensro, 1 M. Takum obpazom, M aeliCTBATEIHHO BINY-
KJIO.

3ameTuM, YTO HepeceveHre BhIIYKIIbiX Te1 (6YAyYH BbIIYKJIBIM MHO-
JKECTBOM) He 06A3aH0 ObITh BHINYKABLIM TEJ0M (NpUBEOUTE NPUMED).

HJ1s npousBOILHOTO MHOXKeCTBA A B nuHeiinoM npocrpanctse L cy-
IEeCTBYET HAUMEHbUIEE BBIIYKJIOE MHOXKECTBO, KOTOPOE €r0 CONEPKUT,
uM OyaeT nepecedeHue BCEX BBINYKJIBIX MHOXeCTB, copepxanmx A (o
kpafiseil Mepe OfHO BBIIYKJIOE MHOXKECTBO, comuepxauiee A, cyuecTBy-
er — 970 B¢ L). MuHMMAaJIbHOE BBINYKJIOE MHOXECTBO, cogepikaniee A,
MBI HA30BEM GuNYKA0T 06osouxol MHOXKeCTBA A.

Paccmorpum oguH BakHBIN npumep BbINyKJIOH obosouku. Ilycts
21,...,Zpy1 — TOYKU HEKOTOPOIrO JIMHEHHOIO HPOCTPAHCTBA. Mbl CKa~
JKEM, UTO 3TH TOYKH HAXOLATCA B 00WEM NOAOHCEHUU, €CJIA BEKTO-
Pl T2 — T1,%3 — L1,...;Lnt) — T JUHEHHO HezaBucuMbl. (IT0 pas-

n+1 n+1
HOCHJIBHO TOMY, 49TO u3 ., Mz; = 0 m Y. A\; = 0 beITexaer, 410
i=1 i=1
Al = ... = Apy1 = 0.) Beinykoas o6osiouka TO49EK Ty, ... ,Tptl, HA-
XOOAUMXCS B ODLIEM IMOJIOKEHUH, HA3BIBAETCS N -MEPHOLM CUMNAEKCOM,
a CAMHU TOYKHU I1,...,Tn41 — €ro BepmuHamu. HysbMepHsil cummiexc
— 3710 OnHa TouKa. QIHOMEDPHbIH CAMILJIEKC — OTPE30K, ABYMEPHBIH —
TPEYroJIbHUK, TPEXMEPHBIR — TETPa’Ap.

Ecny To4KU X3, ... , Tpy] HAXOAATCS B OOIIEM HOJIOKEHNH, TO JHOObBIE
k + 1 us mux (k < n) takxke HaxomATcs B OOmEM HOJIOKEHUH U, CJISHO-
BATEJILHO, MOPOKIAIOT HEKOTOPbId k-MEpHBbIA CUMIUIEKC, Ha3bIBAEMBbIL
k-meprotl zpanvio NAHHOrO N-MepHOro cumiiexca. Hampumep, Terpa-
3D C BEPUIMHAMU €, €32, €3, €4 HMEET YEThIPE JABYMEPHLIE I'DAaHH, OIIpe-
JejisieMble COOTBETCTBEHHO Tpoiikamu BepuuH (es,es,eq), (e1,e3,e4),
(e1,e2,€e4), (€1, €2,€3), WECTHL OTHOMEPHBIX IPaHell ¥ YeTHIPE HyJbMEp-
HBIX.

Teopema 2. CuMmIekc ¢ BEPIOHHAMH Ty, . .., Tn4+1 €CTH COBOKYII-
HOCTEL BCE€X TOYEK, KOTODDLIC MOXKHO IIpeaCcTaBuTh B BHIE
n+1 n+1

m=zakxk, ag 20, Zak:l- (1)
k=1 k=1
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Hdoxaszarennbcrso. Jlerko nposBepuTh, YTO COBOKYIHOCTL S TO-
yek Buaa (1) npencrasisiet coGoli BBITYKJ0€ MHOXECTBO, Cojiepxaiiee
TOYKH Z1,... ,Znt1- C APYro# CTOPOHBI, BCSKOE BBINTYKJIOE MHOXECTBO,
COOEPIKAIEE ITH TOUKH, JOJKHO COAEPKaTh U TOYKH Buaa (1); cnenosa-
TEJIbHO, S SIBJISIETCA HAMMEHbIIMM BbUIYKJIBIM MHOMXECTBOM, COIEPKA-
IIMM TOYKY Z1,. .. ,Tn+]-

2. OpaoponHo-BhINYKAbIe (hyHKIMOHANBI. C NOHATHEM BbITy-
KJIOrO MHOXECTBa TECHO CBA3aHO BAXKHOE TICHSITHE OZHOPOIXHO-BBINYK-
Jsoro ¢pyHkumMonana. Illycrs L — peficrBurensHoe JinHeRHOE IPOCTPaH-
crBo. Onpenesienuniit Ha L GYHKUMOHAN P HA3LIBAETCST GHINYKABLM, ECIIH

plaz + (1 - a)y) < ap(z) + (1 - a)p(y) (2)
amaBeex z,y€L umw 0<agl.
DyHKUMOHAN P HASBIBAETCA TOA0HCUTNEALHO-0THOPOTHBIM, €CTIH
plaz) = ap(z) anascex z € L msecex o> 0. (3)

151 BLINYKJIOrO HOJIOXKUTEILHO-OQHOPOIHOIG MYHKIMOHATIA BBINOJI-
HEHO HEPABEHCTRO:
p(z +y) < p(z) + ply)- 2)
HettctBuTeaBHO,

T+
p(z +y) =20(252) <2(p(%) +2(%)) = p=) + p(w).
Jlerko norsaTh, uro ycnosue (2') BMecte ¢ ycnosuenm (3) obecneunnaer
BBUIYKJIOCTH (DyHKIMOHAIA P. 100X UTEIEHO-ONHOPOOHBIH BBITYKITbIf
hYHKIMOHATT MBI OyIeM HA3BIBATH KOPOUYE OJHOPOOHO-6bINYKABIM. YKa-
KeM HEKOTODSbIE IPocTeiinye CBORCTBA OOHOPOAHO-BBUTYKJIILIX (DY HKIMO-
HAJIOB.

1. onaras B pasenctse (3) z = 0, nosyuaem

p(0) =0. (4)
2. U3 (2') u (4) cnenyert, 9ro
0=p(z+ (—z)) < plz) + p(~z) ozt Bcex z € L. (5)

OTC HEPABEHCTBO O3HAYALT, B YACTHOCTH, 4TO ecau p{z) < 0, To oba3a-
resipho p{—x) > 0. Takum 06pasoM, HeHyJIeBOH OIHODPOIHO-BBITYKJIbIH
dbyHKIMOHAN MOXeT ObiTh BCIOAY HEOTpULIATesIeH, HO €CNIU BCIOIY
p(z) €0, ro p(z) =0.
3. Ilpu nobom o
plaz) > ap(z).
IIpu a > 0 aro caeayer us (3), npu a = 0 — u3 (4); ecomm xe o < 0, TO
B cuty (5) nonyvaem

0 < p(az) + p(lajz) = p(az) + |alp(z),

plaz) > —lalp(z) = ap(z).
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IIpumepsl 1. Beaxuit simbellapiil QyHKUMOHAN SIBASAETCS, OYEBH/I-
HO, OHHOPOAHO-BEITYKJIbIM. OIHOPOIAHO-BHINYKJILIM Oyaer u QyHKuuo-
nai p(x) = | f(z)|, ecou f nuneen.

2. Ty1MHA BEKTOPa B 71-MEPHOM €BKJIMAOBOM IPOCTPAHCTEE €CTh OJHO-
POIHO-BBIIYKJibi#t byHKIHOHAN. 3aech yeaoBue (2) o3Havaer, €10 Hu-
Ha CyMMBbI ABYX BEKTOPOB HE NPEBOCXOAUT CyMMbl UX IJIMH (HEpaBeH-
CTBO TPEYTOJILHUKA), a (3) HENOCPEICTBEHHO CJIeIyeT U3 ONpENeJIeHUA
[aMHbL BeKTopa B R™.

3. Ilycrh m — UpOCTPAHCTBO OrPAaHHUYEHHBIX HOCJCHOBATENBHOCTER
z=(z1,..., Tn,...) PyHKIHOHAI

p(z) = sup |z,
n
— ONHOPOCJHO-BBITYKJIBIHA.

3. ®yuxkmumonan MmwuHKoBcKoro. [Iycrs L — npoussosbHOE sn-
HeflHoe mpocTpaHcTBO U A — BBINYKJIOE TeNo B L, sSiIpO KOTOPOro Co-
nepxut Touky 0. @yuxumonan

pa(z) = inf{r: ZeAr> 0} (6)
Ha3bIBAETCA Pynkyuonaaom Munxoeckozo BhIIyk0ro Tena A.

Teopema 3. @Pynxumonas Munkosckoro (6) — OXHOPOAHO-BBITYK-
b1 # HeoTpHuareabHbii. O6paTHO, ecaH p(T) — HPOH3BOJIBHBIH OHHO-
DOIOHO-BBUTYKJIbHE HEOTPHUATE/bHBIH (DYHKIIHOHAJ HA JIMHEHHOM IIDO-
crpascrse L u k — nmosoxuresisHOe 44CII0, TO

A= {z: p(z) £ k} (7)

€CTb BBIIYKJIOE TEJI0, AAPOM KOTOPOro cayxut maoxectso {x: p(z) < k}
(comepxamee touxy 0). Ecam B (7) k = 1, 10 ucxogupiii QyHKUHO-
Haus1 p(x) ectp pynrumonas Munkosckoro aas A.

Hoxasarenscrso. s sesikoro ¢ € L asieMent z/r npusajie-
XHUT A, eciu r JOCTATOMHO BEJIMKO; MO3TOMY Besinmyduna pa(z), onpene-
Jisiemasi paBeHCTBOM (6), HeoTpUNATebHA ¥ KoHeuyHa. [Iposepum nosio-
KUTEJIBHYIO OHHOPOAHOCTb (byHkunonasna (6). Ecom t > 0 u y = iz,
TO

paly) =inf{r > 0:y/r € A} =inf{r > 0: tz/r € A} =
=inf{tr' > 0: z/r' € A} = tinf{r' > 0: z/r € A} =tpa(z). (8)
IIposepum Bbiyra0CcTs pa(x). Iycts 1,292 € L u £ > 0 IpOU3BOJILHO.

Bribepem uucsia r;(i = 1,2) tak, uro palz;) < r; < palz;) + €; Torua
z;fr; € A. Tlonomum r = ry+rq, Torma Touxa (€1 +x2)/r = rizy /(rry )+
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+7222/(rre) NPUHAAJIEKHNT OTPE3KY C KOHUAMH T1/r1 M Z2/re. B cuy
BBIHIYKJIOCTH A4 3TOT OTPE3OK, & 3HAYUT, ¥ TouKa (Z1 + Z2)/r npuHame-
xaT A, OTKyna

palzy +z2) < r =71 + 13 < palxy) +palzs) + 2.

Tax kax € > 0 3mech NPON3BOJILHO, TO

palzs + z2) < palzr) + palzs)-

Caenosarenbro, pa(r) ynosnersopsier ycnosusm (2') u (3), a noromy
3TO —— HEOTPULATEILHLIH OAHOPOAHO-BHINYKJIIbI by HKIIMOHATL.
Paccmorpum temeps MHoxkectso (7). Ecm z,y € Anua+ (8 = 1,
a,8 >0, to
plaz + By) < ap(z) + Bply) <k,

1.e. A Bonyxso. Hanee, nycts p(z) < k,t>0uy € L, Torga
p(z £ ty) < p(z) + tp(Ly).

Ecnn p(~y) = p(y) = 0, To z Lty € A npu Bcex t; eciu ke X0TA ObI ONHO
u3 HeoTpuUAaTenbHbIX uucesa p(y), p(—y) owmuno or 0, o z iy € A

npu k- (@)
max [p(y), p(~y)]’

HenocpencTBeHHO u3 BBENEHHBIX ONpeNesieHuil sICHO, YTO P CIIYMHT
dbyuxunonanom Muakosekoro miis mEOXkecTBa {z: p(r) < 1}.

Urax, BBens nonstue dyHKuUnOHANa MUHKOBCKOIO, MBI yCTaHOBM-
JIM COOTBETCTBYE MEXKIY HEOTPHUATENBHBLIMH OJHOPOLHO-BBITYKIBIMH
(hOYHKIMOHATIAMM M BBIIYKJIBIME TeJaMM C sAPOM, COJEpXKallUM TOY-
xy 0.

IMpumepsn. 1. Ilpu A = L nmeem, 0ueBHIHO,

pr(z) = 0.
2. Ilycte A — wap ¢ uenrpom 0 u paguycom 7 B R”. Torna
pa(z) = |lz|l/r,
rae ||z|| — nansa BexTopa T.
3. IIycrp A — «cnoii» —1 € 27 € 1 B npocrpancrse l2 nocienopa-
TensHOCTEH T = (Z1,..., ZTn,.-.). Torma
pa(z) = |z1]-

Bamevanusa 1. Nborma yaobHo paccMaTrpuBaTh OJHOPOLHO-BbI-
nykJbie (PYHKUMOHAJIBI, KOTOPbIE MOTYT HPHHAMATH HE TOJILKO KOHEY-
HbI€ 3HAYEHWUsI, HO W 3HaveHHe +o00 (Ho He —oo). Torna u3 paseHcTBa
plaz) = ap(z) (rae a > 0) cnenyer, uro p(0) = 0 nnu p(0) = oco. Jlerko
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NPOBEPHTL, YTO B 3TOM NOCJACOHEM CJIy4ae MOXKHO, HE Hapyllas OAHO-
POAHON BBITYKJIOCTH (hYyHKUMOHAJIA, M3MEHUTh €0 3HAUEHUE B OOHOH
Touke, nosnoxns p{0) = 0 BmecTo p(0) = +00. Tak 0OLIYHO K JIENAIOT.

Ecnu p(z) -~ oaHOpONHO-BLINYKABI, HO He 06A3aTEbHO KOHEHHBIH,
dynkunonan, o A = {z: p(z) < k} ecrp BrINyKJIOE MHOXECTBO,
HO He 00s3aTeNbHO BhinykJoe Teno. ObparHo, ecnu A — npousBosib-
HOE BBIITYKJI0€ MHOXKECTBO, coiepxaiee Touky 0, To [ Hero MOXHO
onpenenuth gyHrunoHan MuHkosckoro dopmynoi (6), HO upn 3TOM
NPUOETCA OJ1A T NONYCKATH M 3HAUYEHHE +00.

2. Eciiu py () v p2 () — OMHOPOAHO-BLITYKJIblE (DY HKIUMONAJIB, TO Ta-
KOBLI e p () + p2(z) n api(x) upn a > 0. Hamee, ecomn {ps(x)}ses —
MIPOM3BOJILHOE CEMENCTBO OIHOPOLHO-BRITYKJBIX (PDYHKIMOHAOB, TO Ta-
k0B 4 dyukuuonan p(x) = supps(z). B 4acTHOCTH, BEpXHAA rpaHb

SES

p(z) = sup fs(z) moboro HEMyCTOro MHOXKECTBa JIMHERHBIX (DYHKIHOHA-
s€S
710B Ha L ecTh 0AROpOSHO-BEINY KA (ynkunonai. Bocnonbaosasmuch

TeopeMoil Xana-banraxa, JIerko okasarb, 9TO TaK MOXKHO IIPe/ICTaBUTL
BCAKUI (KOHEYHBIN) OMHOPOIHO-BBITYKJIbIH (DyHKINOHATL.

Yunpaxueunne. Maoxecrso A B nmueliHoM npocTpancrse L HasbiBaeTcs
n02/40WAI0ULUM, €CITH 115 Beakoro £ € L cymecrsyer Takoe & > 0, uro z € AA
s BceX A 2 a. Hokasark, 4TO BBIIYKJIOE MHOXECTBO A — momiomarmoniee
B TOM M TOJIBKO TOM CJIy4dae, eCJIH €ro fAapo comepxut touky O.

4. Teopema Xana—Banaxa. Ilycts L — peficrBuresibHoe nHeit-
HOE TNPOCTPAHCTBO U Ly — HEKOTOpPOe ero NOAIpOCTPaHcTBo. Ilycth,
Jadiee, Ha nognpocTpasHcTBe Lg 3anaH HEKOTODbIH JnHeRHbIH Oy KMo~
Has fo. Jlunediusiit byukumonas f, onpenesieHHbIH Ha BCEM NIPOCTPaH-
ctBe L, HaseiBaeTcsa npodoasceruesm HyHKUUOHANA fo, ecnu

f(z) = fo(z) nuns Bcex xz € Ly.

3anavya 0 NPOAOIKEHENH JIMHEHHOro (PYHKIUOHANE, YACTO BCTPeYAeT st
B anasuse. OCHOBHYIO POJIb BO BCEM 3TOM KPYI'e BOIIPOCOB UI'DAET CJie-
Ayomas TeopeMa.

Teopema 4 (Xau-Banax). Ilycts p — OZHOPOSHO-BHINYKJIbIH
yHKUHOHAJ, OHpeNe/ICHHbIH Ha ZeHCTBHTE/AbHOM JIHHEHHOM [IpOCTpaH-
crBe L, u nycrs Ly — smnueiinoe nognpocrtparcrso B L. Econ fo — -
Heffubf ynxkuunonast na Lo, noquunenssft Ha Ly ¢yHxmmonany p(z),

1. €. ecsin Ha Lg
fo(z) < p(=), 9)

T0 fo MOxer ObITh HOpomospKed A0 JHHefHoro ¢gpryuxnuonana f na L,
nonunraerHoro p(x) Ha BceM L.
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HokasarteanbctBo. [lokaxeMm, uyto ecotu Ly # L, to dbyHkuumo-
HaJ1 fg MOXKHO NMPOIOOKUTE ¢ Lo Ha HekoTopoe BoJibliee OMIIPOCTPAH-
crBo L' ¢ coxpanenuem yciosus (9). JelictBurenbHo, nycTs 2 — MOpo-
W3BOJIbHBIA 351eMeHT u3 L, He npunamiexamuit Lo, u nycrs L' — nog-
IPOCTPAHCTBO, nopoxaenHoe Ly u z. Kaxaplit snement u3 L' umeer Bug
tz +z,roe « € Lg.

Ecnn f' — uckomoe nponosokenue GpyHxnuonana fo na L', o

'tz + 1) = tf'(z) + fo(z),
WM, ecqu nosoxuts f'(z) = ¢,
fl(tz + x) = tc+ folz).

Teneps Beibepem ¢ Tax, 4Tobbl coxpanuTh Ha L' ycroBue momunne-
aus (9), T.e. Tax, 4robni npu Beex £ € Lg M BCex neflCTBHTENIBLHBIX ¢
BBIIOJIHAJIOCH HEPaBeHCTBO fo(z) + te € p(z + tz). Ilpu t > 0 oxo pas-
HOCHJIBHO YCJIOBHIO

fo(—’ti) +c sp(% +z), wiu csp(% +z) ‘—f()(%),

a npu t < 0 — ycyiosuio

() 4oz p(-22),

T T
e -p(-F-2) - fo(%).
ITokaxkem, 4TO BCEraa CYWECTBYeT YHCJO ¢, YOOBJIETBOPSIONIEE 3THM
nByMm ycaosusim. Ilycts y' u y"”’ — npoussosibHbE 37eMeHTEl U3 Lg.

Tornoa
—foly") + " + 2) 2 —fo(y') — p(—y' — 2). (10)

DTO BBITEKAET U3 HEpaBEHCTBa

foly")=fo(y") < p(¥"—y") = p((¥"+2)~(¥'+2)) < p(y"+2)+p(~y'—2).

TTonoxum

I

' = inf (—=foly") + p(y" + 2)),
c' = sup(—fo(y") — p(=y' - 2)).
Y

U3 (9) B cuny npomssonsuocta ¢’ u y' cnenyer, 4ro ¢’ 2= ¢'. Buibpas ¢
Tak, 410 ¢’ 2 ¢ 2 ¢', onpenenum dynkumonan f' ma L' dopmynoit
fltz + z) = tc + fo(z).

910t HYHKUMOHAT YIOBJIETBOPAET YCJIOBUIO nonunHenus (9).
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Wrak, Mbl okazajin, 4To ecinu (pyHKUHOHAN fo OnpenesieH Ha HEeKO-
TopoM noanpoctrpaucrse Lo C L u ynosnersopsiter Ha Lg ycnosuio (9),
TO fo MOXHO HPOAOJIKHUTHL C COXPAHEHUEM 3TOrO YCIIOBUS HA HEKOTODPOE
6osbmee noaripocTpancTso L'

Ecnu B L mox#HO BHIOpATh CYETHYH) CUCTEMY 3ITIEMEHTOB T, ...,
Zp,-.., DOpOXKAaIOWYI0 Bce L, 1o dyukuuonan na L crpouM no ms-
AYKLIHAM, PACCMATPHBAA BO3PACTAICILYIO UENOYKY HOANPOCTPAHCTB

LY = (Lo, 2y}, LP = {LW x.},...
(smecy {L™) 251} osuauaer MunuMasibHOE JIHHEHOE NMOAIPOCTPAH-
creo B L, conepxamee L*¥) u z34,). Torna kaxamiit snement © € L
sofiner B Hekoropoe L¥) u, cienosaresnsHo, dyuxumonan byger npo-
nospked Ha Bce L.

B obiem cayuae (1.e. KOrna CYETHONO MHOXECTBA, [TOPOXKIAOLIE-
ro L, He cymwlecTByeT) NOKA3ATEeNbCTBO 3aKAHYMBAECTCA PUMEHEHHEM
nemmbl Hopua. CoBokynHocTs F BCEBO3MOXKHLIX Npoaosukenuit dhyHK-
UMOHANA fg, YAOBJIETBOPAIOWIUX YCJIOBHIO nogdunedus (9), 4acTuyano
YHOPSIIOUEHA, ¥ KaXKI0€ ee JIMHEHHO YIOPsAA0YeHHOe NOAMHOKECTBO Jo
obnaaer BepxHel rPaHbIO; 3TON BepXHEH IPAHBIO CJIYRUT OYHKIIMOHAT,
orpenesienblit Ha obbenuHennu obstactelt onpeneseHuss GyHKIMOHAIIOB
f' € Fo u copnanaomuil ¢ KaxxauIM TakuMm f' Ha ero obpactu onpeae-
nesus. B cuny nemmer Llopra 8o Bcem F CymecTByeT MakCHUMAJIBHbIH
asiemeHT f. DTOT MAKCHUMAJILHBIH a5ieMeHT f 1 npenctasisier coboii uc-
KOMBI dbyHKIIMoHA. JJefcTBUTENIBHO, OH ABJIAETCS NPOLIOJIKEHUEM UC-
xonuoro ¢byHKUMoHANA fo, YIOBJETBOPsieT ycaosuw (3) Ha cBoelt obna-
CTH ONpefesieHusA U 33JaH HA BCeM L, Tak Kak MHa4ve Mbl NPONOSLKUIIH
Obl €ro ONMCAHHBIM BhIIE CIOCOBOM € TOTO COBCTBEHHOTO TIOATIPOCTPAH-
CTBA, HA KOTOPOM OH ONpeesieH, Ha GdJbuiee MOANPOCTPAHCTBO, 1 f
He 6B OB MAKCHMAJILHBIM.,

Teopema noxasasa.

IIpuBeneM eie KOMNJIEKCHBIN BapuaHT Teopembl Xana—banaxa.

Heorpuuarenbubiil GyHKIMOHAT p HA KOMOJEKCHOM JuHelfiHOM
NpOCTPAHCTBE L HA3BIBAETCS 0JHOPOOHO-6BINYKABIM, €CIN IS BCEX
z,y € L ¥ BCEX KOMIIJIEKCHBIX YHCEST A

plz +y) < plz) +p(y),
p(Az) = |Alp(z).

Teopema 4a. Ilycts p — OOHOPOOHO-BHUIYKJBIH (bYHKIHOHAN
H3a KOMIIJIEKCHOM JTHHEHHOM npocrpaHcTse L, a fo — JmuHefiubli pyHK-
HHOHAaJI, ONpPEnejeHHbIH HA HEKOTOPOM JIHHEHHOM NOMIPOCTPAHCTBE
Ly C L u yroeserBopsawomuid Ha HeM YCJIOBHIO

|fo(x)| < p(z), =z € Lo.
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Torna cymecrsyer siunedinprit gynaxnuonan f, onpeneseHuniit Ha Bcem L
H YIOBJIETBOPSIOHI YCIIOBHAM

f@)<p(z), el f(z)=folz), =€ Lo

HokazarenscrBo. Obosuauum uepes L u Lgg npocrpaucrsa L
u Ly, paccMaTpuBaeMble KaK IeRCTBUTEIIbLHBIE JTMHEHHbIE TPOCTPAHCTBA.
SlcHo, 9TO p — OHHOPOAHO-BLITYKJIBIH byHKIMOHAT HA Ly, a for(z) =
= Re fo(x) — nelicrBuresibuplil Junednnit pyuxuponan ua Log, yao-
BJIETBOPSIIOIK yCIIOBHIO

|for(z)] < p(z)
u, TeM boJiee, yCIAOBHIO
for(z) < p(z).
B cuny Teopemnr 4 cymectByeT nefcrBuTebHbIN nuHetHbi OyHKUMO-
Han fg, onpelesieHHbI Ha BceM Ly ¥ yIOBJAETBOPSIIOIIUY YCIIOBUSIM
fr(z) < p(z), x € Lp(= L),
fr(z) = for(z), = € Lor(= Lo).
HAcno, yro — fr(z) = fr(—z) < p(—z) = p(z), Tak uro
|fr(z)| < p(z), =z € Lr(=1L). (11)
Ounpenenum dpysxkuuonan f na L, nosaras

f(x) = fr(z) — ifr(iz)
(3mech ™Mbl mOJIb3YEMCA TeM, 9T0 L — KOMIJIeKCHOe JHHekHoe
MIPOCTPAHCTBO, TaK YTO B HEM ONpelesIeHO YMHOXEHUE Ha KOMILJIEKCHBIC
uncsa). HenocpeacTsennas npoBepka NOKa3bIBaeT, 4T0 f — KOMILIEKC-
HpIf iuHelHbil GYyHKUHOHAJ Ha, L, npudem

f(z) = fo(z) npu z € Ly,
Re f(z) = fr(z) mpu z € L.

Ocranocs nokasars, uro f|(z)| € p(z) mns scex z € L. Jomycrum
NPOTUBHOE; TOLAA JIJIsI HEKOTOPOro xg € L umeem |f(zo)| > p(zo). Hpen-
CTaBUM KOMILJIEKCHOE YHCIIo f(zo) B Buae f(To) = pe’?, rne p > 0, u no-
noxum yo = e~ ¥xy. Torna fr(ye) = Re f(yo) = Re[e ™ f(zo)] = p >
> p(zo) = p(yo), 9ro nporusopeunt ycaoeuwo (11).

Teopema nokaszana.

Ynpaxuenune. IJokaxure, 4T0 yCJIOBHEe KOHEYHOCTH (QYHKLHOHAJIA P
B Teopeme XaHa-Banaxa MOXHO onyCTUTh.

5. OTmeauMocTh BBINTYKJIBIX MHOXKECTB B JuHelHOM npoct-
pancrBe. [Iycry L — peficTBuresibHOE JIHHENHOE npocTpancTso, a M
u N — ;1Ba ero noaMHoxecrsa. I'oBopsT, 4yto onpenesensbiii na L su-
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Heliupi#t dbyHkumonan f pasdeasem 3TH MHOXECTBA, €CJIU CYIIECTBYET
Takoe yucnao C, 4ro

flz)2C upn z€M u f(z)<C upu z €N,
T.€. ecan .
nf f(z) > sup f(=).
Dyukuonan f HasbiBaeTCst ¢mpozo pasfeasoujum MHOXecTBa M
u N, ecyi1 BBIIIOJIHEHO CTPOTOe HEPaBEHCTBO

dnf f(z) > sup f(=z).

Curenyouie nBa y TBEPKAEHAS HEIOCPEICTBEHHO BLITEKAIOT U3 ONpe-
JIEJIEHNsT PA3IEIHMOCTH.

1) JIunednbiit ynkuuonan f pasmesiser muoxectsa M u N B ToM
M TOJILKO TOM CJlyuae, KOra OH pasaensier muoxectsa M — N u {0} (1. e.
MHOXECTBA BCEX 3JIEMEHTOB BHAA T — Y, rae £ € M, y € N, u Touky 0).

2) Jinneiinbit pyuxnmonan f pasnmenser maoxectsa M u N B tom
H TOJIBKO TOM CJ1y4ae, KOrja NpH KaxJoM T € L oH pasnesisieT MHOXKe-
ctrBaM —xzu N —z.

W3 reopempr Xana-banaxa JIerko NoJIyvaercs CACAYIOIAs Teope-
Ma 06 OTHE/IMMOCTH BBLUIYKJILIX MHOXKCCTB B JIMHEHHOM HpPOCTPAHCTBC,
HMEoNas MHOTOYHMC/IEHHBIC TPUMEHEHHA.

Teopema 5. Iycrs M u N — BBIIYKJIbIE MHOXKECTBA B HEHCTBH-
TEJIBHOM JIHHEHHOM npocTrpaHcTse L, OpudeM sapo XOTs1 661 OHHOro
3 HHX, CKaxkeM M, He HyCTO 1 He IePEceKaeTcst ¢ APYIHM MHOXeCTBOM.
Torpa cymecrByer HeHyJIeBOH JiHHeAHbI pyrKkiinonast va L, pasnendio-
muiit M a N.

HdoxasarenscTBo. Bed orpanuuenns o6MHOCTH MOXKHO CUUTATD,
410 TOUKA 0 IPUHATIEXKUT SAAPY M muoxectsa M. (uave Mbt paccMoT-
pesn 661 MEHOKecTBA M —xg U N —x0, TIE Zg € M. ) Ilycts yo € N, Torna
TOYKa —Yg NMPUHALJIEKNT s1upy muoxectBa M — N, a 0 npunapIexuT
AOpY K mnoxecrsa K = M — N + Yo. TaK xak M NN = 2, 1o 0
e NPYHAIIEKUT ALPY M-Nuy ¢ K. Iycts p — (byHKmden
Munxosckoro aisn K. Torma p{yo) = 1, nockonbKy Yo ¢ K. Beemem
nuneiinbrt dyHKuMonan

folayo) = ap(yo).

Ox onpeaesied Ha OMHOMEPHOM NPOCTPAHCTBE, COCTOAUIEM U3 3JIEMEHTOB
B3 QYp, ¥ yAOBJIETBOPSET YyCJIOBHIO

fo(ayo) < playoe),
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nockosbicy playo)=ap(ye) mpu a0, u folayo)=a:fo(yo) <O<p(ayo) mpn
a < 0. 1o reopeme Xana-Baunaxa pyHKIUHMOHAT fg MOXKHO IPOIOJIKHUTE
10 JmHelHoro (pyHKUMoHaa f, onpeesIeHHoro Ha BceM L U yIOBJIeTBO-
patomero #a L ycnosuo f(y) < p(y). Orcoma cnenyer, uto f(y) < 1
npu y € K u B 10 xe Bpems f(yg) > 1. Taxum obpazom, f pasnenser
muoxectBa K u {yo}, a cnenosarensho, f paspenser M — N u {0};
HO Torna f pasmensier muoxkecTtBa M u N.
Teopema j1oka3ana.

§ 3. HopmupoBaHHbI€ IIPOCTPpaHCTBa

B riiase II Mbl 3aHUMAJTUCh TOMMOJIOTHYECKHUMHU U, B YACTHOCTU, METDH-
JEeCKUMH MIPOCTPAHCTBAMH, T. €. MHOXKeCTBAMH, B KOTOPBIX BBEJIEHO, TEM
WJIM MHBIM CIIOCOOOM, MOHsITHE OJIM30CTH 3JIEMEHTOB, 3 B MPEIbLAYIINX
naparpadax JaHHOH IJIABBI Mbl UMEJIM JEJI0 C JIMHEeHHbIMH HPOCTPAaH-
creamu. JIo CuX MOp KaxkKaoe M3 3TUX NOHATHH cToano ocobusaxkom. On-
HaKO B AHAJIM3€E NPUXOLUTCA UMETh JEJI0 C IPOCTPAHCTBAMU, B KOTOPBIX
BBEIEHB! KaK ONEPAIMM CJAOXKEHHS 3JIEMEHTOB U yMHOXXEHHUS UX Ha YH-
CJIa, TAK U HEKOTOPAsI TOMOJIOTHS, T. €. PACCMATPUBATEL TAK HA3BIBACMBIE
TONOJOTUYECCKHUE JuHelunle npocTtpancrea. Cpeau nocnen-
HUX BRKHBIA KJ1ACC 00pa3syl0T HOPMUPOBAHHBIE HPOCTPAHCTBA.
Teopus aTuX npocTpaHcTs ObUIa pa3sBura B paborax C. banaxa n pana
OPYTHX aBTOPOB.

1. OupenesnieHHe U NpEMepPbl HOPMHPOBAHHBIX IPOCTPAHCTB.

Oupenenenune 1. [ycrs L — nuneitnoe npocrpancrso. OaHo-
POAHO-BBINYKJIBIM (DYHKIMOHAN p, onpeneseHHbIH Ha L, Ha3bIBaCTCs
HOPMOT, €CITH OH yIOBJIETBOPIET CJISAYIOWIM JOIOJIHUTEILHBIM YCJI0-
BUAM (IOMHMO BBITYKJIOCTH):

1) p(z) = 0 Tosbko npu z = 0,
2) plazx) = |ajp(z) ana seex a.

Taxum 06pa3zoM, BCIOMHHAs onpegeseuus u3 I. 2 § 2, Mbl MOkKeM
CKa3aTh, YTO HOpMOYU B L Haspipaercs QyHKIMOHAI, yAOBJICTBOPSIIOMut
CJICAYIOIAM TPEM YCJIOBHAM:

1) p(z) 2 0, npuyem p(z) = 0 Toswko npu z = 0,

2) p(z +y) < p(z) +py), 2,y € L,
3) plax) = |ajp(z), xaxoBo 661 HU BGBLIO YUCIIO .
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Onpenenenue 2. Jlunelinoe npocrpanctso L, B KOTOpoM 3a1a-
HA HEKOTOPAA HOPMA, Mbl HA30BEM HOPMUPOSAHHBIM TPOCITIPAHCTILEOM.
Hopmy snementa x € L mb1 6ynem obo3nauars cumposiom ||zf.

Besikoe HOpMUpOBaHHOE IPOCTPAHCTBO CTAHOBUTCS METPHYECKHM
NIPOCTPAHCTBOM, €CJIM BBECTH B HEM paccTOAHNe

p(z,y) = ||z — yli.
CHpaBelIJII/IBOCTI) AKCHOM MeTpM‘{eCKOI‘O HpOCTpaHCTBa TOTYAC XKe BbI-
Texaer n3 ceokicts 1)-3) HopMbl. Ha HOpMUpOBaHHBIE IPOCTPAHCTBA 11e-
peHocsiTcst, TakuM 06pa3oM, Bce Te HmoHATUST U (PAKThl, KOTOPHIE ObLIK
H3JIOXKEHbLI B IJI1. II IJIsI METPHUYECKHUX NIPOCTPAHCTB.
n()J'IHOG HODMHUPOBAaHHOE HpOCTpaHCTBO Ha3bIBAETCA 6G’H(1.’L'06’bt.)\t
NPOCMPpancmeom uiu, xopode, B-npocmpancmeon.

IlpuMeps HOPMHPOBAHHBLIX NpoCTpaHcTB. MHorue us
NPOCTPAHCTB, paccMarpuBasumxcs B 1. II B kayecrBe npumepos me-
Tpudeckux (a B § 1 nanHO# riaBel — JIMHEHHBIX) IPOCTPAHCTB, B Aeh-
CTBUTEJIBHOCTH MOT'YT OBbITh HAJIEJEHbI €CTECTBEHHOH CTPYKTYPO#l HOp-
MHUPOBAHHOIO NPOCTPAHCTBA.

1. IIpsimas sHua R CTaHOBATCH HOPMMPOBAHHBLIM IPOCTPAHCTBOM,
ecs st BCAKOro ducna ¢ € R nonoxuts |jz]] = |z).

2. Ecnu B peficTBUTE/IBHOM Ni-MepHOM npocTpadctse R? ¢ anementa-
MHA Z = (Z1,... ,Zpn) NOJOXKUTH

onpenenset B R" Ty caMyio MeTPHUKY, KOTOPYI0 MBI B 3TOM IIPOCTPAHCTBE
yKe PacCMaTpuBAJIH.
B s10M 3xe sivHEeHHOM IPOCTPAHCTBE MOKHO BBECTH HOPMY

llll = > laxl (2)
k=1

MM HOpMY
lolloo = max fol 3)

DTH HOpMBI OnNpenenAloT B R® MeTpUKH, KOTOPHIE Mbl PACCMATPHBAJIN
B npumepax 4 u 5 . 1 § 1 1. 11. IIpoBepka Toro, 4T0 B KAXKAOM U3 ITHX
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CJIyYaeB AKCHOMBI HODPMbl NEUCTBHUTEJILHO BBIIIOJIHEHBI, HE COCTABJISIET
TpyHA.
B xommiekcaoM n-mepHomM npocrpancTse C" MOXKHO BBECTH HOPMY

[zl =

won Jiobyio u3 HopM (2) mia (3).
3. B npocrparcrse Cla, b] nenpepsiebix byHKIMi Ha oTpeske [a, b
onpexeanM HOpMy opmyJsioti

I/l = max [f(2)]. (4)

agt<h

CoOTBETCTBYIOIIEE PACCTOSIHUE YK€ PACCMATPUBAJIOCH B ripumepe 6 m. 1
§ 1 o IL

4. I[TycTs M — NPOCTPAHCTEO OTPAHWYEHHBIX YHCJIOBBIX IIOCJIENOBA-
TenbHoCTed T = (X1, ... ,Tn,. .. ). [LOJIOKUM

I = supz|. )

Yesrosust 1)-3) oupenesienus HOpMbI 371€Ch, OUEBIIHO, BHIITOIHEHB!. Mer-
pHuKa, KOTOpas MHIYUUPYeTCa B 1 3TOH HOpMOli, coBnagaer ¢ Tol, Ko-
TOpYIO MbI yxe paccmarpusasi (npumep 9 n. 1 § 1 rur. II).

2. IlonnpocTrpadcTBa HOPMHPOBAHHOrO NpocrpaHcrBa. Mel
ONPEAEINIIM TOANPOCTPAHCTBO JuHeHHoro npocrpancrsa L (e cuab-
JKEHHOIO Kakoh-1ubo romosiorueii) Kax HemyCcToe MHOXKECTBO Lg, obma-
namolee TeM CcBOHCTBOM, 4To ecau x,y € Lo, To0 ax + By € L. B Hop-
MUPOBAHHOM IIPOCTPAHCTBE OCHOBHON MHTEPEC NPENCTABIIAIOT 3AMKEHY-
mue JTUHEWHbBIe OINPOCTPAHCTBA, T. €. MOIIPOCTPAHCTBA, COIEPKALIKE
BCE CBOM NpEJeJbHbIE TOYKH. B KOHEYHOMEPHOM HOPMUPOBAHHOM IIPO-
CTPAHCTBE BCAKOE IIOANPOCTPAHCTBO ABTOMATHHYECKH 3aMKHYTO (JOKa~
xuTe 370!). B 6eckonednoMepHOM ciyuae 310 He Tak. Hanpumep, B po-
crpancrse Cla,b] venpepbiBHbIx dyHKUEA ¢ HOPMOH (4) MHOrO4sIEeHbB!
06pa3yioT NOANPOCTPAHCTRO, HO HE 3aMKHYTOE 1 ).

Jpyroit npuMep: B IpOCTPAHCTBE M OTPAHUYEHHBIX [10CTIEI0BATEIb-
HOCTEH HOCJIe/IOBATENBIOCTH, CONEPAAINNE JIMIh KOHEYHOe 4UCJIO OT-
JIMYHBIX OT HyJIsl YJEHOB, o6pasyiorT noanpoctpatcrso. OIHAKO OHO
He 3aMKHYTO 10 HOpMe (5): B ero 3aMbIKAHHU COIEPKUTCSH, HAIIPUMED,
nocsenoBaresisnocts (1,1/2,..., 1/n,...).

1} B cuny teopemnr Beitepmtpacca, miacamelf, 4TO BCAKAs HENPEPBHIBHAS (DyHK-
LMsT HA OTPE3Ke €CTh [IPefesl PABHOMEPHO CXOLAMEHCH 0CIIe0BATENLHOCTH MHOTO-
4JIeHOB, 3AMbIKaHKEe NOANPOCTPaHCTBa MHOrowienos B Cla, b] ects Bce Cla,b).
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Kak npaBumno, Mpt 6yieM pacCMaTPUBATH TOJLKO 3aMKHYTHIE IOJL-
MPOCTPAHCTBA, MOYTOMY €CTECTBEHHO M3MEHUTH TePMHHOJIOUIO, KOTO-
pas 6s1a yeranossena B § 1. Hodnpocmpancmeosm HOPMEDPOBAHHOIO
OPOCTPAHCTBA Mbl OyACM HA3BIBATHL TElEeph TOJNBKO 3AMKHYMOE MNOA-
[IPOCTPAHCTBO! B YACTHOCTH, HOAIIPOCTPAHCTBOM, OPOXK ICHHBIM JaHHOH!
CHCTEMOfi 3JIEMEHTOB {ZT4}, Mbl Oy/IEeM HA3LIBATH HAUMEHDLUIEE 3UMKHY-
moe NOANPOCTPAHCTBO, cojep)kauiee {Z4 ). Mbl GyiemM roBoputs o HeM,
KaK O AUHETHOM 3aMbiKaHUuY CUCTEMbL {Z4 }. COBOKYNHOCTS 3/IEMEHTOB
(re 0Bs13aTesIBHO 3AMKHYTYIO), COAEPIKALIYIO BMECTE C £ U Y HX NPOu3-
BOJIBHYIO JUHEHHYIO KOMDMHALMIO e + Sy, OyaeM HA3bIBATL AUHETHbIM
MH02000DA3UEM.

Cucremy 2JIeMEHTOB, JIKAILYI0 B HOPMHPOBAHHOM IIPOCTPAHCTBE K,
Mbl 6y/1eM HA3LIBATL NOAHOU, €CAN NOPOXKIEHHOE e (3aMkuyToe!) non-
npocTpaHcTBo ecth Bece K. HanpuMmep, B cusy teopemsl Betiepmrpacca
COBOKYNHOCTD Beex dbyuxkmuit 1,¢,t%,..., t",... nonna B NPOCTPAHCTBE
HenpepbIBHbIX pyuxuuil Cla, b].

3. PaxkTOP-NPOCTPAHCTBA HOPMHPOBAHHOIO NPOCTPAHCTBA.
IIycts R — HOpMUPOBAHHOE HPOCTPAHCTBO U M —- HEKOTOPOE ero moj-
npoctpancTso. Pacemorpusm dbaxrop-upocrpancrso P = R/M. B coor-
BETCTBUM CO CKa3aHibiM B 1.4 § 1 arolt tnaeer P ects Juneiinoe 1upo-
crpancTBo. OnpenesiuM B HEM HOPMY, IMOJIOXKHB [JIA KAKIOFO KJ1acca

MEXHOCTH &
e Iéli = inf 1. ©

TTokazkem, 4TO NpU 9TOM BBINOJHEHB! ChOPMYIIHPOBAHALIE B 1. 1 aKCHO-
MBI HOPMHPOBaHHOIO npocrpancrsa. Scuo, aro scerpa [|£]] > 0. Ecau
& —— Hyxeso#t ssemeHT ¢akTop-npocrpanctsa P (T.e. & coBuazaer
¢ noanpocrpancrsoM M), TO B KauecTBe T € & MOXKHO B3ATH HYJIb IIPO-
crpadcrsa R, u Toraa nosayvaem, uro ||| = 0. O6paruo, ecau }|¢}| = 0,
TO U3 onpejaesieHus HOpMBI (6) cilenyer cyulecTBoBaHue B Kyacce £ no-
CJIeOOBATEJIBHOCTH, CXoAsuieics K nyuo. Ho tak kak M 3aMKHYTO, TO
3aMKHYT M KaxKIbIll KJTacC CMEXHOCTH, 3Ha4quT, ) € £, a 370 03HAYAaeT,
410 £ = M, 1. e. £ ectb HysieBolt anement B P. Uraxk, [[¢]| > 0u ||€|| =0
JIMIIE TOTAA, Koraa & —— HyJib npocrpaucTsa P.
Hautee, aj1s BCAKOro £ € R U BCAKOIO @ UMEEM

llazll = |af - {i=]|.
Bepsa B obenx 4acTsx 3TOTO PABEHCTBA HUXKHIOIO PAHb 110 Z € £, MoJy-
qaem
llagl] = laf - I€]]-
Haxoneu, nycte £, ¢ Puz € £, y € n. Torna
i€ +nll < llz + il < flzll + [lyll.
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Beps B npaBoli 4acTH 3TOr0 HEPABEHCTBA HUXKHIOK I'PaHb 110 BCeM Z € &,
Yy € 17, IOJIY4aEeM, 4YTO

1€+l < 1€l + il

Hrak, BCe akCcMOMBlI HOPMEPOBAHHOIO NPOCTPAHCTRA JI/1s1 P BBIIO/IHEHBL.
Hoxkaxem reneps, 4ro ecnu R nonwo, to u P = R/M nonyo. Heicreu-
TesibHO, cornacHo (6) mas kaxnoro £ € R/M naiinercst takoit aneMeHT

T € &, uro
el > S|l

Mycte {£,} — dynnamenransuas nocnenosatesbocts B P. Ilepexons,
€CJIN HY’KHO, K NONHOCIIENOBATEIBHOCTH, MOKHO CUUTATh, YTO PAL

> Nnsr = &l
n=l

cxomurca. Jobasus k {€,} eme & -— HyJiIeBOl BJIEMEHT IPOCTpaH-
crea P, — BuibepeM z,, € {nyy — € (n =0,1,2,...) Tak, 410

l€ns1 = &all = Slaall

Torpa pan Z llzxl CXO[MTCA, & SHAMHT, B CHIY NOJHOTH! NPOCTPAH-

n=0
crBa R CXOJINTCA U pAn Z Zp- Tlonoxus z = Z Iy U 0bo3HayuB gepes
n=0 n=0 n~1
¢ knacc, cogepkamuil x, NOJIyYUM (HOCKOJIbe >z € & npm xa-
k=0

XKJIOM n)

n
le—&all <l = 3 ae] >0 mom n = oo,

T.€. £ = nl_l_’ng0 &n. Utaxk:

paxmop-npocmpancmeo bararoea mpocmpaHcmes no AwW6OMY €20
(samrnymomy) nodnpocmpancmey ecmv 6aHAT080 NPOCMPAHCMEO.

Yopaxuenuna. 1. ycrs R -— 6anaxoso nupocrpanctso, By D B2 D ... D
D Bp D ... — NOCJIEA0BATENBHOCTDh BJIOKEHHBIX 3aMKHYTBHIX WIAPOB B HEM.
JdokaxuTe, 4TO OHa HMEET HENyCToe nmepecedeHue (He IPEANoJIAraeTcs, 4Io
PamMycChl 3THX Imapos crpemsrca K 0; cp. ¢ ympaxnenuem 3 m. 2, § 3, ron. IT).
TIpuBeanTe nNpuMep HOCJIEIOBATESLHOCTH BJIOXKEHHBIX HEHYCTBIX OFDaHHYeH-
HBIX 3aMKHYTBHIX BLULYKJIBIX MHOXECTB B IeKOTOpoM B-npocrpancrse, HMero-
UMX HyCTOE NepecevyeHue.

2. Ilycts R — beckoneynomepHoe B-mpocTpaHCTBO; TOrza ero ajaredpan-
YecKasl pasMepHOCTh (cM. ynpaxuenue 3), n. 3 § 1) vecuerna.

3. Ilycte R -— snmHeltHOe HOPMHPOBAHHOE IMPOCTPAHCTBO; J0XKA3aTh CIPa-
BEIJIMBOCTH CJISILYIOIUUX yTBEDPXIeHHH:

1) BCAKOE KOHEYHOMEPHOE JMHelHoe MHOroobpasue B R 3aMKHYTO;



§ 4. Fexaudosn npocmparcmea 155

2) ecoin M -~ mogapocTpancTBo, a N -— KOHEYHOMEPHOE I0JIPOCTPAHCTBO
B R, To ux cymma

M+N={zz=y+z yeM z€N}

3aMKHYTA; HPHBECTH OPUMEp ABYX (3aMKHYTBIX) JMHEHHLIX MOANPOCTPANCTS
B l2, CyMMa KOTOPBIX He 3aMKHYTa;

3) mycTh @ -~ OTKPHITOE BHITYKJIOE MHOXKCCTBO B R, u nycts zo ¢ @Q; Torna
CYIECTBYeT FHNEPIJIOCKOCTh, MPOXOAANAA UCpe3 TOUKY Zo M HE IIepeceKaro-
wasn Q.

4. JIse nopmsr, || - |l1 u || - [l2, B suneitmom npocrpaHcrse R Ha3biBaoT-
CH 9KBUBAAEHMNHIMY, €CIIH CYWECTBYIOT TaKHe IOCTOsHHbE a,b > 0, uro
allzlly € llzll2 < bllz|li, ansa Bcex z € R. Joxrasars, 4To ecyin HpocTpancTso R
KOHEYHOMEPHO, TO JIIOGLIE ABe HOPMB! B HEM 9KBHBAJICHTHBI.

§ 4. EBKAMOOBHI NPOCTPAHCTBA

1. Onpenesiesue eBKIAWTOBLIX npocTpaHcTB. OJHH U3 XOPOIIO
HU3BECTHBIX CIIOCODOB BBCHEHNS HOPMBI B JIMHEHHOM IPOCTPAHCTRE — 3TO
33/IaHHE B HEM CKAJIIPHOIO IIpou3BeldeHus. HanoOMHUM, YTO CKAARPHBLIM
npoudsedenuem B TeHCTBUTEILHOM JIMHEHOM npocTpancTBe R HazpiBa-
erca peficrBuresinias GyHruus (T, y), OnpesesieHHas IS KAk 10 napsl
BJEMEHTOB T,y € R ¥ yIOBJIETBOPAIOIA CASAYIOMUM YCITOBUAM:

1) (z,y) = (y,2),
2) (1‘1 + ‘T'Z!y) = (zlwy) + (.'132,y),
3) (Az,y) = Az, y),
4) (z,z) 2 0, npuvem (z,z) = 0 tosbko npu z = 0.
Jluneitiioe UpOCTPaHCTBO ¢ PUKCHPOBAHHBIM B HEM CKAJISIPHBIM IIPO-
H3BEJICHNEM HA3BIBAETCHA e6xaudosuim npocmparcmeom. B eBxitniosom
IPOCTPAHCTBE R BBOZWTCA HOPMA C IOMOLIBIO (POPMY b

lzll = V(z, z).

W3 cpoicts 1)-4) ckaJIsipHOTO IPOU3BEIEHHUS CJIELYET, YTO BCE AKCHOMbI
HOPMBI TIDH 9TOM BBLITOJIHEHL.

HelicrBrresnsHo, BonosHenre akcuom 1) u 3) nopmer (. 1 § 3) oue-
BUIIHO, & BBIIOJIHCHUE AKCHOMBI 2) (HEepaBeHCTBO TPeylrOJIbHUKA) BBITE-
KaeT u3 Hepasencmea Kowu-Bynaxoackozo

()l < izl - iyl (1

KOTOpO€e Mbl ceifyac JOKaxKeM.
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PacemorpuM kBanpartiblit TpexwieH OT ReiiCTBUTENILHON nepemMeH-
HOM A, HEOTPULIATESIHHLIK IPU BCEX 3HAYEHUAX A:

P(N) = Az + y, Az +y) = N (z,2) + 2M(z,9) + (3. 9) =
= lz}?A% + 2(z, )X + [l

Tak xax 370 BhIpaXKeHue npenacrassisier coboit cKassIpHbIl KBaIpaT He-
KOTOPOro BekTopa, 10 w(A) > 0 npu Bcex A. CrenoBaTesbHO, JUCKPH-
MUHAHT 3TOTO KBAJPATHOIO TPEXUJIECHA MEHbIIE WJIK PaBeH HYJIo, T.e.
4(z,y)? - 4)|z|]?|ly]|*> < 0, uro U TpeGoBanOCh NOKA3ATD.

OrMeTM, YTO B €BKJIMIOBOM [POCTPAHCTBE CyMMa, IPOM3BEACHUE
HA YHUCJIO M CKAJIAPHOE NMPOU3BENEHUE HENPEpBIBHLI, T. €. €CJIU T — I,
Yn — Yy (B CMBICJIE CXOAMMOCTH N0 HOpME), A, — A (Kak 4ucaoBas
MOCJIEI0BATEIBHOCT ), TO

Tn+Yn 2T+ Y,
AnZn = AL,

(Tr,yn) — (T,y).

JlokazarenbCTBO 3TUX (HAKTOB OCHOBAHO HA UCIIOJIb30BAHMH HEPABEH-
crBa Koww-Bynsikosckoro (1) 1 npenocTaBisieTcsa YUTATEII0 B Ka1eCTBe
YOPaKHEeHHUS.

Hanuupe 8 R cKanapHoro npor3BeeHNst NO3BOJIAET BBECTH B 3TOM
IPOCTPAHCTBE HE TOJILKO HOPMY (T. €. IJIHy ) BEKTOPA, HO U YIrojl MCKIY
BEKTOPAMU: MMEHHO, YIOJI (¢ MEX/y BEKTOPaMi Z U Yy OIpenessaercs
dpopmysioi

) (z,y)

COS @ = m (2)

IIpu aTom n3 Hepasercrsa Koum-ByHaxkosckoro (1) BeITEKaeT, 70 Bhl-
paenue, crosamee B (2) cipasa, 0 MOAYJIIO He npeBocxomur 1 u, cne-
IOBATENBHO, (popMyJ1a (2) AeHCTBHTENbHO A1 JIOOBIX HCHYJIEBBIX T U Y
onpenesseT HekoTopsiit yroa ¢ (0 < ¢ < 7).

Ecin (z,y) = 0, To us (2) noay4aem, 410 @ = 7/2; B 9TOM CJlydae
BEKTOPbl T U Y HA3BLIBAIOTCH OPTNOZOHANBHUMU.

CucreMa BeHYJIeBBLIX BEKTOPOB {I,} M3 R nasmsaercs opmozo-
HaALHOT, ecnn

(zayyp) =0 opu a# 0.

Ecnm BekTopbt {Z,} OPTOrOHABHBL, TO OHH JIMHeHHO HesaBuCHMBL. B ca-
MOM jieJie, MyCThb

1%y + 2Toy + .-+ GnTq, = 0;
MOCKOJbKY {Z4} — OPTOrOHAJIBHAA CHCTEMA, HMEEM

(Ta,,01Ta, + - + @nZa, ) = 6i(Za;, Ta;) =0,
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HO (Zgy s To,) # 0 1, 3HaunT, a; = 0 oz seex 7 = 1,... ,n.

Ecou oproronansuas cucrema {z,} noana (1.e. HanMenbuee couep-
JKALIee ee 3aMKHYTO€e HOAIPOCTPAHCTRO CCTh Bee R), To 0na HA3HIBAETCS
opmozonaavmbim bazucom. BEcny pu 3TOM HOpMa KaxkI0ro 3JIeMeHTa
paBHa 1, 10 cucrema {Z,} HA3BIBACTCS OPIMOZOHAALHBIM HOPMUPOSGH-
Hotas Oasucom. Boobie, ecn cucrema {2, } (NOsHAA MK HET) TAKOBA,

T0
K 0 1pu a # 3,
1 npua=7g,

(T, 2) :{

TO OHA HA3BIBAETCA 0PMOZOHAALHOT HOPMUPOGaHHoT (KOPOUe: 0pmoHop-
maavhol) cucmemoti. SIcHo, 410 ecou {Z4} — OPTOrOHAJILHAS CUCTEMA,

T
T0 { HCL‘a” } — OpPTOroHaJIbHas HOPpMUPOBaHHaA CHCTCMA.
(23

2. ITpumepst. PaccMOTpuM HEKOTOPBIE TPUMEPBI €BKIIMJIOBBIX 11PO-
CTPAHCTB M OPTOTOHAJILHAIX DA3KMCOB B HUX.

1. n-mepnoe apudmerndeckoe NpocTpaHcTBO R™, 3jileMEHTAMHU KO-
TOPOTO CJIYKAT CHCTEMBI NEHCTBUTENIBHLIX YUCEa T = (ZT1,...,Tn),
C ODOBIMHBIMH OICPALMAME CJIOKEHUS U YMHOXKEHHS U CKAJAPHBLIM 1TPO-

i3BenenueM n

(z,y) = >_ @y, (3)
=1
npenctasaseT cobolf XOpoIo H3BECTHBI! TPUMeED eBKANI0BA MPOCTPAH-
ctia. OpToroHasibHbLIE HOPMUPOBAHHBI! Hasuc B Hem (onauH n3 Gecko-
HEUYHOrO YMCJIA BOSMOXKHBIX) 06PasymOT BeKTOPDI

€1 = (170707"' ,O),
62:(0,1,0.... ,0),

2. Ilpocrpancrso {y ¢ ssieMeHTaMHK

o0
_ . | 2
z=(x1,... ,Zn,...), THE Exi<oo,
i=1

M CKaJIAPHBIM IIPOU3BCOCHUCM
o0
(z,4) = Z-’Ei?}v‘ (4)
i=1

€CTb €BKJIMIOBO IpPOCTPaHCTBO. [lefiCTBUTENBHO, CXOIMMOCTL pPsifa,
crosiiero B (4) copasa, cnenyer us sHepasencrsa (4) § 1 . I Ceolictsa

6—1324



158 ['a. [II. Hopmupogamhsie 1 MONOAOZUNECKUE NPOCTIPAHCTIER

1)-4) ckanApHOro NPOU3BENEHMs IPOBEPAIOTCA HenocpencrsenHo. I1po-
creflmuit oproronasibHeIl HOpMUPOBaHHbIH 6asuc B [; 0OPa3yOT BEKTO-

bl

P er = (1,0,0,...),
€y = (0,1,0,...), (5)
es = (0,0,1,...),

OpTOroHaNbHOCT, ¥ HOPMUPOBAHHOCTHL 3TOH cuCTeMbl siCHbI. Bmecte

¢ tem cucrema (5) nmonsa: nycrs £ = (Zy,... ,Zn,...) -— JI06OH BEKTOD
w3 Iy u (™ = (x;,...,2,,0,0,...). Torma z(™ ects nuuneitnas xombu-
HAIMA BEKTOPOB ey, ... , e, # ||z(™ — || = 0 npu n — oco.

3. IIpocrpancreo Cala, b], cocTosimee u3 HenpepouIBHLIX HAa [a, b] geit-
CTBUTENbLHBLIX PYyHKIOU CO CKAJIAPHLIM [IPOU3BEICHHEM

b
(f,9) = [ f(t)g(t) dt, (6)

TaxKe sIBJIAeTCs eBKANZOBbIM. Cpesin Pas/IMyYHbIX OPTOrOHAJIBHBEIX 6a-
31COB, KOTOPbIE MOJKHO YKA3aTh B HEM, BaXHeHIINM ABJISETCA TPULOHO-
METPUIECKasl CHCTEMA, COCTOAWARA U3 (HYHKIMH

%, cosnbzfta, sinnffta, n=12,... (7)
OpTOroHaIbHOCTH 3TOH CHCTEMBI IPOBEPAETCS HENOCPEACTBEHHO.

Ecsim paccMaTpuBamOTCA HENpepbiBHBbIE (DYHKUMH HA OTPE3Ke IJu-
HBI 27, CKaxeM, Ha [—7, 7], TO COOTBETCTBYIONAN TPHIOHOMETPHYECKAA
cucreMa ecth: 1/2, cosnt,sinnt (n =1,2,...).

Cucrema (7) nosnma. [eficreu-
TEJILHO, COrnacHo reopeme Betiep-
HITPACCa BCAKAS HEMPEPBLIBHAS HA
orpeske [a,b] dyHkuus @, npuHu-
MajouWas B TOYKAX ¢ U b omuHako-
BLIE 3HAYEHHS, MOXKET ObITh MpeI-
CTABJICHA KaK NPEIE] PABHOMEPHO
cxoaAmecs MOCJIeNOBATEIbHOCTH

Puc. 17 TPUTOHOMETPUUECKUX  MHOrOYJIe-

HOB, T.€. JIMHEUHBIX KOMOuHAauuit

3nemenTOB cuctembi (7). Takas 10CJ1e10BATEILHOCTD U HOTABHO CXOIHT-
¢ K ¢ no HopMe npocrpancTsa Cala,b]. Ecym xxe f — npousBoJib-
Hasa yskuua us Cala, b], TO ee MOXKHO MPEACTABATH Kax Npenes1 (o
Hopme npoctpancTsa Cala,b]) nocremosarensHoctd dyHKuMil @,, Ka-
XKIAs M3 KOTOPbIX coBIauaer ¢ f Ha orpeske [a,b — 1/n}, nuneitna
Ha [b— 1/n,b] n B Touke b upuHUMAET TO ke 3HAYEHHE, YTO U B TOUKE a
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{puc. 17). Cnenosaressro, kaxasill snement us Csla, b] moxHO npubiu-
3UTh CKOJIb YI'O/IHO TOYHO (B METPUKE TOTO IPOCTPAHCTBA) JUHEHHBIMY
KOMOUHALUAMY 3/IEMEHTOB CHCTEMBI (7), & 3TO ¥ 03HAYAET €€ TIOJTHOTY.

3. CyulecTBOBaHMe OPTOrOHAJIBHBLIX 0a3HCOB, OPTOrOHATIH3A-
mma. Ha nporsekenun ocrasmetics yacTu aToro naparpad>a Mbl OTpaHu-
YUMCA cenapabesbHbIMY €BKJIHIOBBIMHA TPOCTPAHCTBAaMH (T. €. coaepxa-
MMM CYETHOE BCIOAY NJIOTHOE MHOXKeCTBO). KaXk/ioe n3 npocTpaHCTB,
YKa3aHHBIX B NPEALIYIIEM NyHKTe, cenapabesnbHo (joxaxute sT0!).
ITpumep HecenapabenbHOTO €BKIINI0BA MPOCTPAHCTBA MOXKHO IIOCTDOUTH
rTak. PaccMOTpuM Ha NMpaMO# BCEBO3MOXKHBIE (DYHKUMK T, 7151 KaK 0N
M3 KOTOPBIX MHOYKECTBO TOYEK t1, {9, ..., B KOTOPBIX OHA OTJIMYHA OT HY-
Jis1, He boJiee YeM CuYeTHO, a cymMa Y 22 (t), B3ATAA 110 BCEM TAKUM TOY-
KaM, Koreuna. Onepanun CJI0KEeHNs U YMHOKEHUS HA YHUCITA ONPEIEIIIM
B 3TOM IPOCTPAHCTBE Kak OObIYHBIE CJIOXKEHUE M yMHOXKeHne dyHKUIu,
a CKaJIApHOE Mpou3Be/enne onpeaesnm GopMysioi

(z,y) = 3 2() (1),

rje cymMMa Gepercs 1o MHOXKeCTBY Tex To4eK t, B kotopwix z(t) y(t) # 0.
JloKa3aTeAbCTBO TOrO, YTO B 3TOM NMPOCTPAHCTBE HET CYETHOrO BCIOAY
IJIOTHOTO NOAMHOXKECTBA, MBI TPEAOCTaBIsieM yuTaresio. OrMernm, 4To
3TO IPOCTPAHCTBO — IOJIHOE.

Wrax, nycrs R — cenapabesisHoe eBKJIMOOBO npoctparcrso. [Toka-
JKEM, MO 68 MAKOM TPOCMPAHCTNEE GCAKAA OPMOZOHANLHAR CUCTIEMA
He bonee wem cuemna.

HelicTeuresbho, He3 orpanyenna OOMIHOCTH MOXHO CYHTATL Pac-
CMaTPHBAEMYIO CUCTEMY {(@} HE TOJIBKO OPTOTOHAJILHOHN, MO W HOPMHA-
poBaHHOH (nHAadYe Mbl 3ameHuNH Gb1 ee cucteMoll { @y /|lwall}. Tlpr atom

lea — wsll = V2, ecmm a# 8.

Paccmorpum coBokynrocts wapos By, , 1/2). 31n wapst He nepece-
kawrca. Eciu cyerHoe MHOXeCTBO {¢¥, } BCIo/ly muioTHO B R, TO B KaK-
JIOM TaxOM lIape eCTb 10 KpahHeil mepe ogmu anement us {¢,}. Cre-
[0BATEJILHO, YUC0 TAKMX HIADOB (& 3HAYWT, ¥ BJIEMEHTOB 4, ) He Bosnee
YeM CYETHO.

B xaxnom M3 IpUBENEHHBIX BBIIE NPUMEPOB EBKJIMIOBLIX IMPOCT-
PAHCTB Mbl YKAa3aJ/I1 110 OPTOroHa bHOMy Gasucy. Jokaxem teneps cie-
OYIOLIY0 OOILYIO TeOpeMy, AHAJIOTHYHYIO TEOPEME O CYLIECTBOBAHKUH OpP-
TOTOHAJILHOTO Da3MCa B N-MEPHOM €BKJIA0BOM NPOCTPAHCTBE.

Teopema 1 (06 oproronanusauun). Iycrs

fiyooo s fane (8)
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—— JIMHEHHO He3aBHCHMAs CHCTEMA 3JIEMEHTOB B €BKJIHIOBOM IIPOCTPAaH-
crBe R. Torna B R cymecTByeT CHCTeMa 3JIEMEHTOB

Ply--- s Pny- -y (9)

YAOBJIETBOPAIOMAA CJIEAYIOIIHM YCJIOBHAM:

1) cucrema (9) opTOroHAIBHAS H HODMHPOBAHHAST,
2) KaxAbIl J7CMEHT @, €CTh JHUHCHHAA KOMOWHAIHA 3JIEMEHTOB

fl,... ,fnZ
Pn = anlfl +... +annfn;

MPHYIEM Qpy 7 05
3) xaxnapiif sseMeHT fn, NPENCTABJAAETCA B BUAE

frn=bunipr + ...+ bonwn, #pugem by, # 0.

Kaxnptii aement cucrempl (9) onpenesserca yciopusmu 1)-3) on-
HO3HAYHO C TOYHOCTbBIO A0 MHOXHTeJ T £1.

HokazarTesbCTBO. DIEMEHT (] UIIETCH B BUAE Q1 = @11 f1; Npu
3TOM @j] ONPENEJISIETC U3 YCJIOBUS

(pr,01) =ai (A fr) = 1,

OTKYHIa
Y 1 _ +1

ST N5}

SIcro, 9TO 1 ONPENEACTCS STUM OJHO3HAYHO (C TOYHOCTLIO 10 3HAKA).
IIycrs asements! @ (k < n), yRoBIeTBOpAOMME YCaoBuAM 1)-3), yxe
nocrpoensl. Toraa f, MOXKHO NPEACTABUTH B BUIE

fn = bnl‘Pl + ...+ bn,n—l‘Pn—l + hn,

roe
(hn,pr) =0 upu k<n.

HefictsuTenbo, coorBeTcTByoOmne K03hduumenTst by, a 3HAYUT, U
as1eMedT hy,, OTHO3ZHAMHO ONPENESISIIOTCA U3 YCIJIOBHI
(hns@r) = (fr = bn1p1 = ... = bun_1¥n—1,9k) =
= (fn,e1) — bnr{er, ox) = 0.
OuesBugpo, 410 (hy,, h,) > 0 (npeanosoxeunne (h,, h,) = 0 nporuso-
peunsio 661 nrHelinoll HesaBucumoctH cucremst (8)). Hosoxum

i

o )
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W3 usayKTUBHOIO HOCTPOEHHUA SICHO, 4TO i, & 3HAYUT, U Y,, BbI-
paxkawrcst 4epes fi, ..., fn, T.€. P = auifi+-..+annfn, THE Qpp =

= ——=—— # (. Kpo:
o # pome Toro,

(‘Pn,‘Pn) =1, (@na@k) =0, k<n,
fr = bnl@l + ...+ bnn‘Pna bnn =V (h'n;hn) # 0:

T. €. P YAOBJIETBOPAET YCJOBUAM TCOPEMBI.
Hepexon or cucremer (8) k cucteme (9), yoosiersopsomel yCI0BHAM
1)-3), HA3BIBARTCS NPOUECCOM OPMO2OHAAUIAUUL.
Scho, 9TO NOANpOCTPAHCTBA, NOpoXKAeHHBIE cucTremamu (8) u (9),
coBIagaT Mexay cobol. CJIefoBaTesIbHO, 3TU CUCTEMbI MOJIHBI HJIH
HE MOJIHBI OIHOBPEMEHHO.

Cnepncrsue. B cenapabensHoM eBKJIHIOBOM HpocTpancrse R cy-
IMECTBYET OPTOrOHAJIbHBIE HOPMUPOBAHHBIH BA3HC.

JefcTBUTENbHO, HYCTh ©1,... ,¥y,... — CUYETHOE BCIOAY ILJIOTHOE
MHOXkecTBO B K. BribepeM u3 Hero noJiHy® CHCTEMY JIMHEHHO HEe3aBUCH-
MbIX 3j1eMeHTOB { f,}. [JIs 3TOro JOCTATOYHO U3 [OCJIENOBATEIBHOCTH
{¢} BCKNOYHTL BCe TE SJEMCHTB! 1), KAK/bI# U3 KOTOPBIX MOXET
ObITh IIPEACTABJICH Kaxk JiuHedHast komOunanus o; ¢ ¢ < k. pumenus
K ITOJIYYCHHOH TakuM 00OPa3oM IIOJIHOH CHCTeMe JIMHEIIHO He3aBUCHMBIX
H7IEMEHTOB MPOUECC OPTOrOHAIN3AIMK, Mbl ¥ TOCTPOHM OPTOTOHAJIBHBIH
HODPMHPOBaHHLIH Hasuc.

Ynpaxuenus 1. Ilpusectn npmmep (mecenapabesibHOr0) €BKJIUAOBA
NIPOCTPAHCTBa, B KOTOPOM HET HU OHOI'O OPTOrOHAJIBHOIO 6asuca. Jloxasars,
4TO B IOJIHOM €BKJIHI0BOM OpOCTpaHcTBe (He 00A3aTesibHO cenapabesnHoM )
CYWECTBYET OPTOrOHAJIBHBII HOPMHPOBaHHBIR Dasuc.

2. Hokasarb, 4TO B MOJIHOM €BKJIHIOBOM IPOCTPAHCTBE (He 0DA3aTe/IBHO
cenapabe/ibHOM) BCsKast NOCJIE0BATEILHOCT HENYCTHIX BJIOXKEHHBIX BbLITY-

JIBIX 3aMKHYTHIX OTPAHUYEHHBIX MHOXKECTB HMEeT Helycroe nepecevenue (Cp.
¢ yupaxHenusmu 1. 2 § 3 rur. IT w . 3 § 3 aToit rasmr).

4. HepaBencrro Beccesiss. 3aMKHY ThIe OPTOrOHAIBHBIE CACTE-

MbI. BbiOpaB B n-MEPHOM €BKJIHIOBOM IPOCTPAHCTBE OPTOrOHAJILHbIM
HOPDMHPOBAHHLI# 0asuc ej,... ,e,, MOXKHO Kaxapili Bektop & € R” 3a-

nncaTb B BUe
n
z= E crer, (10)
k=1

rie
cr = (z,e). (11)
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Borsicanm, Kak 0606muts pasnoxkenue (10) Ha caygall eskynnosa Gec-
KOHeYHOMEPHOro pocTpancTsa. Ilycrs

P1--- :Pny - (12)
— OPTOroHaJIbHAs HOPMUPOBAHHAS CUCTEMA B €BKJIMIAOBOM TPOCTPAH-
ctBe R u f — npoussosibublif snement uz R. ConoctaBuMm 3jeMeHTy
f € R nocnenoBaTesibHOCTb 9MCEeT

ck:(f)‘pk)a k:1a2a7 (13)
YucIa ¢ Mbl OyeM Ha3bIBATL K00pIunamMamy, Wi Koadduyuenmanmu
Dypve anementa f no cucreme {pg}, v pan (nmoka ¢popmasbHbIii)

ch@k, (14)
k

KOTODSHIM MBI Ha30BeM padom Dypuve snementa f no cucreme {v,}.
EcrecTBenno BosHukaeT Bonpoc: cxoaurcst au psin (14), T.e. crpemut-
Cs1 JIM NOCJIENOBATEJIBHOCTD €r0 YaCTHYHBIX CYMM (B CMBICIIE METPHKHU
upocTpancTBa R) X Kaxomy-s1ub0o npenesiy, u eciiim OH CXOOUTCH, TO CO-
BHAJAET JIX €r0 CYMMa, C UCXOAHBIM 3J1eMeHTOM f7
Yrobbl OTBETHTH HA HTH BOOPOCHL, PACCMOTPUM IPEIBAPHUTEILHO
CIIEAYIOMYIO 330a4y: [P 330aHHOM n Nou0oOpaTh KO3(hMUINEHTH (i

(k=1,...,n) tak, 4Tobsl paccrosune Mexny f u cymmoii
7
Sp = Z O P (15)
k=1

ObLJIO MUBAMAJIBHLIM. Bohruucaum ato paccrosinme. Tax kak cucreMma
(12) oproro"asibHa 1 HOPMHPOBAHA, TO

f = Sull® = (f - Zn:ak‘Pk,f - iakSOk) =
k=1 k=1
= (faf) - 2(fa En:ak(pk) + (iak@k,iaj(p]) =
k=1 k=1 J=1

S -2 Y e+ S0t = IR - S0 + 3 (o — ).
k=1 k=1

k=1 k=1
HCHO, 9TO MHHHUMYM 3TOI'0O BbIPDAXKEHUA OJOCTUIa€TCsA TOr4a, KOrdad no-
cnennee ciaraemoe pasHo 0, T.e. npu

ar=cx, k=1,...,n. (16)
B stoM ciyuyae

If = Sall? = IFIP =D e (17)
k=1
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Mpbt nokasasiu, 4To cpeau BCex cyMM Buma (15) npm nanHoM n Hau-
MeHee yKJIOHsieTcst oT f YacTuvHas cymMma psaga OPypoe ssemenra f.
I'eomeTpuyeckn aTOT pe3yAbTAT MOKHO NOSICHUTD CJIEHAYIOUMM 0OPa30oM.

DJIeMEeHT "
F=>" arpn
k=1

OpTOronaJjieH BCeEM JINHEeUHBIM KOM6I/IHE:\,LLH5IM BUOa

n
> Biwr,
k=1

T. €. OPTOrOHAJIEH HOLIPOCTPAHCTRY, HOPOXKIEHHOMY 3JIEMEHTAMHU (01, . . .

. ,¥n, B TOM ¥ TOJIEKO TOM CJIy4ae, KOTAA BLIIOJHseTCH ycjosue (16)
(mposeppte a10!). Takum 06pa3oM, NOJyYEeHHDIY HAMU PE3yJIbTAT [Ipell-
crasjisger cobott 0606LIeHre U3BECTHOH TEOPEMbI DJIEMEHTAPHOR reoMer-
pUU: IIUHA NEePHeHAUKY AP, ONYIEHHOro U3 JaHHOM TOYKH Ha NPAMYIO
HWJIU MJIOCKOCTD, MEHbIIe, YeM JJIMHA JII0D0H HaKJIOHHOH, NMpoBeneHHON
U3 TOU Ke TOYKHU.

Tax kak Bcerna || f — Spll? > 0, To u3 pasencrsa (17) caenyer, 4To

S <Nl
k=1

BHer T HPOU3BOJILHO, a IPpaBana 4acTh HE 3aBUCHUT OT N, CJIeIOBATCHALHO,

(e
psn Y. € cxomwuTes u

k=1 oo

> <A (1)
k=1
9TO HEpaBEHCTBO HA3BIBAETCH Hepasercmeom becceax. T'eomerprnyecku
OHO 03HAYAET, YTO CYMMa KBAJPATOB NpOeKUHil BeKTopa f HA B3AMMHO
OPTOTOHAJIbHBIE HANPABJIEHN HE IIPEBOCXOIUT KBAJIPATA AJIUHBI CAMOrO
BexTOpa f.

Beenem cienyioniee BaxxHOe NOHATHE.

Onpegenenue 1. OproroHansHas HOpMUpPOBaHHAS cucrema (12)
Ha3bIBAETCA 3aMKHYMOL, ecnu 1yt goboro f € R cnipasenjuso paBeH-

CTBO oo
> ek =I5 (19)
k=1

Ha3biBaeMoe pasencmeom Ilapcesans.

U3 roxnecrsa (17) crenyer, uro 3amkHyTOCTH cucTeMbt (12) pasuo-
CHJIbHA TOMY, 4YTO JJA Kaxzoro f € R dacruunble cyMMmbl psana Pypoe

oo
3" Cnpn cxopaTCA K f.
n=1
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Tonarne 3aMKHYTOCTM ODPTOTOHAJILHOW HOPMUDOBAHHON CHCTEMBI
TECHO CB3I33HO C BBEIEHHBIM BbIIIE MOHATHEM MOJIHOTHI CHCTEMBI.

Teopema 2. B cenapabensHOM eBKJIHIOBOM IIpocrpaHcrse R Bes-
Kasi OJIHAST OPTOrOHAJIbHAST HODMHPOBAHHAS CHCTEMA SIBJIAETCH 3aMK-
HYTOR, H 06paTHO.

Hoxasareascrso. Ilycts cucrema {¢, } 3aMKHYTa; TOTJa, KAKOB
661 HE OBLT 2s1eMeHT f € R, mocnenoBaTe/IbHOCTh YACTHIHBIX CYMM €r0
pana Oypbe cxonuTest X f. DTO 03HAYAET, 4TO JiMHeHHbIe KOMOUHANMN
3JIEMEHTOB CUCTEMBI {¢, } Bclopy mtotHb B R, T.e. cucrema {p,} mos-
#a. O6parHo, nycrs cucrema {p,} nonHa, T.e. mobo# anement f € R
MOXHO CKOJIb YFOIHO TOYHO aNlpOKCUMHPOBATH JuHelHOK KoMbuHANM-

(3 n
et Y Qg DIIEMEHTOB CHCTEMBI {0y }; JACTUYHAA CYMMA Y CrpPk PARA
k=1 k=1
®Dypbe 41 f DAeT HE MEHEe TOYHYIO amipoxcumauuo. CrienosaresisHo,
xD
pAn Y. crpr cxonuTest K f,  paBeHcTBO IlapceBans uMeer MecTo.
k=1

B npenpiaymem nysKTe MbI JOKA3a/1 CYILIECTBOBAHUE MOJIHBIX OPTO-
TOHAJILHBIX HODMHPOBAHHLIX CUCTEM B CENapabebHOM EBKJIHI0BOM I1PO-
crpancTBe. [0CKONBKY 11 OPTOrOHAJIBHBIX HOPMUDOBAHHBIX CHCTEM
NOHATUA 3AMKHYTOCTH M NIOJIHOTH! COBNIAAAIOT, CYHIECTBOBAHNE 3aMKHY -
TBHIX OPTOTOHAJILHLIX CHCTEM B R He HyXJaeTcsi B HOBOM JOKA3aTeJlb-
CTBE, a IPUBEIEHHbIE B IPEIbLAYIIEM [yHKTE IPUMEPBI TIOJIHBIX OPTOro-
HAJIbHBIX HOPMUPOBAHHBIX CUCTEM SIBJISTIOTCSL B TO K€ BPEMs IPUMEDAMU
3aMKHYTBIX CUCTEM.

Broie MBI BCe BpeMs IPEANOIArad PACCMATPHBAEMbBIE OPTOTOHAIb-
HbIE CUCTEMbI HOPMUPOBAHHBIMEA. MOXHO nepedOpMyTMpOBATEH TOHATHS
koadpduimentos Pypee, psna Oypoe u T. 1. ¥ AJjist JHOOBIX OPTOrOHASIB-
#bIX cucteM. [lycth {y, } — npousBosbHas opTOroHanbHas cucrema. Ilo
Hell MOXXHO NOCTPOMTH HOPMHPOBAHHYIO CHCTEMY, COCTOSIIIYIO U3 3JIe-
MEHTOB Uy, = wn/|l¢nll. Dust suoboro f € R umeem

Cp = (f’d)n) = ”cpl—n“(f,ﬂon)y

oo oo )
E CaPn = 2 "‘E‘L‘Pn = § An¥n.
— — Jlenll —
n=1 n=1 n=1

rue

lienll — Hlenll®”

Koadpdunuents! a,,, onpenesisiemble popmysiot (20), Mbl Ha30BEM K09gH-
duyuenmamu Pypve sJ1eMeHTa f 0 OPTOTOHAJIBHOH (HEHOPMHPOBAH-

Cpn _ (f7 ‘Pn) (20)

an =
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Hoit) cucteme {y,}. [loncrasus B HepasencTBo (18) BMECTO ¢, UX BbI-
PaXKEeHUsA Cp = Anl|yn || U3 (20), nosyuaem

> llenllan < UIAIP (21)

— HepaBeHCTBO beccesst 1J1s NpOU3BOJIBHOM OPTOrOHAJIBHOR CHCTEMBI.

5. ITostHBIe eBKJIMIOBBI OpocrpaHcrsa. Teopema Pucca—
®umepa. Hauunas ¢ 1. 3 Mpl paccmarpusanu cenapabenbHbIC €BKIM-
JIOBBI IPOCTPAHCTBA; C HTOI0 MOMEHTa Mbl DyIeM, KPDOME TOro, IPemIo-
JIaraTh, 4TO PACCMATPUBAEMBIE IPOCTPAHCTBA HOJTHBI.

Hrak, nycrs R — noanoe cenapabesibHOE €BKAWJIOBO NPOCTPAHCTBO
u {¢n} — HEKOTOpas OpTOroHaJILHAH HOPMUDOBAHHAA CHCTEMa B HEM
(He oBs3arenbuo nosmasn). s uepasencrsa Beccesis cnenyer, yto nas
TOro, 4TOOBI YUCHA €, ... ,Cpn,- .. CAYKUIN Koaddunuentamu Pyppe
KaKoro-m00 ayiemenTa f € R, Heobxonumo, 4rodul pan

o0
c
n=1
cxonuica. OKasbiBAaGTCsA, UTO B TOJHOM MPOCTPAHCTBE ATO YCJIOBHE
HE TOJIbKO HeoOXOOuMo, HO M HocTaroyHo. MIMeHHO, cnpaBeninBa cjie-
JIYIOUIAS TEOPEMA.

Teopema 3 (Pucc—-®umep). ITycrs {p,} -— npoussosbHAs
OPTOrOHAIBHAS HODMHPOBAHHAA CHCTEMA B IIOJIHOM €BKJIMHAOBOM IIDO-
crpaHcree R, w mycrs uncna

Clyerv 3Cny.--
TAKOBBI, YTO P o
> (22)
k=1
cxonurca. Torna cymecrByer tako#t saement f € R, yro
Crp = (fa (pk)’
x>
DG =N=1A"

7~
I
—

Hokasarenbctno. HomoxuMm

"
fa= chsok-
k=1
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Torma
n-4tp

[ frtp = full® = llensrnir + ..o + Cn+p‘Pn+p“2 = Z ck-
k=n+1

Tax kak psag (22) cxomures, TO OTCIOAA B CUy noiaHOTH R BbITEKaer
CXOAMMOCTD TIocHenoBatenbHoctd { fr, } k Hexkoropomy anementy f € R.

Hasee
(fr90i) = (Fas i) + (f = fn,04), (23)

NpHUYEM CIPABA IEPBOE CJIAraeMoe NpH 7t 2 { PAaBHO ¢;, & BTOpOe CTpe-
MHUTCS K HYJIIO DU 7 — 00, TaK KakK

I(f = fro )l SF = fall - llsll-

JleBast wacTe pasencrea (23) OT 1 He 33BUCHT, NOITOMY, NEPEXOIs
B HEM K Ipefesy IpH 1 — 00, MOJIydaeM, 4To

(frpi) = ci.
Tax kxak, no onpeneaenuo f,
Hf—fall =0 1upu n— oo,

TO o
Yo =1)
k=1

HetcTBuTeNBHO,

(F= et =Y ap) =N =D d =0
k=1 k=1 k=1
npu n — oQ.

VYeranosum B 3aKJI0ueHHE CJlenyoumy1o noJjie3Hyio reopemMy.

Teopema 4. s Toro 4To6b6l OPTOroHaAbHAA HOPDMHPOBAHHAA CH-
crema {pn} B nOSIHOM cenapabesIbHOM €BKJIHIOBOM IIPOCTPAHCTBe Oblia
oJIHA, HeOOXOOUMO H JOCTATOYHO, 4YTOOB! B R He CymecTBOBaJIO HEHY-
JIEBOTO 3JIEMEHTA, OPTOrOHAJIBHOIO BCEM 3JIEMEHTAM CHCTEMBI {@n }.

IoxasaTtenbctBo. Ilycrs cucreMa {¢,} noaHa u, CjIenoBaTeN b
HO, 3aMKHyTa. Eciu f OpTOrOHajieH BCEM 3JIEeMEHTaM CHUCTEMbI {@y},
TO BCe ero Koadduuunentsl Pypbe paBHbl HyJ10. Torna M3 paBeHCTBaA
Ilapcepans nonydaem

()= =0,

k=1
r.e. f=0.
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O6paruo, nycrhb cucrema. {p,} He nosna. Torna 8 R cymecTpyer ra-
kot anement g # 0, uro

oo
(9.9) > &, e cx = (9, %)
k=1
Ha ocuoBanum teopemsl Pucca—Quinepa CymecTByeT TaKO# 3JIeMCHT
f € R, uro

o0
(fror)=cx, (£f)=> ct.

k=1
dsieMeHT f — g OPTOrOHAJIEH BCeM ;. VI3 HepaBeHCTBA

(fLH=> & <99
k=1

caenyer, yto f — g # 0.

VYupaxuenus. 1. Ilycts H — nosHoe €BKJIMIOBO IPOCTPAHCTBO (He 06:-
33TeJIbHO cenapabesibHoe); TOrAA B HEM CYMIECTBYET MOJIHAS OPTOIOHAbHAS
HOPMHUpOBaHHAA cucTeMA {Pq } (cM. ynpaxksenne 1 B 1. 3). Hokasars, 4o gis
BCAKOro BexkTopa f € H crnpasensmsbl passioKeHus

f :Z(f:¢a)(ﬂav ”f”z :Z(fasﬁa)za

o

rAe B CyMMaX, CTOSILIUX CIPAaBa, MUMeeTCs He Dosiee CYeTHOro YHCaa OTJIMYHBIX
ot 0 craraeMbix.

2. Cucrema {pa} BEKTOPOB €BKJIMAOBA NPOCTPAHCTBA R Ha3BIBAETCS mMO-
masvholi, eciin B R He CymecTByeT OTyIMYHBIX 0T () BEKTOPOB, OPTOrOHAIBHBIX
KO BCEM . Teopema 4 03HAYAET, YTO B HOJIHOM E€BKJIMIOBOM IIPOCTPAHCTBE
TOTAJIbHOCTH CHCTEMbl BEKTOPOB 3KBHBAJIEHTHA ee nosHore. [loxasarh, 4ro
B HENOJIHBIX NMPOCTPAHCTBAX MOLYT CyLIECTBOBATH TOTAJIHHEIE, HO HE IOJIHbLIE
CHCTEMBI.

6. I'mnrbepToBo mpocrpadcrBo. Teopema 06 msomopdusme.
Ilpomosxmm paccMOTpeHME MOJIHBIX E€BKJWAOBLIX NPOCTPAHCTB. [Ipm
3TOM HaC, KaK M OO0 CHUX Top, OyAyT MHTepecoBaTh OeCKOHEYHOMED-
HbI€ MPOCTPAHCTB3, & He KOHEUYHOMEPHBIe, UCUEPIbIBAIOIEe OIMUCAHUE
KOTOPBIX JaeTcsi B Kypcax JuHelnolt anrebpsi. Ilo-npexxnemy Mbl, Kax
npasBusio, byneM npennosiararh HAJIUYHE B PACCMATPUBAEMBIX IIPOCTPAH-
CTBAaX CYETHOTO BCIOAY IJIOTHOIO MHOXEeCTBAa. BBeneM cienyomee onpe-
JeJieHue.

Onpegnesienune 2. ITonmHOE eBXJNA0BO NPOCTPAHCTBO BECKOHEYHO-
ro YHCJIA U3MEPEHUH HAa3bIBAETCA 2uAbbepmosvim NPOCMparHcmeom’ ).

1Yo uMenn 3namenuToro Hemenxoro Maremaruxa JI. I'minBepra (1862-1943),
KOTODBIY BBEJI 3TO NOHATHE.
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TakuM 06pasoMm, rub0epTOBBIM IPOCTPAHCTBOM HA3BIBAETCSI COBO-
kynHocTh H anementoB f, g,... HpOU3BOJILHON NMpPUPOABL, YAOBIIETBO-
pPAOMAA CIASAYOIWUM yCJI0BUsAM {aKCHOMaM).

[. H ects eBKJIMJIOBO NPOCTPAHCTBO (7T.e€. JIMHEHHOE HPOCTPAHCTBO
¢ 33/IaHHBIM B HEM CKaJIAPHLIM IPOM3BEACHHEM ).

IL. Mpocrpanctso H nosino B cMmbicsie merpuku p(f,g) = [|f — gl|-

IIT. IlpoctpancrBo H 6eCKOHEYHOMEPHO, T.€. B HEM JJIA JIO-
HOro n MOXHO HaUTHU N JIMHEUHO HE3aBUCUMBIX 3JIEMEHTOB.

Yame Bcero paccmarpuBaiorcs cenapabesbHsle I'mibbepTOBbI npo-
CTPAHCTBA, T. €. IPOCTPAHCTBA, YAOBJIETBOPAIOIME ele OJHOH aKCHOME.

IV. H cenapabespHO, T.€. B HEM CYWECTBYET CYETHOE BCIOAY
NJIOTHOE MHOXECTBO.

[Ipumepom cenapabesbHOro rusiLOEpPTOBA HPOCTPAHCTBA MOXKET CJILY-
JKUTh TeHCTBUTEJILHOE IIPOCTPAHCTBO lo.

B nmanbueitiueM Mb1 GyneM paccMaTpuBAThL TOJIBKO cenapabesbHbiil
crydail.

Anasnornuno onpeneseHnio 2 u3 §1 ABa eBKJINUIOBBIX POCTPAHCTBA,
R v R*, HAa3BIBAIOTCS U30OMOPPHULMU, ECTTH MEKTY MX DJIEMEHTaMH MOXK-
HO YCTAHOBUTH B3AMMHO OJIHO3HAYHOE COOTBETCTBUE TAK, YTO €CJIU

T, Ty,
z,y € Ry z°,y" € R*,

TO

z+yext+yt,

atr < az®

(z,y) = (z",y7).

Wuade roBopsi, u3oMOpGhU3M €BKJIIMAOBBIX NPOCTPAHCTB — 3TO B3aMM-
HO OJHO3HAYHOE COOTBETCTBHE, COXPAHAIOWEE KaK JuHelinble onepaunn,
onpesiesIeHHbIe B 3TUX IPOCTPAHCTBAX, TAK M CKAJIAPHOE IIPOU3BEICHNE.

Kak wussectno, J06bie [Ba 7n-MEPHBLIX EBKJIMOOBBIX IIPOCTPAHCTBA
n30MOpGHBI MExK1y cOBOH U, CJIe0BATEIbHO, KAXK10€e TaKOe [IPOCTPaH-
cTBO u3oMopdHO apudMeTnieckomy npocrpanctsy R* (npumep 1, n. 2).
EBksinaosbl mpocrpaHcTBa 6€CKOHEYHOrO 4YUCjaa usMepeHuil He 00a3a-
TesibHO u3oMopdHe npyr apyry. Hanpumep, npoctpancrsa b2 u Cqla, b)
Mexy cobolt He uzoMopdhHbL. ITO BUIHO, HAIPUMED, U3 TOTO, YTO Nep-
BOE U3 HUX MOJIHO, & BTOPOE —- HET.
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Onrako nMeer MecTo CJIenyrommit Gakxr.

Teopema 5. Jwbbie nBa cenapabesibHBIX FHJIBOEDTOBBIX IPOCTPAH-
CcTBA M30MOPGHBI MEXY COGOH.

HokasaTtenncrso. [Hokaxkem, 4To Kaxkoe ruasbepToBO NIPOCT-
pascteo H usomopduo npocrpascrsy lo. Tem cambiv Oyner nokasaHo
yTBepXKIeHue TeopeMbl. Boibepem B H NpOn3BOJILHYIO JIOJIHYIO OPTOro-
HaJIbHYI0 HOPMHPOBAHHYIO cucteMy {@,} ¥ HOCTABHM B COOTBETCTBHE
aneMentTy f € H COBOKYIHOCTD Cy,..., Cp,... €0 Koaddunuenron Py-

o
pbe no 370 cucreme. Tak xak y. ¢; < 00, TO HOCJENOBATESIBHOCTD
k=1
(¢15..- ,Cn,y...) €CTH HEKOTOPDLIH aJiemMeHT U3 ly. ObpaTHo, B CHIIy TEO-
pembl Pucca—®uuiepa Bcakomy ajieMenTy (¢, ... ,Cp - .. ) 3 I3 OTBeuaer
HEKOTOpbIH asiement [ € H, umeromuit yucna ¢y, ..., Cq,-.. CBOUMH KO-
adbdunmentamn Oypbe. YCTAHOBIECHHOE COOTBETCTBHE MEXIY DJIEMEH-
Tamu U3 H B lp B3aumHo onnosna4dno. Hamee, ecan

F s (crynn s ene.s),
g(—)(d],... ,dn,...),

T0
frge(a+di,. . entdn,...),
af & (acy,... ,acy,...),
T.€. CyMMa [EPEXOIUT B CYMMYy, a IIPOM3BEIEHHE Ha YUCJAO — B IIPO-

U3BEIeHNe COOTBETCTBYIOIIErO 2JIEMEHTa HA 3TO ke uncio. Hakowen,
n3 pasenctsa llapcesans cienyer, 4yTo

(fv g) = chdn- (24)

HelicTerTenbHO, U3 TOTO, 9TO

HLH=D ¢ (g9=> &,
n=1 n=1
(f+g.f+g9) =(f,f)+2(f,9)+ (9,9 =
=Y (catdn)? =D 2 +2) cndn+ id;ﬁ
n—=1 n=1 n==L n=1

Boitekaer (24). Taxum o6pasoM, YCTAHOBJECHHOE HAMM COOTBETCTBHUE
MExK Y 3jieMenTaMu npoctpaicTB H u [y OeficTBUTENIBHO ABJISETCHA U30-

MOPpU3MOM.
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Joka3zaHnas TeopeMa 03HAYAET, UTO, C TOYHOCTBIO 0 M30MODGU3MA,
CYyLIeCTBYeT JIMIIL OMHO (cemapabesbHoe) rufibGepToBO MPOCTPAH-
crBo (T.e. cucrema akcuom I-IV mosna) u 910 OpocTpaHcTso lo MOXKHO
paccMaTPUBATh KaK €ro «KOOPAHMHATHYIO PEaIH3aIUi0», IION0OHO TOMY
KaK 7-MepHoe apudMeTnyecKoe MPOCTPAHCTBO CO CKAJIAPHBIM IIPOU3-

n

BEIEHHEM Y Z;Y; NPENCTABIACT COGON KOOPANHATHYIO PEAIN3alli0 €B-
KJIMJI0BA I;p(;CTpaHCI‘Ba 7 U3MepeHul, 330aHHOr0 AKCHOMATUYECKH.

Jpyryio peanusaiuo rais0epToBa NPOCTPAHCTBA MOXKHO [OJY4HTh,
8348 HYHKIMOHAIIBbHOE pocTpancTBo Cala, b] u paccmMoTpes ero nonoi-
HeHye. JellcTBUTENBHO, JIErKO TPOBEPUTDH, YTO IONOJHeHKHe R* BCAKOro
€BKJIMIO0Ba IIpocTpancTBa R (B TOM CMBIC/IE, KAK MBI ONIPEIESTUIIH [IOII0JI-
HEHHE METPUYEeCKOoro npocTparctsa B § 3 r. II) cranoBurcs nunelnbiM
€BKJIMIOBBIM IIPOCTPAHCTBOM, €CJIH B HEM ONPENeJNTb JIMHEHHbIe oe-
pauuy U CKaJifgpHOE [POU3BENEHUE, NPOJ0JIKAsL UX MO HEIPEepPbIBHOCTH
¢ mpocrpancra R, T.e. nonaras

z+y= lim (z, +yn), az= lim az,,
n—o0 n—oo

(z,y) = lim (Zn,yn),

FIE Ty — T M Yy — Y, T, Yn € R. (CylwecTBoBaHne BCEX 3TUX MPEIEsIOB
M MX HE3aBUCHMOCTB OT BBIOOpa nocseposarenbrocteit {z,} u {yn} aer-
kO ycranasiusaercs.) Torna nonosnenue mpoctparctsa Chla, b] Oyner
MOJTHBIM E€BKJIMAOBBIM MPOCTPAHCTBOM, OYEBUIHO, GECKOHETHOMEDHBIM
u cenapabesbHbIM, T. €. TIb0epTOBBIM npocTpancTsoM. B ryrase VII mbi
BEPHEMCS K 3TOMY BOIPOCY U IMOKAXKEM, UTO TE 3JIEMEHTbl, KOTODbIE
HY>)HO Tprcoenuuuth K Chala,b], 4T06BI MOJNYYHTH [OJIHOE IIPOCTPAH-
CTBO, TOXe MOXHO NPEACTABUTH KaK (PYHKLHMH, HO TOJIBKO YKe He He-
npepsiBHble (3 UMEHHO, Kak (PYHKUMH, KBAJAPAT KOTOPBHIX CyMMMPYEM
B cMblciie Jlebera).

7. HOmIPOCTpaHCTBa, OpPTOrOoHaJIbHbIE OOIIOJHEeHNUdA, NIpaAMada
cymma. B coorBercTBun ¢ obmwmumu onpeneneHusimMu § 3 aunetinom MHo-
zo006pasuem B rusibbepTOBOM pocTpaHcTBe H Mbl HA30GBEM TAKYIO COBO-
kynHocTb L astementoB us H, yroecomm f, g € L, ro af+fBg € L nnsi mo-
Opix yncest a u 3. 3aMKHYTOe JiMHeHHOe MHOroobpasne Ha3bIBACTCH
nodnpocmparcmeom. IlpusenemM HeKOTOpPBIE IPUMEPhI HOANPOCTPAHCTE
ruIL6epTORA MPOCTPAHCTBA.

1. Mlycts h — npoussossnuiit snement u3z H. CoBOKyNHOCTH BCEX
asieMeHTOB [ € H, opToroHaibHbIx K b, 06pasyer B H nmoanpocTpascTBo.

2. llycrs H peasin3oBaHO Kak [y, T.€. €ro 3JIeMEHTHI CyTh TAKHE I10-
CJIENOBATENBHOCTH (L1, ... ,Tn, ... ) GUCEII, YTO Y T2 < 00. DJICMEHTH,

k

NIOJIYMHEHHBIE YCJIOBHIO £ = T2, 06pa3yIiOT HOLIIPOCTPAHCTBO.
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3. Ilycrs cHoBa H peasin3oBaHO KaK NPOCTPAHCTBO ly. DJIEMEHThI
T = (Z1,.--,Tn,--.), ¥ KOTOPBIX T, = 0 npu n = 2,4,6,... (u z,
NPOU3BOJILHBI IpH 7w = 1,3, 5, ...), 06pa3yioT NOAIPOCTPAHCTBO.

Yurareno peKOMEHILYeTCsl IPOBEPHTh, YTO YKA3AHHLIE B IPUMEPax
1-3 COBOKYIHOCTH BEKTOPOB HEHCTBUTEJILHO SAB/AIOTCA NOIIIPOCTPaH-
CTBaMH.

Besikoe 11oanpocTpasHcTBo rusibbEPTOBA IPOCTPAHCTBA JINbO sABJIsIeT-
Cs1 KOHEYHOMEPHBIM €BKJIMZIOBBIM IIPOCTPAHCTBOM, JI00 CAMO NMPEICTAR-
asier coboit rusbbepToBO npocTpaHcTBo. leficTBUTENIBLHO, CIIpPABELIN-
BoCcTb akcuoMm I-T1I njst Kaxknoro Takoro MoANpOCTPAHCTBA OUYEBUIHA,
a crIpaBesInBOCTb akcnoMbl IV BoiTekaeT U3 crenylomel JeMMbl.

Jlemma. JIwboe noamuoxectso R' cemapabesibHOro MeTpH4ecKoro
npocrpancrsa R camo cenapabesnHo.

Hokazartenscrso. Ilycrs

&, 6n, .-

— CYETHOE BCIOJy IJIOTHOE MHOXecTBO B R u
an = inf , .
n T SR p(&nym)
Js1 mo6bIX HATYPAJIbHLIX 72 ¥ M HaRJeTCs TaKasd TO4YKa Tny € R, 910

p(én,"}nm) < ap + l/m
Oycrs € > 0 u 1/m < £/3; ana moboro 17 € R' Hafinercs Takoe n, 410
p(&a,m) < €/3 u, cnenoparensHo,

p(fnvanm) < an+1/m < 5/3+€/3 = 26/3;

HO TOrOa P(7, Mam) < €, T.€. He GoJiee YeM CHYEeTHOE MHOMKECTBO {Tnm }
(n,m=1,2,...) Bcrogy msorno B R'.

INonnpocTpancTBa rubbepTOBa MPOCTPAHCTBA 06J1aJ[AI0T HEKOTOPbI-
MU CHEUMAJbHBIMU CBOHCTBAMHU (HE MMEIOIIMMM MECTa I HOIpPO-
CTPAHCTB NPOM3BOJILHOIO HOPMUPOBAHHOTO NMPOCTPAHCTBA). DTH CBOH-
CTBa CBA3aHBI C HAJIMYMEM B I'HJILOEPTOBOM IPOCTPAHCTBE CKAJIAPHOIO
ITPOM3BEICHUA 1 OCHOBAHHOIO Ha HEM NOHATUS OPTOrOHAJIBHOCTH.

IIpuMenus npollecc oproroHaiusauuy K Kakoi-nnbo cyeTHOH BClO-
Oy TJIOTHOH NOCJIeNOBATEIbLHOCTH 3€MEHTOB [TPOU3BOJIBHOTO TOMIPO-
CTPaHCTBa THALGEPTOBA NPOCTPAHCTBA, [IOJIy YaeM CAEeLYIOIY 0 TeOPEMY.

Teopema 6. B kaxzaom nonnpocrpancrse M npocrpancrsa H co-
JEPAKHUTCA OPTOrOHAJIbHAS HOPMHPOBAaHHAs! cucTeMa {yn, }, smHetinoe 3a-
MbIKaHHe KOTopo# cosnanaer ¢ M.

Iycrs M -— nognpocrpascTBo rufibbeprosa npocrpancrsa H. O6o-

3HAYMM ‘{epe3
Mt=HeM
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MHOXKECTBO 3JIEMEHTOB ¢ € H, OpTOroHajibHBIX KO BCEM 3JIEMEHTaM
f € M, u nokaxkewm, uto M+ Toxe eCcTh HOANPOCTPAHCTBO MPOCTPAH-
crea H. Jlunefimocts ML ouepunna, rak xax u3 (g1, f) = (g2, f) = 0
BbITeKaer (g + @aga, f) = 0. LA 10Ka3aTEIIHCTBA 3AMKHYTOCTH JIO-
IIYCTHM, YTO BJEMEeHTh! g, npunamexar ML u cxomarca x g. Torna
aaist sioboro f € M

(9, f) = lim (gn, f) =0,

¥ IOTOMY g TOXe BXOJuT B M+,
IMonnpocrpancrso M1 Ha3bBaeTCA 0PMOZOHAALHYM (ONOAHEHUEM
nojanpocrpasctsa M.

13 Teopemsl 6 JIETKO IIOJIyHaeTCA CIIEAYIONIAsA TEOPEeMa.

Teopewma 7. Ecoim M — (3amxHyToe!) uHEHHOE NOAIIPOCTPAHCTBO
npocrpancrsa H, 1o soboi ssnement f € H enuHCTBEHHBIM 00pasoM
npeacrasum B uge f =h +h', rneh € M ub' € M+.

HokazarenabcTBo. JoKaxeMm CHAYaa CyHECTBOBAHKME TAKOrO
paznoxenus. st aToro Haitnem B M [OJHYIO OPTOrOHAILHYO HOPMU-
poBanHy0 cucremy {¢n} u nosoxnm

h = ch‘!’na cn = (f,n)-
n=1

o0

Tax xax (10 HepapeHcTBY Beccesis) pan Y. ¢ CXOAMTCS, TO dJIEMEHT h
n=1

cywecTryet u npuragexur M. [Tosroxum

h=7f-h
Ouesnano, uro mst Beex n (I, ¢,) = 0 U, IOCKOJIBKY IPOH3BOJIBHEIM!
anement ( w3 M npencrasum B BUAE

00
¢ = Z AnPn,
n=1

(hlaC) = Zan(hlaSDn) =0,

n=1

nMeeM

Te. h' € M*.
IonycTum Tenepb, 9TO0, KPOME MOCTPOEHHOIO HAMH Pa3JIoKeHH:A
f =h+}, cymmectsyer opyroe passioKeHNe:
f=hi+hi, hieM, hieM.
Torna npu Bcex n
(h1,0n) = (f,n) = Cn,

hlzh, Il:hl

Us TEOPCMbI 7 BBITEKAOT HEKOTOpPbIE TIOJIE3HbIE CJICACTBUA.

OTKYH& CJICAYET, UTO
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Canencrsue 1. OpTroroHajbHoe JONOJHEHHE K OPTOFOHAJIbHOMY
JONOJIHCHHIO JTMHEITHOro noanpocrpancrsa M cosnanaer ¢ camum M.

Taxum 06pa3oM, MOXKHO TOBOPUTH O B3AMMHO HOMNOJIHUTEJILHBIX MOJI-
npocrpancrsax upocrpancrsa H. Ecnu M u M+ — gpa taknx jonos-
HAIOUMX APYT APYra mommpoctpanctsa u {@w,}, {¢l,} — noasse (co-
oTBeTcTBeHHO B M 1 M™) OpPTOrOHAJBHBIE CHCTEMBI, TO COEJMHEeHUE
cucreM {pn} u {¢,} DaeT NoJHYI0 OPTOTOHAJILHYK) CHCTEMY BO BCEM
npoctpasdctse H. Iloaromy umeer mMecro ciiencrsue:

Cuencreue 2. Kaxaas opTroroHajIbHAs HOPMEPOBAHHAA CUCTEMA
Moxcer ObITH PACHIHPEHA A0 CHCTEMBI, MoJIHoH B H .

Ecnu cucrema {¢n} xoHeuHa, TO YUCJIO BXOMAAUINX B Hee 3JIEMEHTOB
PABHO pa3sMEpPHOCTH noAnpocTpancTsa M, nopoxaeHtoro {w,}, U xo-
pasmepHocTH nounpocrpancrsa M. Taxum ofpasom, mosyuaem emie
01O CJICACTBHE:

Cnencreue 3. OproroHanbHoe NOHOJHEHHE K MPOCTPAHCTBY KO-
HEYHOH pa3sMEpPHOCTH N MMEET KOPa3sMEPHOCTD N, H HaobopoT.

Ecma xaxawtii Bexrop f € H npencrasim B Buge f = h+h', he M,
h' € M+ (M+ — oprorosanbhoe jgorosmenue M), TO ropopsT, UTO
H ectb npsames cymama B3aUMHO OPTOrOHANBLHBIX NOANpOCTpadHcTs M
u ML o mmmyT

H=MoM.

HAcHo, 4T0 HOHATHE NPAMOR CyMMbI MOXKET OBITh HEIIOCPEACTBEHHO 00-
ob1reHo Ha J1000e KOHEYHOE UJIM JAXe CYCTHOE YUCJHO IIOMIPOCTPAHCTE;
UMEHHO, roBopAT, uto H ecTs npaMas CyMMa CBOMX MOMIIPOCTPAHCTB

My, ..., Mn,...
H=M&. oM, c...,

ecJin

1) mommpocTpancTsa M; NONapHO OPTOrOHAJBHEL, T. e. Moboi BeXKTOp
3 M; oproronanen jnobomy BekTopy uz My npu i # k;
2) xkaxapiit saemenT f € H moxer ObITh IPENCTABJICH B BUAC

f=hi+...4hn+..., hn€ M,

NpHYeM eCJIi HCO0 ToAnpocTpancTs M, Geckoneuno, 10 3. ||hn[l2 —
n

CXONAKRUCS paa. Jlerko OpPOBEPHTH, YTO €CJIM TakKoe IIpeJiICTaBJIeHHe
3JIEMEHTa f CymeCTByeT, TO OHO €JUHCTBEHHO 1 4YTO

112 =" Ikal®.

n
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Hapsaay ¢ npsamoil cyMMolt HOANPOCTPAHCTB MOXHO F'OBOPUTE O IIPsi-
MOl CymMMe KOHEYHOI'o WJIH CHETHOrO YUCa NPOU3BOJIBHLIX I'MIbbepTo-
BBIX npocrpancTs. Vimenso, eciiu H; u Hy — nBa runp6epToBBIX NPO-
CTPaHCTBa, TO UX npsimasi cymma H onpenensiercst cienyiomuM obpa-
30M: 9JIEMEHTBI NpocTpancTBa H —— 370 BCeroamoxubie napol (hy, hs),
roe h1 € Hi, hy € Hy, a ckanApHoe MpOU3BENEHNne ABYX TaKUX Map

PaBHO

((h1, h2), (hy, h3)) = (hy, hY) + (he, hY).
B npocrpancrse H comeparcsi, OYEBUIHO, B3AUMHO OPTOrOHAJILHEIE
TIOANPOCTPAHCTBA, cocTosume us nap supad (hy,0) n (0,hs) coorser-
CTBEHHO; 11epBOe U3 HUX MOXKHO €CTECTBEHHBIM 00Pa30M OTOXKIECTBUTH
¢ npocrpancteom Hi, a Bropoe — ¢ npocrpascTsoM Hs.

Ananornuno omnpenesnsercst cyMma JioHoro KOHEYHOrO 4YHCJa Ipo-
crpancts. Cymma H = Y @& H, cyerHoro uucna npocrpascrs Hi, ...,
H,,... onpenensieTcst Tax: 9J1€eMEHTH IPOCTPAaHCTBa H — 9TO BCEBO3-
MOXKHBIE NIOCJIEHOBATEIBHOCTH BUIA

h=(h,... ,hn,...}, hn€ Hp,
TaKue, 4To hnl|? < o0. Crkansproe npoussenenue (h,g) a/1eMeHTOB
p

Z(hnygn)'

n

n
h u g us H pasno

8. XapakTepHCcTHYECKOEe CBOKCTBO €BKJIIMIOBLIX IIPOCTPAHCTB.
Paccmorpum cnenyromumit Bompoc. Ilycrs R — HOPMUDOBaHHOE IpO-
cTpancTBo. KakuM [ONOJHUTE/IBHBIM YCJIOBUAM JOJDKHA YIOBJIETBO-
pPATL HOpMA, OnpenesieHnas 8 R, uTobwbi npocTpancTBo R ObL10 eBKIM-
J0BBIM, T.€. 4TOObBI HOpMa B HEM OIPEIEsIAIaCh HEKOTOPBIM CKaJisip-
HuIM npoussenenuem? Hade rosopsi, K&Kk OXapaKTEPHU30BATh €BKIJIMOO-
BBl IPOCTPAHCTBA B KJ1ACCE BCEX HOPMHUPOBAHHBIX TPOCTPaHcTB? Taxyio
XapPakTEPUCTHKY JAeT CJIeAYIOUIas TeOpeMa.

Teopema 8. Ina Toro 4rtobpl HOPMHPOBAHHOE MPOCTPAHCTBO R
OBLII0 €BKJIMAOBBIM, HEOOXOAHMO U JIOCTATOYHO, YTOOBI /1 JIIOOBIX ABYX
3J1eMEeHTOB, f H g, BBITOJIHAIOCH PABEHCTBO

IS+ gl + 117 = all* = 201117 + llgl®).- (25)

IHockonbky f + g v f — g -— T0 guaroHau napaJsiejorpaMma, mno-
CTPOEHHOIO Ha CTOpOHax f u g, paBEHCTBO (25) BpIpaXkaer M3BECTHOE
CBOHCTBO MapasiniesiorpaMMa B €BKJIMI0BOM [IPOCTPAHCTBE: CyMMa KEad-
Pamos Guazonanell NAPAALEAOZPAMME PAEHE CYMME K8ATGPATMO8 BCET €20
cmopon. Takum o6pazom, HEOOXOOUMOCTS YCJOBHA OYeBUIHA. JIoKaxkeM
ero gocraroyHocTs. Ilomoxum

(f.9) = 2UIF + gl = 11f - alI®), (26)
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U IIOK&XEM, Y10 eCJi paBeHCTBO (25) BoinosiHeHo, 10 byHruus (26)
YIOBJIETBOPSIET BCEM aKCMOMaM CKaJsIPHOrO npoussenenusi. Ilockonbky
upu f = g umeeM

(/. £) = L2F1* = 11F = A1) = W11, (27)

3T0 1 ByIeT TO CKaJIsipHOe NPOU3BEICHHE, KOTOPOe NOPOXKAAET B IIPO-
crpancTBe R 3aaHHYI0 TaM HOPMY.
Ipexne Bcero, us {26) cpasy BUAHG, 4TO

(f,9) = (g, ),

T.€. BBINOJIHEHO CBOHcTBO 1) cranspuoro npoussenenus. Kpome toro,
B cuity (27) umeer mecrto u csoifictro 4). s yeranosnenus caoficrsa 2)
paccMOTpuM (DYHKUHIO TPEX BEKTOPOB

(I)(fagyh') = 4[(f + g, h) - (f7 h) - (97 h)]:
T.€.
(f, g, h) = |If +g+Rl* ~[If +9 - hlI*~
~[IF +RlP +If ~ Bl = llg + RI* + llg = hl>. (28)
TMokaxkem, 4TO OHA TOXKIECTBEHHO paBHa HyJ0. B cuny (25) umeem
If +g+nl?=20f £hl*+20gl> — IIf £ h - gl>.
Honcrasus coorBercreyiomue soipaxkenus B (28), nosysum
&(f,g,h) = ~llf + h—gl* +If = b~ glI”+
+ I+ AP =1 ~ 2l ~flg + Bl + llg ~ &I (29)
Basis nmosycymmy (28) u (29), umeem
&(f,9,h) = Llg + h+ fIP +llg+ h— fI?)-
— 3llg—h+ fIP +llg = h = FI?) — llg + RII* + llg — hlI>.

B cuny (25) mepsoe ciaraemMoe paBHO

g + l1* + (1 F11%,
a BTOpOE — PaBHO

~llg = RII* = 1l71)%.
Taxkum obpaszom,

®(f,9,h) = 0.

YcranosuM, HaKOHEL[, CBORCTBO 3) — OIHOPOJHOCTD CKAJIIPHOTO TIPO-
U3BeeHHA. PAacCMOTPUM 714 9TOro npu JMobhiX QUKCUPOBAHHBIX f U g

ymanmo o(0) = (cf,9) — < (f.g).
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M3 (26) cpasy cuenyer, 9To

©(0) = (gl ~ lglf*) = 0

u p(—1) = 0, nockosbky (—f,g) = —(f, g). Hooromy pis moboro ueso-
ron

(nf,g) = (sgnn(f +...+ f).g) =
=sgnn[(f,g) +---+ (f,9)] = Inlsgnn(f, 9) = n(f, 9),
1T.e. o(n) = 0. lIpu nesiix p, gu g # 0

(qfeg) = p(qf,g) qq(qf,g) i(f9),
1. €. (c) = 0 1py BCEX PALUOHAJIBHBIX €; IOCKONBLKY (PYHKIHA (¢ Herpe-
PBIBHA,
¢(c) = 0.

Tem cambiM MBI NOKasasm, 910 Qyhxuus (f, g) obsanaer sBcemn CBOH-
CTBAMU CKAJIAPHOTO TPOU3BEAEHNA.

IIpumepst. 1. PaccmoTpum n-meproe npoctpanctso Ry, B xoTopom
nopma onpenesena GopmyJiof

el = (3 bael?) .
k=1

IIpu p > 1 BCe aKCHOMBI HOPMBI BBIIOJIHEHbBI, OTHAKO €BKJINIOBLIM NPO-
crpancTBoM R} Oyner Tosbko npn p = 2. [JefcTBUTENBHO, PACCMOTPHM
B R nBa BekTOpa:

f = (17170107- . 70)7

g= (17_170;07"' 70)1

nMeemMm
f+9=1(2,0,0,...,0),
f-9=1(0,2,0,...,0),
OTKYyZa
1Al =lglls =27, W +allp=11f ~glls =2,

TaK YTO TOXKAECTBO Napasesorpamma (25) npu p # 2 He BLINOJIHASTCH.
2. PaccMOTpPUM HPOCTPAHCTBO HENPEPBIBHBIX (DYHKIMH Ha OTpe3Ke
[0, 7/2]. Honoxum

f(t) =cost, g{t)=sint.
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Nnmeem

A1 = lgll =1

IIf +gll = max |cost+sint| =+/2,
0<t<n/2
- = max |cost-—sint| = 1.

17 =l =,zz, |

LA

Orciona BUIHO, YTO

IS+ gll® + 117 = gl® # 20 A1 + flgll?).

Takum 06pasom, Hopmy npoctpanctsa C[0, 7 /2] nenbss 3aaarh ¢ TOMo-
b0 KAKOTO 6Ll TO HU BBIIO CKAJIAPHOFO NPOU3BEHeHNsA. JIerko BUaCTh,
YTO M HPOCTPAHCTBO HenpepsiBHLIX GyHkuuil Cla, b] na sobom oTpeske
[@, b] He ecTh eBKJINIIOBO MPOCTPAHCTBO.

9. KoMmmiiekcHble eBKJANOOBBI NpocrpaHcTBa. Hapamy ¢ geil-
CTBHUTEJILHBIM MOXKET ObITb BBEIEHO M KOMIUIEKCHOE E€BKJIMIOBO MPO-
CTPAHCTBO (T. €. KOMIIEKCHOE JIMHEHHOE TIPOCTPAHCTBO CO CKAJISAPHDBIM
npoussenenneM B Hem). OnHako akcnomsl 1)-4), chopMynupoBaHHbIe
B HavaJie 3Toro naparpadga, He MOryT ObITb B KOMILJIEKCHOM [IPOCTPAH-
CTBE BBINOJIHEHBI 0gHOBpeMenHo. HeficrBurensio, us 1) u 3) caenyer

(Az,Az) = A (z,2),
OTKY/1a TIPH A = i NMECM
(iz,iz) = —(z, ),

T. €. CKAJIAPHbBIE KBAAPATHL BEKTOPOB T U 1 HE MOTYT OBITH OIIHOBPEMEH-
HO NOJIOKUTEbHbL VHBIMU clioBaMu, akcuoMmbl 1) U 3) HecoBMECTHMDI
¢ akcuomoit 4). IToaToMy axcHOMBL, C ITIOMOIIBIO KOTOPBIX ONPENeseTcs
CKaJIAPHOE IPOU3BEJEHNE, B KOMIUIEKCHOM CJIydae JOJDKHBI ObITH He-
CKOJIBKO U3MEHEHB! 110 CPABHEHHUIO C AefiCTBATEIbHBIM. B KOMIUJIEKCHOM
IIPOCTPAHCTBE CKAJISIDHOE NPOU3BEICHHE MBI ONPENE/INM KaK YMCJIOBYIO
(xoMnnekcHO3HAYHY0) (DYHKIMIO JIBYX BEKTOPOB, YIIOBJIETBOPSIOILYIO
CJEIYIOINM YCII0OBUAM:

1) (z,y) = (y,2),

2) (Az,y) = Mz, ),

3) (wl + 3?2,?1) = (Il,y) + ($27y))

4) (z,z) = 0, npuuem (z,z) > 0, ecsim  # 0. (Takum 06paszom, Mbl
BHECJIH 1IONIPABKY B NEPBYIQ AKCHOMY, COXPAHUB TPH OCTAJILHBIE
6e3 namenenui.)
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U3 yesiobuit 1) u 2) cnenyer, uto (z, Ay) = A(z,y). Helicreurenso,

(z,2y) = (Mg, 2) = My, z) = A(z,y).
Xopollo H3BeCTHBI NpuUMep KOMILIEKCHOIO €BKJINAOBA IPOCTPAHCTBA
n usMmepenuit — 3ro Junelinoe npocrpasrctso C* (upumep 2 § 1), B ko-
TOPOM CKAJIAPHOE MPOU3BE/ICHHAE 3JIEMEHTOB

z=(z1, .- 1ZTn) ¥ Y= Y1, - ,Yn)
onpenessiercss GopMyJioi

n
(IL‘, y) = Z TrY-
k=1

Kak 13BeCTHO, BCAKOE KOMILJIEKCHOE €BKJIMAOBO IIPOCTPAHCTBO Pa3Mep-
HOCTH T U30MOPGHO 3TOMY MPOCTPAHCTRY.

[TpumepamMn GeCKOHEYHOMEPHBIX KOMILIEKCHBIX €BKJIMIOBBIX IIPOC-
TPAHCTB MOTYT CJIYKUTh:

1) KOMILTEKCHOE MPOCTPAHCTBO l3, B KOTOPOM 3JIEMEHTHI — 3TO I0-
CJIEIOBATEIbHOCTH KOMIIJIEKCHBIX YHCEJT

T=(T1,. . ,Znye--),
VHOBJIETBODSIIOUIME YCIIOBHIO
oo
Z |zn|? < oo,
n=1

a CKaJISpHOE MPOU3BEIeHUE Onpenesisercs dhopMyIoi
1)
(IE, y) = Z Tnn;
n=1

2) npocrpanctso Ca[a, b] KOMILIEKCHO3HAYHBIX HENPEPHIBHBIX (YHK-
uuit Ha orpeske [a, b] CO CKANMAPHBIM IPOU3BEICHUEM

(f,9) = /b F(H)g(t) dt.

B KOMILIEKCHOM €BKJIMZOBOM IIPOCTPAHCTBE JJIMHA (HOPpMA) BEKTOPaA
ONIpeHesSIETCH, KAK ¥ B JeHCTBUTENILHOM ciry4ae, (popmysioh

llzll = V(z, z).
TlonaTre yrsia MeXny BEKTOPAMH B KOMILIEKCHOM CJIyHae OObIFHG
He BBOJAT (IIOCKOJIbKY BEJIUYHHA Wi%,-_glllﬁ’ BOODIIE rOBOPsi, KOMILJIEKC-

Hasi ¥ MOXeT He ObITh KOCHHYCOM KaKOro-Jimbo nefiCTBUTEILHOTO yIia);
OJJHAKO NOHATUE OPTOTOHATILHOCTH COXPAHACTCS: JIEMEHTHI T U Y HA3BI-
BAIOTCH 63QUMNHO OPMO2oKaAbHbMU, ecau (z,y) = 0.
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Ecnu {pn} — xaxas-n1ub0 opTOroHa IbHAA CHCTEMA B KOMILJIEKCHOM
€BKJINJIOBOM MPOCTPAHCTBe R, U f — Npor3aBosibHbIN 3neMedT n3 R, To,
KaK 1 B 1efCTBUTEILHOM Clyuae, YUcia

— 1
an = ”‘Pn”z (fv Spn)

Ha3pIBaoTCA x0adduyuenmamu DPypve, a pan
;S AnPn
n

— padom Dypwe snementa f no oproronanvuoit cucreme {y,}. Umeer
MEeCTO HepaBeHCTBO Beccess:

> lieallPlanl® < (£, £)-

B uacrtaocTy, ecsin cucrema {p,} OPTOrOHA/IBHA M HOPMHUPOBAHA, TO
koaddunuenTnl Pyphe no taxoll cucreme onpenensoTca hopMmyaaMu

Cp = (f: ‘Pn)a
a HepaBeHCTBO Becceﬂﬂ nuMeerT B

Z lCn[?' < (f )

IosHoe koOMILIEKCHOE €BKJIMIOBO MPOCTPAHCTBO BECKOHEYHOH pasmep-
HOCTH HAa3bIBAETCS KOMNAEKCHLIM 2UALOEPMOGHIM NPOCTPAHCTIIEOM.
Ha xomniekcHbIi ciiydyail nepeHoCcHTCa TeopeMa 06 n3oMophr3Me ruTb-
6epTOBBLIX MPOCTPAHCTE:

Teopema 9. Bce cenapabesibHble KOMIIJIEKCHBIE MHJILOEPTOBBI IPO-
CTPAHCTBA H30MOPHBI Mex Iy COOOH.

Mpocreiteit peasuzanmeil KOMIUVIEKCHOrO [MJbGEPTOBA NPOCTPAH-
CTBa SBJIAETCS KOMILJIEKCHOe HpocTpaHcTso l3. C apyroft;, dyrkumo-
HAJIBHOMN, peaJsin3anueii KOMIJIEKCHOIO Tb0epTOBa OPOCTPAHCTBA MbI
no3Hakomumcs B 1. VIL

IIpenocrasisiemM 4uTATE 0 HPOBEPUTH, YTO BCE TEOPEMBI, JOKA3aH-
Hble BBbIIE JJIst eHCTBUTENIHHBIX €BKJIMAOBLIX, B YACTHOCTH TUIbbep-
TOBBIX, IIPOCTPAHCTB, COPABENIUBH {C HE3HAYHTEJILHBIME M3MEHEHUS-
MU, YYATHIBAIOUIMMI KOMILJIEKCHOCTb CKAJISIPHOIO IPOU3BEICHUsT) U [UIs
KOMIJIEKCHBIX [IPOCTPAHCTB.

§ 5. Tonosioruyeckue JinHelHbIle npocTpaHcTBa

1. OnpenesieHne U npuMepsl. 3aJaHue HOPMBL —— JHAIIL OJUH
U3 BO3MOXHBIX CIIOCODOB BBEIEHNS] TONOJIOTHH B JIMHEHHOM NpoOCTpaH-
crBe. Passutue rakux obyracrell GpyHKUMOHANILHOIO aHAJIN3A, KAK T e O0-
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pust o606menunx Gyukuui (ouux Gyger ckazano B caenyome
rJIaBe), MOKA3aJ10, YT0 BO MHOIUX CJy4asiX MOJIE3HO PACCMATPUBATE JiM-
HeltHbIE POCTPAHCTBA C TONOJOrueH, 3a4aBaeMoll He ¢ HOMOINBIO HOP-
Mbl, & KAKUM-JIUO0 WHBIM CIOCOBOM.

Onpepenenue 1. MroxectBo F HA3BLIBACTCA MONOAO2UMECKUM
AUHETHDM NPOCTMPAHCTNBOM, €CITH

[. E npencrasnser coBoi JmHe#HOE NMPOCTPAHCTBO (C YMHOMXKEHHEM
3JIEMEHTOB HA, JIEHCTBATENIBHBIE WJIH KOMIJIEKCHBIE YUCJIA).

II. E sBnsterca TONOJOTUYECKUM MIPOCTPAHCTBOM.

III. Onepauus CjIoXeHUA U YMHOXKEHUS H3 4ncjia B F HenpepblBHEL
OTHOCUTEJIbHO 330aHH0il B K Tononioruu. [lonpobuee nocneauee ycnonpue
O3HAYAET CJIENYIOUIee:

1) ecnu zp = Zg + Yo, TO U1 KaxKD0# OKpecTHoCTH U TOUKY 2o MOMHO
yKa3aTh Takue okpectHocTu V u W TOYeK Ty U Yy COOTBETCTBEHHO, 4TO
r+yelUnpunz eV, ye W,

2) ecni pTg = Yo, TO J1s J1r000H okpectHOCTH U TOYKY Yo CYILECTBY-
0T TaKasl OKPECTHOCTL V' TOYKHM Tg ¥ Takoe 4ucio € > 0, yro ax € U
mpa fa —ag| <emzeV.

W3 cBsi3m, cyulecTByIomel B JIMHEHHOM TONOJIOTHYECKOM LPOCTPAaH-
CrBE MEXAY aredpanyecKuMu OnepauusiMM ¥ TOIOJIOTHeH, BBITEKACT,
TO TONOJIOTHS B TAKOM [IPOCTPAHCTBE IIOJHOCTBIO OIIPENE/IAETCA 33,12~
HUEM cucmembi oxpecmuocmett nyas. JeficTBUTENBHO, IyCTh & — TOY-
Ka JIMHEHHOTO TONOJIOrnyeckKoro npocrpaucrsa F, u U — Hekoropas
okpectHocTh Hysst B E. Torma U + © — «caBur» 3Toil OKpeCTHOCTH
HA £ — €CThb OKPECTHOCTh TOYKH I; OYEBUIHO, YTO J00as OKPECTHOCTb
J000# Touku € FE Moxer BbITh HOJYyYeHA TAKMUM CIIOCODOM.

W3 HenpepbIBHOCTH ONepAUMP CJIOKEHUsI W YMHOXKEHMsT Ha JHCsIa
B TOMOJIOFNYECKOM JIMHEHHOM IPOCTPAHCTBEe £ HEnmoCpeICcTBEHHO BbITe-
KaloT CJIENYIOUIUEe YTBEDXKICHHS.

1. Ecau U, V — omxpumsie muoncecmea ¢ E, mo u muooce-
cmeo U+V (T e. COBOKYIHOCTE BCex aj1emMenToB suaa z+y, ¢ € U,y € V)
OMEPHMO.

2. Ecau U omxpumo, mo u muooxcecméo AU (T. e. COBOKYIHOCTS BCEX
37eMeHTOB Buna Az, x € U) npu awbom A # 0 omxpwuimo.

3. Ecau F 3amxnymoe mmodicecmeo 8 E, mo u AF 3amrxnymo npu
arwbom A.

IIpumepsnl 1. K romonornyeckum JIMHEHHBIM IPOCTPAHCTBAM OT-
HOCSITCAA NPEXJE BCEro BCE HOPMUPOBaHHbIE HpocTpancrsa. [leftcTeu-
TEJILHO, U3 CBOMCTB HOPMBI Cpa3y CJIEAYET, YTO ONEPAILUU CJIOXKEHUS
BEKTOPOB U YMHOXEHHWA UX HA YHUCJIA B HOPMUPOBAHHOM IMPOCTPAHCTBE
HenpepbIBHBI B TOU TOMOJIOTHY, KOTOPAs ONPEAesIAeTCa HOPMOil.
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2. 3amanuM ONpEnessiiollyld CACTEMY OKPECTHOCTeH HyJsi B TpO-
cTpadHcTBe R BCEBOSMOXKHBIX YMCJIOBBIX INOCJIENOBATEbHOCTEHR 2 =
= (Z1,... ,&n,...) Tak. Kaxknas okpecruocts U(ky,... k. &) onpeie-
JISIETCA UEeJIBIMKA 9ucaaMu ky, ... .k, u yucjaom € > 0 u COCTOHT U3 BCEX
Tex ¢ € R™, KOTOpbie YAOBJAETBOPSIOT YCIOBUAM:

lzr, | <e, i=1,...,r

Jlerko npoBepuTh, 4TO 3aLaHUE BTOH CUCTEMBI OKPECTHOCTER IIpespa-
waer R® B jmueiinoe Tomosorndeckoe npocrpancrso. (Hapany ¢ R™
MOXKHO paccMarpusaTh npoctpanctso €™ BeeX KOMNJIEKCHBIX TO-
CJIEAOBATEBHOCTEH]. )

3. lycts K [a, b] -— npoctpancTso 6eckoneuso muddepenimpyenbix )
dbynxuuit na orpeske [a, b]. Tonosnoruio 8 Kla, b] onpenesum ¢ nomoupio
caenyomett cucremnt okpecthocTett Hysia. Kaxgas rakast OKpecTHOCTh
Upe OUpEnensiercsi HOMGPOM m M 4ucjaoM € > () U COCTOMT H3 BCCX
dbyurRUME @, YIOBIETBOPSIOIINX HEPABEHCTBAM

o™ (z)| <e, k=0,1,...,m,
rie o) — npomssoanas k-ro nopsaka or GhyUKIMH @.

Tot dhakrt, 4T0 B TONOJOTHYECKOM JTUHEHHOM IIPOCTPAHCTBE TOMOJIO~
I'UA CBABAHA C JIMHERHBIMY OUEPALMAMEA, OUPEACJICHHBIME B M, HAKIIA-
JABIBAET HA €ro TOHNOJIOTHIO [IOBOJILHO XKeCcTKHe orpanuyenust. Imenno,
8 MONOA0ZUNECKOM AUHETHOM npocmpancmee B mouka = u we codeporca-
wee ee 3GMKEHRYMOE MHONCECTNGO UMEIOT HENEPECCRKUNOUUECH OKPECTIVHO-
cmu.

IIpn fOKA3aTENBLCTBE 3TOrO YTBEPXKIAEHHS JOCTATOMHO PACCMOTPETD
Touky = = 0 u J060€ He conepxkaluee ee 3aMkHyTOe MHOKeCcTBO F. [lo-
aokum U = E\ F. B cuiy HenpepbIBHOCTH Onepaluu Boiyutasus B K
Hafinercs: rakaa okpecTHocth vyna W, uyro W - W C U. B xauectre W
MOXHO B3#ATh [epecedyeHue oxpecrrHocreht uyss W, u Wy rakux, wro
r—y€U,ecnuz € Wy uy & Ws,. llpoBepum, 4T0 3aMBIKAHIE OKPECT-
Hoctu W copepxures B U. Ilyers y € [W]. Torma kaxkaas oKpecTHOCTD
TOYKHY Y, B HACTHOCTH, ¥ + W, conepXkur Kakyw-mbo Touky z u3 W.
CiorepoBarensho, z—y € W, e,y € W ~W C U, 4ro u yTBEpPXKIAIOCh.
Ilpu 2rom W u E\[W] -— uckomMsie okpectiocty Toukn 0 u Maoxecrsa F
COOTBETCTBEHHO.

Tonosioruyeckoe NPOCTPAHCTBO HA3KIBAETCA 1] -IIPOCTPAHCTBOM, €CHK
OHO YIOBJIETBOPSIET aKCHOME OTaesuMocTr Ty, T. e. ecyin Jio6oe ero oi-
HOTOYEYHOE MOAMHOXKECTBO 3aMKHYTO; OMEBUHO, YTO JNHERHOE TOouOo-
JIOTHYeCKOoe MPOCTPAHCTBO eCThb 1} -IIPOCTPAHCTBO TOTHA U TOJIBKO TOLIA,

1) To ectb, MMCIOMUX MPOUIBOHBIE BCEX MOPAIKOB.
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KOra HepeceveHre BCeX OKPECTHOCTeH HyJis He COHEP:KUT HEHYJIEBBIX
3JieMeHTOB. Tonosiornyeckue NpoCTpaHCTBa, YAOBIAETBOPAIOUIME AKCHO-
Mam otaenumocti 1) u T3, Mbt Ha3Basiu B ri. I1 peeyasprosmu; ns noka-
3aHHOI'O B NpeAblaynieM ab3aue CJeyeT, YTO MonoisZuMecKoe aunetinoe
T} -npocmpancmeo peeyaspHo.

B HOpMHPOBaHHBIX NPOCTPAHCTBAX BAKHYIO POJIb UrpaeT MOHATHE
OTPaHUYEHHOI'0 MHOXECTBA. XOTS TaM 3TO NMOHSATHE BBOAUTCA IIPH MO~
MOIIM HOPMBI, OHO MOXKeT ObITh eCTeCTBeHHO C(HOPMYJTUPOBAHO U IS
JIOBBIX JIMHEHHBIX TOMOJIOrHYECKUX TPOCTPAHCTB.

Muoxectso M, Jexaiuee B TONOJNOTUYECKOM JIMHEHHOM MPOCTPaH-
crBe E, Haz0BeM ozpanurennviM, €CIHU JJIs1 KAXKAOH OKPECTHOCTH Hy-
na U cymectByer Takoe n > 0, uro AU D M npu Bcex A > n.

fcHo, 9T0 AJIst HOPMHPOBAHHBIX IIPOCTPAHCTB 3TO MOHATHE OTPAHHU-
YEHHOCTH COBIIAI4eT C OCPAHUYEHHOCTHIO N0 HOpPME (T.€. ¢ BO3MOMKHOC-
THIO IOMECTHTH JAHHOE MHOXKECTBO BHYTPb HekoToporo wapa {|z|l € R).
ITpocrpancTBo E HA3HIBAETCA A0KAALHO 02ZDGHUNEHHbIM, €CJT B HEM CY-
HIECTBYET XOTs OBl OQHO HEMYCTOE OTKPBITOE OTPAHIMYEHHOE MHOXKECTBO.
Bcesakoe HOpMUPOBAHHOE MPOCTPAHCTBO JIOKAJILHO Oorpanudeno. [Ipuwe-
POM [POCTPAHCTBA, HE ABJISIOMIETOCS JIOKAJILHO OTPAHNIEHHBIM, MOXKET
CIIYXUTb MPOCTPaHCTBO R™ | ykasanHoe B npumepe 2 (nokaxure 3T0!).

Yaopaxuenud. 1. IIycrs E — ronosioruyeckoe Jimueiisoe npocTpaucTBo;
JOKaXXHTEe CIPABENJIMBOCTD CAEAYIONMX yTBEPXKIEeHMH:

(a) muoxectso M C E orpaHM4eHO TOrJa M TOJBKO TOLAR, KOrZA IJIst
sobott nocsrenoBaressbHOCTH {€n} C M 1 J1I060# NOC/IEA0BATEIBHOCTH NOJIO-
KUTEJILHBIX YHCEJI {En}, cTpeMAleiica K HYJIIO, MOCJICHOBATEBHOCTD EnTn
CTPEMHTCS K HYJIIO;

(6) ecnu {zn}oe: C E uzn — 2, 10 {Tn} — OrpaHHUEHHOE MHOXKECTBO;

(B) ecsin E J1I0KQJIBHO OFPAHUYEHO, TO B HEM BBINOJIHACTCA MEPBAsA AKCHOMA
CYETHOCTH.

Briosiiiena Jin mepBasi aKCUOMa CY4ETHOCTH B IpocTpaHcTse R™ 7

2. MBI ckaxeM, 4T0 MHOXKECTBO M B TOTOIOrMYECKOM JIMHEHHOM NPOCTPaH-
crBe E nozaowaemes okpectHocThIO Hyas U, ecnu cymecTByer takoe A > 0,
yro AU D M. [Joxa3aTh, 4TO B JIOKAJIHHO OPPAHMYEHHOM IPOCTPAHCTBE CYIe-
crByer (PyHAAMEHTAIBHAA CHCTEMA OKPECTHOCTeH HyJId, B3ANMHO HOTJIOIIAO-
WHX JpYyT Apyra. Y10 MOXHO IPUHATH 3a TAKYIO CHCTEMY B HOPMHDPOBAHHOM
npocTpascrre?

2. JTokanbHas BBIMYKJIOCTE. [IpoussosibHbIE TONOJIOrHYECKHUE JIU-
HeltHbIe IPOCTPAHCTBA MOTYT O0JIANATh CBOMCTBAMH, CJIHIIKOM YK JaJle-
KUMH OT IPUBBIYHBIX CBOHCTB €BKJIMAOBBIX WJIH HOPMUPOBAHHBLIX TPO-
cTpaHcTB. Baxkubill KJacc npocTpaHcTB, Oojiee oBIIMX, YeM HOPMHPO-
BaHHbIE, HO COXPAHAIMX MHOIME CBOKCTBA MOCAeAHUX, 0OpPa3yoT Tak
HA3BIBAEMBIE AOKAALHO SLINYKABE TPOCTPAHCTBA.
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Onpenenenune 2. Tonmosorudeckoe JuHeHHOE NMPOCTPAHCTBO HA-
3bIBACTCS AOKAABHO GHINYKABLM, €CIIH B HEM BCAKOE HEIYCTOe OTKPBITOE
MHOXECTBO CONEPXKUT HEMYCTOE BBLITYKJIOE OTKPBITOE NOAMHOMKECTBO.

3aMeTuM, YTO eCiu IPOCTPAHCTBO £ JIOKAJILHO BBIIYKJIIO0, TO JIJis1 JIO-
boit rouku z € E u moboii ee okpecraocrn U naltiercs Takas BRINYKI1as
ee okpectrocTh V, uro z € V C U. [leilcrBuTensbHo, JOCTATOYHO ITPO-
BEPUThH CIIPABEAJINBOCTD 3TOro yrBepxkaenus ajst rouku z = 0. Ilycts
U — xakas-uubynp oxpecTHocTb uysst. Hafinercst Takas OKpecTHOCTh
nynsa V,aro V — V C U. Tak xax E j0Ka/IbHO BBIIYKJIO, TO HARIETCs
HEIYCTOE BBLINYKJIOE OTKpbiToe MHOKecTBO V! C V nycrs y € V', torpa
V' — y — BbIyKJ1asa OKPECTHOCTb HYyJ A, copepxamasics B U.

Besakoe HOpMHpPOBaHHOE HPOCTPAHCTBO JIOKAJIBHO BhIIyKJIO. Hefict-
BUTEJILHO, B HEM JII0O0E HEITyCTOE OTKPHITOE MHOXKECTBO COAEPKUT HEKO-
Topbifl map. Takum 06pa3oM, 8cakoe HOPMUPOBGHHOE TPOCMPAHCINEO A0-
KQADHO 02PAHUYERO U AOKAADHO ébinykao. MOMXKHO I0Ka3aTh, UTO, 110 CY-
HIECTBY, HOPMHPOBAHHBIMH NPOCTPAHCTBAMU M HMCHEPNLIBAETCH KJacc
NIPOCTPAHCTB, 00J1aaommx 000UMH 3TUMHA cBOMcTBaMu. MMenHo, Ha3o-
BEM JIMHEHHOe TONONOTHYECKOe IPOCTPAHCTBO B HOpMUupyembis, €CII Ta
TOMNOJIOTUsSI, KOTOPAasl uMeeTcst B F, MoxeT ObITh 33/1aHa C HOMOIILIO He-
KOTOpO# HOpMBI. VIMeeT MECTO Cenyiolnasi TeOPEMa: GCAKoe 0MICAUMOE
NOKGABHO GHINYKACE U AOKAALHO 02ZPAHUMEHHOE AUHETUHOE MON0AZUNE-
CKOE NPOCMPAHCINGO HOPMUPYEMO.

Yupaxuenusn 1. Joxkaxure, 4T0 OTKpbITOe MHOXKECTBO U/ B TOIOJIO-
IM9YeCKOM JIMHEHHOM IIPOCTPAHCTBE BBINYKJIO TOLLA M TOJILKO TOTa, KOMIa
U+U=2U.

2. Hycrs E — smmneitnoe npoctpaHcTBo; MHOXkecTBO U C F HaswBaercs
cummempunrsiMm, eciit u3 € U cnegyer —x € U. Ilycts B — cemeitcTBO BCex
BBINYKJIBIX CUMMETPHYHBIX MOIMHOXKECTB npocTpaHcTtea E, coBnagaiomux co
cBouMm aapom {(cm. § 2). [Joxasars cnpaseninBoCTh CICLYIOWUX yTBEPH NCHHiL.

(a) CemeiicTBo B sBASETCH ONPEAENATIONIUM CeMEHCTBOM OKPECTHOCTEH Hy-
Jif JJIA HEKOTOPOH JIOKaJ/IbHO BBITYKJION OTAC/JMMOM TONOJIOTHYE B HPOCTPAIN-
crBe E (37a TOmOUIOrMS HasmBaerca 2depno-sunyxaot).

(6) AnepHo-BHILYKJIAs TONOJIOTHA ABJISETCA CHUIBHERIIEH K3 JJOKANLHO Boi-
NYKJIBIX TOMOJIOrUi, B KOTOPHIX JinHeitsble onepanun B F HenpepbiBHbL.

(8) Bcaxnii nuneinwsit dyuxumonan ma F HeopepeiBeH OTHOCHTEJILHO
SANEPHO-BBITYKJI0H TONOJIOIHH.

3. CyeTHO-HOPMUMPOBAHHBIE IpocTpaHcTBa. (OuUeHb BaXKHBIM
A7 aHAJIN33 KJIACCOM JIMHEHHBIX TOINOJIOTMYECKMX NPOCTPAHCTB OKa-
3aJIMCh TaK HA3BIBAEMBIE CUEMHO-HOPMUPOSAHHBIE LPOCTRPARCIGa. st
TOro 4T06L C(POPMYIMPOBATL COOTBETCTBYIONIEE ONPENEsIeHNe, HaM [10-
HaJOBUTCST OIHO BCIOMOTATEJIbBHOE NOHATHE.
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Iycts B nunefinom npocrpanctse E 3amaust ase HopMel ||+ u |[-{|2-
OHM HA3BIBAIOTCS CO2AQCOBAHHUMY, €CTIA BCAKAA [IOC/IENOBATEIBHOCTD
{z,} u3 FE, pyugaMenTabHasA M0 KAKOOH U3 3TUX HOPM U CXOAAINAACS
K HEKOTOPOMY npenesy ¢ € E 110 onHOH U3 HHX, CXOAUTCS K TOMY Ke
npenesy r U 0o BTopoil Hopme.

Fosopst, uro Hopma |} - || #e caabee, uem || - |2, econ cymectsyer Takas
nocrosHHasn ¢ > 0, 910 ||z]]) 2 c||z|lz mana secex z € E.
Ecnn mepsas mopma ue ciabee Bropolf, a BTopaz — He cjabee mepsoit,

TO 3TH J[B€ HOPMB! HA3BIBAIOTCA IK6USAAECHINHLLMU. [IBe HOPMbI HA3BIBAIOTCA
CPOSHUMBLMU, €CJIH OJHA U3 HUX cjabee apyroit.

Onpegesienue 3. Cuemno-HOPMUPOSAHHBIM NPOCMPAHCINEOM HA-
3bIBAETCH JIMHEIHOE TPOCTpancTBO £, B KOTOPOM 331aHa CYETHAA CHCTE-
Ma IIOIIAPHO CONVIACOBAHHBIX HOPM ||]|5. Besixoe cueTHO-HOpMUDPOBAHHOE
POCTPAHCTBO CTAHOBHTCH JIMBEMHBIM TONOJIOTHHUECKUM, €CIIH 33 OIpe-
JEJISTIOLLYI0 CUCTEMY OKPECTHOCTEH HyJisl NPUHSATH COBOKYIIHOCTH MHO-
#eCTB Upe, KaKIOE U3 KOTOPHIX ONPEREIACTCA HOMEPOM T U IIOJIOKH-
TEJIbHBIM YHCJIOM € H COCTOUT U3 BCEX TEX 3JIEMCHTOB T € K, KOTOpBIC
YIOBJIETBOPSIIOT yCIIOBHAM

lzlly <e&,... [zl <e.

Mpb! IPEIOCTABIIAGM YUTATEO IIPOBEPUTH, UTO TaKasg CUCTEMA OK-
pecTHOCTeH 1Hyasa AefiCTBHTEBHO ONpeaesseT B F TOmONOruio, B KOTO-
pOIl onepaluy CJOXKEHMs 3JIEMEeHTOB 1 YMHOXKEHHS UX Ha YUCJa Hemnpe-
PLIBHBL

3aMeTuM, YTO BCSKOE CYETHO-HOPMUPOBAHHOE IIPOCTPAHCTBO YIIOB-
JIETBOPSIET MEepBOifl aKCHOME CYETHOCTH, IOCKOJILKY CHCTEMY OKpPecT-
Hoctell Hynsa Upe MOXHO 3aMEHHTH (He M3MEHAA TOIOJIOMHU) CYETHOU
NOACACTEMON, B KOTOPOH £ NMPUHHMACT JiMmb 3Havennsa 1,1/2,1/3 ...

,1/n,... Bonee TOro, Tonosorusi B CYETHO-HOPMUPOBAHHOM MpPO-
CTPAHCTBE MOXET OBbIThH 33aHa [IPM HDOMOIMM HEKOTOpOil MeTpHKH, Ha-
npuMep, TaKoi:

—n_llz—ylln
plz, y)_ZZ 1£|]x~ylln z,y € E. (1)
[pensiaraem UTaTEIO NPOBEPUTD, 4TO dyukims p(T,y) YIOBICTBOP-
€T BCEM aKCHOMAM PACCTOSHUSA M UHBAPWAHTHA OTHOCUTENLHO CIBHUIOB
(r.e. plx + 2,y + 2) = plz,y), T,9,2 € E) u uro nopoxmaemass e
TOIOJIOUA COBINANaeT ¢ ucxomuoh. Takum o6pazoM, Mbl IOJIyHaEeM BO3-
MOXKHOCTb FOBOPHTH O IIOJIHOTE CYETHO-HOPMUPOBAHHOIO NPOCTPAHCTBA,
[IOHUMASA MO TUM IOJIHOTY OTHOCHTESHHO BBEACHHON BhillEe METPHUKH.
3amMeTHM ele, YTO I0C/IeN0BATEeJILHOCTD {2 } dyHIaMeRTaIbHa OTHOCH-
TesibHO MeTpHKHU (1) Toraa u ToRKO TOrIa, KOoraa ona pyHIaMeHTa bHa
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OTHOCUTEJIBHO Kakao#t u3 HopM || - ||, ¥ cxoaurest (B aToit Merpu-
Ke) K asieMeHTY r € E TOrma ¥ TOSIbKO TOIZA, KOPLA OHA CXONUTCH
K T 10 Kaxaoil w3 uopm | - ||n. VHbIMM clioBame, mosiHOTA CHETHO-
HOPMHPOBAHHOI'O HPOCTPAHCTBA O3HAYAET, YTO B HEM BCAKAs IIOCJIENO-
BaTEIbHOCTD, (DyHIAMEHTAILHAS 110 KAKO0H u3 HOPM || - [|n, cxonuTcs.

IIpumepsl. 1. BaxopiM npuMepoM CYETHO-HOPMHPOBAHHOTO IIPO-
CTPAHCTBa CJIYKUT PACCMOTPEHHOE Bbie npoctpadcTso Kfa, b] Gecko-
neuno guddepennupyeMbix GyHKIME HA OTPE3Ke, ecjid CYHTATDL, UTO

HopMa || - ||;m B 3TOM mpocTpancTse onpenessercs hopMyIIoH
1fllm = sup [FF (1)
at<h
0<k<m

OueBHIEHO, YTO BCE 3TU HOPMBI COIJIACOBAHLL MEXKJIy coboll M 4TO OHHU
onpegessitor 8 Ka,b] ry camyio ronosiornio, koropast 6plna onucana
BBILIE.

2. Ilycrb Soo — npocTpancTBo Beex beckoHeuHo juddepeHnupyemMbix
dyuxuuit Ha npaMoil, cTpeMsImuXCs Ha OECKOHEYHOCTH K HYJIIO0 BMECTE
€O BCEMH CBOMMI NPOM3BO/IHBIME ObicTpee, dem L/|t] B 0ol cremenn
(1. e. yaosrersopsomux yeqosuo 8 f( (1) — 0 npn Jt| — oo npu mio-
6bIX puKCHpoBaHHBIX &k 1 ¢). B 910M npocTpancTBe onpesesuM CYeTHY IO
CHCTEMY HOPM, IOJIOKUB

1fllm = swp (5 f9@)], m=012 .
k,g<m
—oc<i<m
HerpyIHO NIpOBEPUTH, YITO 3TH HOPMBI COMVIACOBaHbI MeX Ay coboit. Ta-
KuM 00pazoM, Se — CYETHO-HOPMMPOBAHHOE OPOCTPAHCTBO.

3. Bacxnsril wacTHbIl ciaydail CHeTHO-HOPMUPOBAHHLIX IPOCTPAHCTE —
TaK Ha3bIBAEMble CHETHO-TUABLOEDPTOBLI 1pocrpaHcra. Ilycrs H —
JIMHEHHOE MPOCTPAHCTBO, B KOTOPOM 3aJ[aHa CYETHAs CHCTeMa CKAJIAp-
HBIX HPOU3BeacHUil (@, 1), NPUYEM UPCANIOIOKUM, Y10 HOPMBI |||, =
= v/(¢, ¢)n, OTBEYAIOIINE DTUM CKAJISIPHBIM NPOM3BEICHUSIM, COTJIACO-
BaHbl MexJTy c060il. Ecin Takoe npocTpaHCTBO 110JIHO, TO OHO HA3bIBA-
€TCA CHEMHO-2UALOEPTNOBHLM TIPOCTPAHCTBOM.

4. KoHKpeTIbIM IPUMEPOM CYCTHO-IHALOEPTOBA NIPOCTPAHCTBA MO-
KET CIYKHTL Cclenyiomee npocrpancrso. Ilvers ¢ — COBOKYNHOCTH
BCEX TAKHX HHCJIOBBIX HOCIICIOBATEIBHOCTER {, }, N1 KOTOPBIX IpH
KaxJI0M uesoMm k = 0 psin, -

S ekl

n=1
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cxonuTes. 3aladuM B 9TOM HPOCTPAHCTBE CUETHYIO CHCTEMY HOPM, I10-

JIOXKNB
o]}
lzlle = Z nkz2.
n=1

HeTpynuo npoBeputsb, 4T0 3TH HOPMbI COINVIACOBAHbBI MEX,1y CODOM K 4TO
® nmoJstHO B ykasaHHOM BbIlEe CMBICIE. SICHO, 4TO KakayIo u3 HOpM || - ||k
MOXKHO 33/1aTh C MOMOLIBIO CKAJISIPHOTO TIPOU3BBEICHNS

o0
@9 = nFzayn,
n=1
T.€. ® ecTh cueTHO-THIBGEPTOBO NPOCTPAHCTBO. OHO HA3BLIBAETCA NPO-
cmpancemeom Guempo ybusarouwur nocaedosamenwvrocmet.

Ecnu E — c4eTHO-HOPMUPOBAHHOE IPOCTPAHCTBO, TO 33/1aHHBIE B HEM

HOPMEI || - ||k MOXHO CHUTATD YIOBJIETBOPSIOIAMY YCJIOBUIO
lzlle < llzlle mpm k<, (2)
TAK KaX MHAaue Mbl MOTVIM Obl HOpMBI [|z]|; 3aMennTL HOpMaMu
lzllx = sup(llzlly, .- lizlle),
onpenesstomMmu B F Ty e camylo TONOJIOTHIO, YTO ¥ MCXONHAst CH-
crema Hopum. [Tononuus mpocrpanctso E no xaxnoit uz wopwm || - ||k,

MBI MIOJIYYHM CHCTEMY IIOJIHBIX HOPMWPOBAHHBIX 1pocrpaHcTs Ei. Hlpn
3TOM M3 COOTHOWEHHUA (2) W COrMTACOBAHHOCTH HOPM CJIEAYET, 4TO UMe-
I0TCA ECTECTBEHHBIE BJIOXKEHUA

E,DFE npu k<l

TakuMm 00pa3oM, KaxIOMy CYETHO-HOPMHPOBAHHOMY IPOCTPAHCTBY E
MOXHO COTOCTABUTHL YOBIBAIOUIYIO NENOYKY MNOJHBIX HOPMHUPOBAaHHBIX
MIPOCTPAHCTB

oo
EiD>---DED-;  ExDE.
k=1

MoXHO [OKasarb, YT0 NPOCTpaHCTBO E TOJSHO TOTOA U TOJIBKO TO-
oo
raa, xorna E = () E; (moxaxwure sro!). Tak, nanpumep, npocrpas-

k=1
crBo Kla,b] Geckoneuno auddepennupyemerx ¢yHkuuit Ha OTpesxe
[@, b] ecTs nepecedyenune NOSHBIX HOPMHPOBAHHBIX npocTpancTs C™{a, b]
(n =0,1,2,...), rme C™[a,b] cocrout u3 (hyuxImi, UMEOIUX Hemnpe-
PBIBHBIE TIPOU3BOIHBIE [I0 71-TO NOPAAKA BKJIIOYUTENBHO, 8 HOPMA B HEM
onpenensiercst GopMyJioh
Iflln= sup [F® @)

agtgh
0<kgn
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B 30-x rogax, xoria B OCHOBHOM B paborax Banaxa OblLia mocTpoexna Teo-
pus JIMHERHBIX HOPMUPOBAHHBIX IIPOCTPAHCTB, CJIOKUJIIOCH BIIEYATIIEHHUE, UTO
3TOT KJIACC MPOCTPAHCTB HOCTATOMHO UIMPOK IJIE TOrO, 1TOOBI OBC/Iy X UBATH
BCE€ KOHKDETHhIE HYX[Obl 2HAIN3a. BIOCJIEHCTBUM, OMHAKO, BBISICHUJIOCH, 9TO
ato He Tak. OKa3asoch, YTO B psilie BONPOCOB BAXKHBI TAKHE IPOCTPAHCTBA,
KaK NPOCTPAHCTBO GeckoHeuno nudpdepernuupyeMsix pyHKILUH, TPOCTPAHCTBO
BCEX 4MCJIOBBIX mocyenosaresbrocreit R w apyrue npocrpancrsa, B KOTO-
PBIX €CTECTBEHHAs [OJIA HUX TONCJIOHA HE MOXKET ObIThH 3a/laHa C IIOMOUILIO
Kakoit 661 To HH GbI0 HOpMBL. Takum o6pa3zoMm, JiuHelible npocTpaHCTBA —
TOIOJIOTHYECKHE, HO HE HOPMHPYEMBIE — 3TO BOBCE He 00A3ATEJIhHO «3K30TH-
Ka» WIH «narosiorus». HaobopoT, HEKOTOpPBIE U3 3THX NPOCTPAHCTB MPENCTa-
BJAI0T COO0OH He MeHee eCTECTBEHHBIE H BaXHbIE 0000MEHHsT KOHEYHOMEPHOTO
€BK.IH/I0BA IIPOCTPAHCTBA, YeM, CKaXKeM, M'MJAb0epTOBO NMPOCTPAHCTBO.



I'TABA 1V

JIMHEWHBIE ®YHKIIMOHAJIBI U JIMHEUHLIE
OI1EPATOPLI

§ 1. HenpepniBBble auHelinbie $byHKIMOHATIRL

1. HenpepriBHarbie JinHeliHble (DYHKIIMOHAJIBI B TOMOJIOTHYEC-
KHMX JuHeHHbIX mpocTtpaHcTBax. B § 1 . IIT mbr yxe pacemarpu-
Basn PVHKIMOHAJIBI, ONPEACJIeHHbIe Ha auHeHoM npoctpanctse. Ecim
peyp ugeT o pyHKIMOHAIIAX, 33/IAHHBIX HA TOTOJIOTMYECKOM JIHU-
HeHHOM NIPOCTPAHCTBE, TO OCHOBHOW HHTCPEC NPENCTABJIAIT HEIpe-
peIBHBIE (QYHKIMOHANBI; KaK 0O0bluHO, DYHKIMOHAT f, ONpenesieH-
Hbil Ha OpocTpaHcTee F, HA3BIBAETCH HENPEPbIEHbIM, €CJTH JIISI BCAKOTO
zg € E u nss sesixkoro € > 0 cyuwiecTByeT Takas okpecTHocTs U anemen-

Ta g, YTO
[f(z) — f(zo)l <e mnpn z€U. (1)

DTO ONpeliesieHre OTHOCHTCS, B YACTHOCTH, ¥ K JIuHelHbIM GyHKUHOHA-
JiaM.

Ecrm £ — xoHedYHOMepHOE TONOJOTMYECKOe JiHelHoe Iipo-
CTPAHCTBO, TO BCAKME JimHeHHbI# dyHxumonana Ha FE aBromarmyecku
HerpepsiBeH. B obmem ciyvae n3 smHeilHocTH dyHKIMOHANA €ro He-
[IPEPBIBHOCTD HE BLITCKACT.

Crenyiouiee yTBepKIOeHHE CYILUECTBEHHO I JaJIbHENINero, Xors
U TIOYTH OYEBUIHO.

Ecau aunetnwti dynxyuonan f nenpepwisen 6 xaxolb-aubo odnot
movuxe £ € E, mo on nenpepusen u acrody na E.

JeflcTBuTeNbHO, NIYCTH ¥ — LPOU3BOJIbHAs TouKa B E u nycts
€ > 0. Beibepem okpecrrocrs U To4kM T Tax, 4roObl BBIIOJIHAIOCH
ycJI0BUe (1) Torpa caBur 3ToH OKpeCTHOCTH

V=U+{y—x

byner MCKOMOH OKpPCCTHOCTBXO TOYKM Y, Tak Kak ecmu 2z € V, To
z+x —y € U u, caenoBarcbHO,

1f(z) =~ fl=1flz —y+z) - f(z)] <e.

Tarxnum 0b6paszoM, IPOBEPSATH HENPEPBIBHOCTD JIMHEHHOrO dyHKIMOHA-
Jla JIOCTaATO4YHO B OHolf To4yke, Hanpumep, B Touke 0.
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Ecan E — mpocTpaHCTBO C IEpBOH aKCHOMOH CHeTHOCTH, TO He-
HPepHIBHOCTD JiHHEHOrO Qyukupuonana na E Moxuo chopmympoBarth
B TepMMHAX JIoCaenoBaTenbiocTel: GyHKuuotas f Ha3bBaCT s Henpe-
PHIBHBIM B TOuke ¥ € E, ecim ws x, - z caeayer f(x,) — f(z).
IIpoBepka PaBHOCUIILHOCTH 3TOLO ONPEACICHIA HENPEPHhIBHOCTH IPHBE-
JAEHHOMY Bbllle ([IpY HAJUYAM [ePBON AKCHOMBI CHETHOCTH) HPEHOCTAB-
JIAETCHA YUTATEIIO.

Teopewma 1. Has roro 9roGer smmeiinsii ¢dyvakuuonan f 6era He-
npepsser Ha F | HeoOX0aMo B A0CTATOYHO, 4T00bI CYLICCTBORAJIA TAKAA
oxpecTHoCTh HyJis B B, Ha xoropo#t ¢hyrknmonasn [ orpaxirden.

Hoxasarenbcrno. Ecaw dyvukuuonan f uenpepoises B Touke 0,
TO AJist KKJIOT0 € > 0 CYIUECTBYET OKPECTHOCTH HYJIS, HA KOTOPOH

(=)l <e.
Obparno, nycte U —— Takas OKpecTHOCTD HYJIst, 9T0
[flz)] < C npu zel,
, " £ g . . . .
u nycre € > 0. Torna a—U €CThb T3 OKPECTHOCTh HYJS, Ha KOTOPOH
[f(x)] < e. Tem cambim Jokasana HelpepLiBHOCTD f B TOMKe 0, 8 3HAYUNT,
U BCIOAY.

Yaupaxneune Ilycrs E —— tonosormdeckoe Jjmneiinnoe NpoCcTpanCcTBO;
JIOKQXKHTe CIPABENJIHBOCTE CJIEAYIOUNX YTBEPXK IeHNi.

(a) JInrelinnit dynxuuonasn f na E HenpepbiBeH TONHAA H TOJIBKO TOIMA,
KOMa CYIWEeCTBYIOT Takoe oTkpbitoe Muoxkectso U C E u takoe uucso &, 4ro
t ¢ f(U), rue f{(U) — muoxectso 3navennii f wa U,

(6) Jluneinwit gyuxnnonan f wa E HenpepoiBeH TOrAa M TOJILEO TOLUA,
xoraa ero anpo {z: f(z) = 0} samxuyro B E.

(B) Ecnn Beaikutt muneitasit dynxumonan na £ wenpepnisen, 10 TONOIOH
B E coBnagaer ¢ snepno-eeimnykJsioil Tonosornedt (cM. yupaxuenue 28 m. 2 § 5
oo III).

(r) Ecnu E GeckoHeMHOMEPNO M HOPMHDYEMO, TO Ha HEM CYUIECTBYET
He HenpepuiBHeit nuxeiinnrii Gyuxunonas (BOCHONL3YHTECH CYLIECTBOBAHN-
em B E basuca Tamens; M. ynpaxuenne B n. 3 § 1 . III).

(n) Ilycry B E cyuiecTBYer onpenesnsiomas CUCTEMa OKPeCTHOCTEH HyJIs,
MOILHOCTL KOTOPOH HE NPEeBOCXOANT anrebpauvcckofl pasMepHOCTi IPOCTPaK-
crBa B (1. e. momnocrs Gasuca anviena B F; cm. ynpaxuenne B . 3 § 1 nn. II1).
Toraa na F cymecrsyer ne nenpepsisusiit stureiinsrit dyuxkmuonast.

(e) Onst toro urober snneftuwil dhyuxunonan f 61 HenpepbiseH Ha E, He-
o6xoa1Mo, a B caydae, xoraa £ v10BaeTBopseT nepsoit akCHoMe CIeTHOCTH, U
JiocTaToMHo, wrobsl o1 GbUT OrpAKNMYEl HA KAXKJIOM OIPAHIel oM MHOXKECTBe.

2. JIuunelispie GyHKUMOHATBI HA HOPMHUPOBAHHBIX NPOCTpan-
crBax. Ilycrs paccmarpusaemoe mpocrpancrso £ zopmuposaso. Ilo
tTeopesme 1 Beskuit HenpepuiBHLI JivHeliubill dyuxknuonan f orpasudex

7-—1324
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B HEKOTOpPOH okpecrHocTH HysdA. HoO B HOPMHPOBAHHOM IIPOCTPAHCTBE
BCAKaA OKPECTHOCTD HYJIsl COAEPIKUT AP U, 3HAYUT, f OPpaHUYEH Ha He-
KOTOpoM mrape. B cuity smnefinoctu pyHK1MOHAIA 9TO PABHOCUIIBHO €r0
OrpaHMYEHHOCTH Ha JIIO6OM mape, B 4aCTHOCTH, HA equnnydHoM [lzf| < 1.
O6paTHo, u3 orpanntedHocTH GYHKHHOHAIA f HA CIMHUYHOM Wape CJie-
nyeT, B ity Toll xe Teopemsl 1, ero HenpepsBHOCTh (6O BHYTPEHHOCTD
3TOr0 IIApa IPEJICTAB/IsIeT OKPECTHOCTD HYyJIs).

Nrak, 8 nopmupoeannom npocmpancmee aunetinnd Gynxyuonas He-
NPEPHIBEH 8 MOM U TMOALKO MOM Cayuae, K02da €20 3navenus Ha edu-
HUNHOM WAPE 02ZPAHUYEHDL 8 COBOKYNHOCTU.

IIycrs f — uenpepsisabIl JuHelHbIH DYHKINOHAT B HOPMEPOBAHHOM
npocrpadctse E. Yucso

Ifll = sup |f(=)], (2
llzll<t
T. €. TOYHYIO BePXHIO rpanb 3uaqvenuit | f(z)| na enunuynom mape upo-
crpaxcrsa E, Mbl HazoBeM nopmoti dyuknuonana f. Ormerum cienyio-
mye no4TH odeBuansie cBoicraa || fil:

) 1£1) = sup L,
b el
3TO Cpasy CJAENYeT U3 TOro, YTO JAJisi BCAKOro x # 0
If(w)l _
=|7(z)|
2) Hns moboro z € E
£ @I < AL - el (3)

HelicTBuTesbHO, ecu £ # 0, TO aJ1eMenT “z T NPUHAIJIEKUT SIHHIIHO-

My HI2PY, CJIEI0BATEJILHO, IO ONPENEICHHI0 HOPMBI (DYHKUMOHATIA,

() | = T < s

orxyna cnenyer (3). Ecou xe z = 0, To B (3) cupaBa u cjesa CTOAT
HYJIH.

VYnpaxuenne. Ilycts C 2 0 — Takoe 4ucso, 410
[f(x)] < Clizll (4)

npu yuoboM z. Hokazars, yro ||fll = inf C, rue inf 6eperca no scem C, ynmo-
BJIETBOPSAIOIIMM HepaBeHCTBY (4).

Paccmortpum nipumepst AuHeRHBIX OYHKUIHOHAJIOB B HOPMUPOBAHHbIX
MPOCTPAHCTBAX.
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1. Ilycre R™ ecTh n-MepHOE €BKJIMJIOBO NPOCTPAHCTBO ¥ @ — KAKOH-
nubo dbukcrposanubiit BekTop B Hem. CKanapHoe 1pou3BeaeHne

f(z) = (z,a),
rae x npoderaer Bce R™, npencrasiser coboil, oueBuIHO, JuHeRHbBIN
dyukuuonan sa R*. B cuny vepasencrsa Kown-Byuskosckoro

(@) = (=, a)| < l=ll - flal}; (5)
CJIeIOBATEJIBHO, 3TOT (PYHKUMOHAI OrPaHiYeH, & 3HAYUT, H HeNpepbiBeH
na R™. I3 wepasencrsa (5) nonydaem, 410

|f ()|
li=l
Tak xak npaBas 4acTbh 3TOTO HCPABCHCTBA HE 3aBUCHT OT Z, TO
| ()]
|E
r.e. ||f|| € lla]|. Ho nonoxus z = a, noay4um

@] = (a0) = falf?, we. T = ).

< lefl-

sup < fall;

HosTomy || fl] = ||all-

2. Nurerpan .

I(z) = /:c(t)dt,
a
rae x(t) -— HenpepniBHas QyHKUusA Ha [a,b], npencrasasier coboht su-
Heltuerlt Gyrkuuonas B npocrpancrsee Cla, b]. D1or dyuxnmonan orpa-
HHAYEH, a ero HopMa paBHa b — a. HeilcTBuTENbHO,

b
@)l = | [ 2(t) dt| < max 2Ol - @) = 26 - o),

npuyeM IpH & = const JOCTUraeTcst PABEHCTBO.
3. Paccmorpum 6ostee obmwmit npumep. Ilycers yo(t) — duxcuposan-
Has HenpepbiBHAasa GyHKuus Ha [a,b]. [lomoxum mast juoboit GyHrnUH

z(t) € Cla, b] )

Fla) = [ a(®)wo(t) dt.

a
910t dhyHKnuonas suHeed. OH OrpaHHYeH, TAK Kak

b b
F@)] = | [ =(0yo(t) dt| < llzll [ lyo(®)] ©)

B cuny nuseftnocTs u orpannydennocTy o Henpepsised. 3 (6) caenyer

OLIEHKa €ro HOpPMBI: b

171 < [ lwo(®)]dt.

a
(HoxaxnTe, 4TO HA CAMOM JeJie 31eCh UMEET MECTO TOYHOE PABEHCTBO!)
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4. Paccmorpum B npoctpasnctse Cla, b) nunelinbiil GyHKIHOHAT
dto (z) = z(to),

yxe yiomunasuniica B n. 5 § 1 o 111 Ero suauenue Ha ynkuun z(t)
omnpenessiercst Kak sHadenue z(t) B naHHo# Touxe ty. fAcHo, 41O

z(to)| < ll=ll;

npuyeM aJjist £ = const umeer mecto pasercTso. OTcCiona cpasy crienyer,
410 HOpMa (byHKIHOHATA §, paBHA 1.

5. B sr06oM eBkImagoBOM npocTpaHcTBe X MOXKHO ONPEHNesUTh JIH-
Heitupiit pyaxuuonas rax xe, kak u 8 R", soibpaB HekoTopslil durcu-
pOBaHHBIN 3/1eMeHT a € X ¥ NOJI0XKUB 1.1 Jioboro xz € X

F(z) = (z,a).

Kax u B ciiyqae R?, Js1erko npoBepuTh, HTO IIPH 3TOM
F] = Hlall.

B nanpuetimeM Mpl OyaeM pacCMATPUBATHL TOJIBKO HEMPEPLIBHLIC JIHU-
Helnbie (PYHKIIMOHAIIBL, & CJ0BO «HCIPEePBIBHbIHY Oy1emM AfA KPAaTKOCTH
ONYCKAaTh.

IToHsTHIO HOPMBI JTMHEHHOTO (DY HKIHOHAIA MOXKHO JATh CIIEIYIONIYIO
HAIJIAAHY0 HHTepnperanuio. Mol yxe sugesn (§ 1 ror. ITT), yTo Besakomy
HCHYJIEBOMY JIMHEHHOMY (DyHKIMOHATY MOXKHO COIIOCTABUTL TUIIEPIIIOC-
KoCcTh L, onpegensieMyo ypaBHCHUCM

flz)y=1.

Halimem paccrosinne d ot 3ol runepmiockoctu 1o Touku (). Tlo ompe-
nenenmo, d = infz,)—y ||z]|. B cuny onenxu

LF @) < AL flll

ua runeprsiockocta f{z) = 1 6yaem umets ||zl = 1/||fl| », snaunt,
d > 1/l|fll. C apyroit cropousl, B cuny onpenesieHus HOpMBI f 1A
aw0boro € > 0 HallleTcs TAKOU 2JIEMEHT Z., MOAHUHCHHLIA VCIIOBIIO
flz:) =1, 9o

1> (171 - el
HOITOMY
4= ot el <

ITockosibky € > 0 IIPOM3BOJILHO, TOJIYHAEM

d = 1/iifll,
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T.e. HopMa aunelinozo Pymkyuonasa f obpammua paccmosHur aunep-
naockocmu f(z) = 1 om mowxu 0.

3. Teopema Xana—BaHaxa B HOpMHPOBAHHOM IIPOCTpPaHCTBE.
B § 2 ror. IIT mbt gokasasiu obuwyio Teopemy Xana—Banaxa, CONyIacHO KO-
TOpOo# Besakuil uHeilibifl dyHKiMoHas f, OnpeneseHHbI HA HEKOTOPOM
noanpocrpancTse L nmHelinoro npocrpadcrsa F W yI0BIeTBOPATONIHI

YCJIOBUIO
lfo(z)] < p(z) (7

(p - dbuUKCHpOBaNHbIE OAHOPOAHO-BBINYKIIL (byHxIHOHAT HA F), MO-
XKeT ObITh UNPOMOJIKEeH HA Bce K ¢ coXxpaHeHueM 3Toro ycsaonus. [lpu-
MEHUTEJIBHO K HODMHPOBAHHLIM MPOCTPAHCTBAM 3TY TEOPEMY MOMKHO
ChOPMYJTMPOBATH CJIEAYIOUHM 06pa3omM:

Iyemo E — deticmsumensroe nopmuposanroe npocmpancemso, L —
€20 nodnpocmpancmeo u fo — ozpanunenund aurelnwll Pyrryuoraa
Ha L. Imom aunetinuii gynxyuonaa moocem tvims npodosdicen do He-
Komopozo aunetinozo pynryuonasa f na ecem npocmpancmee E bes yae-
AUMEHUSL HOPMDBL, . €. MAK, %0

”fO“Ha L = ”f”ﬂa E-

JeitcTBUTENBIIO, IYCTh
”fOHHa L=k

fIcno, uto ki|zl| — onHopoaHO-BHIMYKABHT dyHKUMOHAN. B3sB ero B ka-
YeCTBE P U npuMensa obiyio Teopemy Xana—Banaxa, noayunm tpedye-
MBI# pe3yJIbTar.

Ora dopma teopemsr Xana-banaxa JIOnycKaer CIeAyIOUy0 reoMer-
PHYECKYIO UHTEPIPETALMIO. YPABHEHUE

Jo(z) =1 (8)

onpezessieT B IOMIPOCTPAHCTBE L MUNEPIOCKOCTD, JIEKAULYIO HA pac-
crosanun 1/]| fol] or myna. Hpomomkas yaxkumonan fo 6e3 yseauieHus
HOpMBI 210 PYHKIMOHAA HA BCeM K, Mbl IPOBOOMM 4Yepes 3Ty YacTud-
HYIO IUIIEPIUIOCKOCTH «B0JIbIIYIO» THIIEPIIJIOCKOCTD BO BCeM £, npudem
«HE IO3BOJISIEM» eff NpUBIM3UTHCA K HYJIIO.

Komnnekcuwiii BapuadT teopemnl Xana—Bamaxa (teopema 4a §2
. 111}, naer HaM KOMILIEKCHBIH aHAJIOr npenslyet TeopeMbr:

ITyemos E — xomnaexchoe HOPMUPOBAHHOE NPOCTAPAHCMEO, fy - Au-
Helinwl ozpanuvennnl gynkyuonan, onpedesernndt na nodnpocmpan-
cmge L C E. Tozda cywecmeyem aunetinud oepanuvennbili pynryuo-
naa f, onpedeaennwvili na ecem E u ydosaemeoparowut ycaosusm

flz) = folz), =z€l,
Hf”na E = ”fO”Ha L-
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YxaxkeM HEKOTOpble BaXKHbBIE (DAKTbI, BBITEKAIOIIME H3 TEOPEMbI
Xana-BaHaxa i1 HODMHPOBAHHBIX NPOCTPAHCTB. llpensapuresibHO
cleyiaeM CJeOylolnee 3aMedanue. BbIIyKiioe MHOXKECTBO B JiMHeliHOM
IPOCTPAHCTBE Mbl HA3BAJIM BBINYKJIBIM TEJIOM, €CJIM OHO MMeEET Helly-
cToe sinpo. MOXHO NOKa3aTh, YTO B HOPMUAPOBAHHOM IIPOCTPAHCTBE SAPO
BBIIYKJIOTO MHOMKECTBA COBIAJAET C COBOKYNHOCTBIO €r0 BHYTPEHHMX
Touyek. Takum 06pa3oM, B HOPMUPOBAHHOM IPOCTPAHCTBE BBINYKJIOE
TEJI0O — 3TO BBINYKJIOE MHOXKECTBO, UMeIOLee XOTA Obl OOHY BHYTDEH-
HIoI0 Touky. OTciona u u3 teopemst 5 § 2 ru1. III BriTekaer cienyrouuti
daxkr.

Cnencreue 1 (nepsas Teopema ormesmumoctu). Ilycrs A u B —
BBITYKJIBIE MHOXKECTBA B HODMHPOBAHHOM ITPOCTPAHCTBe X , IpHYIeM X0-
751 661 OAHO M3 HUX, CKaxeM A, ABJIAeTCS BbITYKJIBIM T€JIO0OM H €ro sapo
He nepecexaercs ¢ B. Toraa cymecTByeT HEHYJIEBOH HENPEPBHIBHBIH JIH-
Helubll QyHKUHOHAJ, pasnessioumit A u B.

CywecTBOBaHHE HEHyJIeBOr0 (QyHKIMOHANA, pasnessiomero A u B,
obecrieunBaercs camoit Teopemo#t 5 § 2 ru. III. IMoxaxkem, 4To COOT-
BeTCTBYIOIMH (byHKIUMOHAI 06513aTesIbHO HenpephiBeH. elicTBuTesbHO,

ecJu )
sup f(z) < inf f(z), (9)
z€A zeB

10 pyHxkumonan f orpanuden Ha A csepxy. Ilycts xp — BHyTpeHHAs

Touka MHOXecTBa A u U(zp) — ee mapoBas OKPECTHOCTH, LEJIUKOM

nexamas B A. B cuny (9) dyukuuonan f orpanuden Ha U(zg) cBepxy.
Ho Torna on orpanuyen Ha U(zg) 1 cHusy (nposenuTe HOKa3aTenbCTBO!).
Tax xak JuHelHbIl QYHKIMOHAI, OrPAHUYEHHbBIH Ha KakOM-J1ub0o mape,
HEeNpepPbIBEH, TO Hallle yTBEPKICHUE JOKA3aHO.

Cnencreue 2 (BTOpasa Teopema oraeammoctd). IIycte A —
3AMKHYTO€ BBIIYKJIO€ MHOXECTBO B HODMHDOBAHHOM HpOCTpaHcTBe X
u xg € X — Touka, He npuHanIexamas A. Torna cymecrTByer Henpe-
PDBIBHBIH JIHHEHHbIH (DYyHKUHOHAJ, CTPOrO PA3NeISTIOImud Tg H A.

JefcTBUTEIIBHO, IOCTATOYHO B3ATh HEKOTOPYIO BBIIYKJIYIO OKpeCT-
HocTh U TOukM Ig, He mepecekatomylocst ¢ A, u pacemorpers dyHK-
nmonas, pasnensonmit U n A. (Ilposeanre n0Ka3aTebCTBO TOTO, YTO
HenyJieBoit byukuuonast, pasnensomuit U u A, HenpeMeHHO CTPOTO
pasnensier zo u A.)

Crnencreue 3 (nemma 06 aunynsitope). s Beakoro (saMxHy-
Toro) cobcrBennoro mopnpocrpancrsa L HopmuposanHoro npocrpan-
crBa X CywWecTByeT HeHYJIEBOH HeENpepbIBHbIA JIMHEHHbIH (yHKnHO-
Hau f, paBabli Hys0 Ha L.
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HelicrBurensHo, nycts 29 ¢ L u f — nenpepoiBHblil inHelinbl DyHK-
HHOHAJ, CTPOro pasmessommi o u L:

f(zo) > sup f(z).
xel

Torma f(z) = 0 na L, tax xak uHa4e BEpXHsd rpaHb cupasa Oblia
661 paBHa +00.

COBOKYIHOCTD (DYHKUMOHAJIOB, PABHLIX HYJII0 HA JAHHOM MOMOIPO-
CTPAHCTBE, HAZBIBACTCS GHHYARTMOPOM ITOLO TOAIPOCTPAHCTBA U 000-
snagaerca Lt 1).

Cnencrsue 4. Ecnu xg — HEHYJIeBOH 3JIEMEHT B HODPMUPOBAH-
HBOM npoctpancrse X, TO CYHeCTBYET TaKOH HenpepbIBHbIN JTHHEHHBIH
¢yuaxmmonast f pa X, 4ro

Al =1, f(@o) = lloll- (10)

leltcTButesnsHO, onpefesius cnepsa $byHKUMOHA f Ha ONHOMEPHOM
NOANPOCTPAHCTBE, COCTOAINEM M3 DJIEMEHTOB BUIIA QTg, (GOPMYJIOH
f(axo) = allzol|, a 3arem npomoskuB ero 6€3 yBeIM9eHAsT HOPMBI Ha, BCE
X, MbI 1 nostydum GyHKUUOHAJ, YIOBJIETBOpsouMY yciosusaM (10).

SBameuanue. 1A NPOM3BOJILHBIX JIOKAILHO-BBITYKJIBIX [POCT-
paucte ciencrsust 1-3 ocrarorcsa B cune 6e3 usmenenuil, a caencrsue 4
MOKeT OBITh 3aMEHEHO YTBEPKIEHUEeM: IJIsl BCAKOro Zg # 0 cymecrsyer
Taxoil HenpepbiBHbIH JuHeltnbi Gynkuuonadu f, aro f(zg) # 0.

4. JIunelinsre GyHKIMOHANBI B CIE€THO-HOPMHPOBAHHOM IIPOC-
TpaHcTBe. Ilycth B — c4eTHO-HOPMUPOBAHHOE IPOCTPAHCTBO C HOPMa-

mu |-l (£ =1,2,3,...); He orpanu4uBas OBUHOCTH, MOXKHO CUATATh
(cm. npumep 4 B 0. 3 § 5 rur. III), uro mns Beaxoro x € E
Izl < - <zl < - - (11)

Iycre f — HenpepoiBHbIH JiuHelHbIH ysrIonan ua E; torma s F cy-
IIECTBYET OKPECTHOCTH By U, Ha KoTopo#t f orpanuyen. B cuiy onpe-
JIeJIEHU S TOIOJIOMMH B CYETHO-HOPMUPOBAHHOM NPOCTPAHCTBE HARLY TCA
Takoe HaTypajibHoe k ® Takoe € > 0, uro map By = {z : ||zl < ¢}
uesukoMm Jexut B U; Torna dyakupmonan f orpaHuden Ha 3TOM Liape
{ [OTOMY OrPAaHHYEH M HENPEPLIBEH OTHOCHTEJILHO HOPMBI || - ||k, T €.
cymectsyer takoe C' > 0, 4To

[f(2)] < Clizl|lx, z € E.

1} B § 4 r1. 111 MBI 0603HAYHIIH TAK OPTOIOHAJILHOE JONOHEHHE IOAMPOCTPAHCTBA
B €BKJIMAOBOM mpocrpancTse. Kax Oyaer BuAHO B cieqyomeM naparpade, B eBKIM-
OBOM NPOCTPAHCTBE NOHSTHA OPTOTrOHAJIBHOrO IOMOJIHEHHS M AHHYJIATOPA PaBHO-
CUJIBHBI, IIO9TOMY COBIaAeHHe 0603Ha4YeHNR ONpaBIAHO.
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C apyroi#t CTOpOHBI, OYEBUIIHO, YTO €CJIH JIMHEHHbIH (DyHKUMOHAT orpa-
HUYEH 110 KaKoi-1m60 u3 HOPM || - ||, TO OH HempepbiBeH Ha F. Takum
obpasom, ecnn EY — 3anac Bcex JsmHelHbIX GYHKIMOHANOB Ha K,
HENPEPbIBHBIX OTHOCUTENILHO HOPMBI || - {|n, a E* — 3amac Bcex mm-
HEMRHBIX HEMPEPBIBHBIX (HYHKUMOHATIOB Ha K, TO

0
E*= | E. (12)
n=1

Kpowme toro, nz ycaosus (11) corenyer, 4ro
ETC"'CE;C"'

Ecaw f — nenpepoiBublll auHednwiit dyaxkuuonan va E, r.e. f € E*,
TO €ro nopsdxom Ha3bIBACTCS HAMMEHDBINEE M3 YMCEJI 71, JJs KOTOPBIX
f € E}; B cuity paBencTBa (12) xaorcdoti nenpepuisnuti sunetinodi $ymns-
yuonaa wa E umeem xoneunwviti nopadox.

§ 2. CoupsikeHHOE IIPOCTPAHCTBO

1. Oupenenenue conpsKeHHOro npocrpascersa. s suselnpx
GbYHKUMOHATIOB MOXKHO ONPENESIUTh ONEPAIMH CJIOKEHUA U YMHOXKEHUS
ux Ha vucna. Iycrs fi 1 fo — nBa suHelHbIXx GYyHKUHOHAIA HA HE-
KOTOpOM JiuHelHoM npoctpanctse E. Ux cymaol fi + fo HasbiBaercs
JMHEHHLIE $YHKUROHA

f(@) = fi(z) + f2(z), z€E.

Ipouseedernuem afy nunetinoro byHKIMOHAAA fi HA 9HMCJIO (v HA3DI-
BaeTCs (DyHKIIHOHA

fz)=afi(z), z€E.

Pagpencrtsa, onpenensitoiue f; + fo v af;, MOXKHO 3a11MCaTh U TaK:

(A + fo)(z) = fi(z) + f2(z), (afi)(z) = afi(z).

fcro, uro cymma fi + fo v npoussenenue o f; npencraBasoT coboit
Juuelnble ¢pyHrUMoKRaNbl. Kpome Toro, ecnu npocrpancrso E rorosio-
TMYEeCKOe, TO U3 HENpPePLIBHOCTH (DYHKIUOHAMOB fi u fs cijenver, 41o
f1 + fo u af; Toxe HenpepsIBHEL HA, F.

Jlerko npoBEepUTH, YTO TAK ONPENEJEHHbIE OlEePAlMUA CJIONKEHUsT
GYHKUMOHATIOB U YMHOXKEHUSI WX HA YHCJAA YAOBJIETBOPSIOT BCEM aK-
CHOMaM JIMHEWHOro mpocTpaHcTBa. VIHade roBopsi, COBOKYMHOCTL BCEX
HEITPEPBIBHBIX JIMHEHHBIX (DYHKUHOHAJIOB, OTIPENESIeHHBIX HA HEKOTOPOM
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TOMOJIOTMYECKOM JIMHEHHOM npocTpaHcTBe EF, obpasyer ymmneiinoe npo-
crpascTBO. OHO HA3BIBAETCS IPOCTPAHCTBOM, CONPANCEHHIM ¢ B, 11 060-
3Havaercsa F*.

Yuopaxuenue. CoBOKYNHOCTs BCeX JHHelHbIX dyHKIHOHAI0B Ha E,
He 00fA3aTesIbHO HEeNpEPBLIBHBIX, HA3LIBAETCHA (QAZE0PAUYECEY CONPAHCEHHBLM
npocTpancTsoM ¥ obosHauaercs £ . TIpusectn npuMep TOMOJOMMIECKOTO BEK-
TOPHOIO IpocTpancTsa E takoro, 4o

E* #+ E*.

B conpsxennom npoctpaHcTBe E* MOXKHO PasyiMuHBIMU CIIOCODaMU
BBECTU TOHOJIOTHIO. BaskHelmne u3 HUX — 3TO cuAbHast U caabasid TOMO-
JIOTUH.

2. CuyipbHAA TOMOJIOrHA B CONPSKEHHOM IIpocTpaHcTBe. Hau-
HEM C TOTO NpOCTeiiero cay4ast, KOraa UCXOMHOe MPOCTPAHCTBO E HOp-
MupoBaHo. Jifi HenpepbIBHBIX JIMHEHHBIX (DYyHKUMOHAJIOB, 3aaHHBIX
Ha HOPDMHUPOBAHHOM MNPOCTPAHCTBE, Mbl BBEJH I[IOHATUE HOPMBI, IIOJIO-

XKXHNB
@)
71} = sup 2

D74 BeJMYUHA YIOBJIETBOPSET BCEM TPEOOBAHUAM, COLEPKAITUMCS B OII-
penesieHu HOPMUPOBAHHOIO NpocTpaHcTBa. [elicTBuTesbHO,

1) |Ifll > 0 nns smoboro Henysiesoro nubeitnoro GyrkunoHana f,

2) llafll = lod - lIA1,

3) Ilfs + foll = sup L1z E L2l
z#£0 “$”
< sup B - qup L — iy 4 2.
z7#0 z#0

Taxum obpasomM, mpocrpascTso E*, CONpsDKEHHOE K HOPMHUPOBAHHO-
MY, MOXKHO HAJIeJIUTh €CTECTBEHHOU CTPYKTYPOH HOPMHPOBAHHOTO MPO-
crpanctBa. Tononorust B £*, orBevalomas BBEIACHHON HOpME, HA3BIBA-
ercs cuavroli monoaozueti B E*. Alenas nomuepkHyTh, uTo E* paccma-
TPHUBAETCH KAK HOPMHPOBAHHOE NPOCTPAHCTBO, Mbl OyaeM BMmecto E*
mucars (E*, || - ).

YcranoBUM CrieAyoIee BAXKHOE CBORCTBO IMPOCTPAHCTBA, CONPAXKEH-
HOTO K HOPMHUPOBAHHOMY.

Teopema 1. Conpsxennoe npocrpancrso (E* || - ||) mosmo.

Hokasarenscrro. [Iycrs {f,} — dbynnamenransunas mocneno-
BATEJNbHOCTh JinHEHHbIX (yHKumonasnos. Toryma ansa kaxgoro € > 0
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Hafinercs Taxoe N, 410 ||fn — fm|| < € mus Bcex n,m > N. Orciona
Ans oboro x € E nonyyaem

[fn(@) = fo(2)] € lfn — ] - [2]] < el

T.e. ipu JuoBom z € E qucsoBas n0c1enoBarensHocts { fr(z)} cxonut-
csl.
ITonoxum
f(z)= lim f,.(z).
n—oo
Ilposepum, uro f npencrassisier coboit HenpepbIBHBIR JiHEeHHbIH hyHK-
110HaJ. JIMHEHHOCThL TPOBEPAETCs HENOCPEACTBEHHO:

flaz+By) = lim fo(az+Py) = lim [afa(@)+Bfn(y)] = af (2)+41(y)-

Jns1 noKasaresbCTBa HempephIBHOCTU (yHKUMOHANA [ BEpHEMCHA
K HepaBeHCTBY |fn(z) — fm(z)] < €|lz|| n mepefinem B HeM K npenesy
OpU M — 00; NOJIYIHM

[f(z) = fn(2)] < ellzll.
Orciona Berrexaer, 4to dpyukumonan f — f, orpanunyen. Ho Torma orpa-
HUYEH W, 3HA4WUT, HenpepoiBeH u dpyurunonan f = f, + (f — fn). Kpome
TOTO, OTCIOHA XKe cienyer, 410 ||f — fu|| < € must Beex n 2 N, 1.e. 410
{fn} cxopurcak f.

TlomuepkueM eime pas, 4TO 3Ta TEOPEeMa CIIPABEIJINBA HE33BUCKHMO
OT TOrO, MOJIHO WJIM HET UCXOIHOE NMPOCTPAHCTBO.

3ameuanue. Ecau HOpMupoBaHHOE npocTpaHcTBO K He 10sHO,
a F — ero nononnenue, To npocrpaicrsa E* u (F)* nsoMopdusI.

Helicrsuresbio, ecin E Baoxeno B £ B KadecTse BCIOAY IJIOTHOTO
[OOMHOXKECTBA, TO BCaAKuil JnHeiinsili Henpepw!BHbIH Ha F dynxumo-
HANl [ OpomospkaeTcs no HenpepsBHOcTH ¢ E na sce E. O603maumm
370 (eamncrsennoe!) mponomkenue f. Slcwo, uro f € (E)*, ||fll = IfIl,
1 4To Beakui dyuxuuonan uz (£)* cayKuT nponossKenueM HEKOToPOro
Jyuxkumonana us (E)* (a umenHo, csoero cyxéuus Ha E). Cienosaresin-
HO, oToBpaxkenne f — f npemcrasnser coboit usomopdmoe oTobpaxe-
Hue npoctpancTsa E* ua Bce npocrpanctso (E)*.

OnpenenuM Teneph CUAbHYI0 MONOA02UI0 B TPOCTPAHCTBE, CONPSIKEH-
HOM K IPOU3BOJILHOMY JIMHEHHOMY TOMOJIOTHYeCcKoMY. B nmpocTpancTse,
CONPsDKEHHOM K HOPMHPOBAHHOMY, MBI OIIPEIEsINJIM OKPECTHOCTDL HYJIsA
KaK COBOKYIIHOCTH (DyHKIMOHAJIOB, YIOBJIETBOPHIOUINX YCJIOBHIO

7l < e

WNna4e roBops, 32 OKPECTHOCTb HYJIA B IIPOCTPaHCTBe E*, CONpsKEeHHOM
K HOPMHMPOB3HHOMY, NPUHUMAETCA COBOKYNHOCTH (DYHKIMOHAJIOB, J1JIs1
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kotopbix |f(z)| < €, xorna x npoberaer B £ emunundunil map {|z|| < 1.
Beps BCEeBO3MOXKHBIE £, MOJYYUM ONPEIESISIIOULYI0 CUCTEMY OKPECTHO-
crett Hyss. B cnyyae, xoraa E — He HOpPMUDOBAHHOE, & TOMOJIOIHYECKOe
JiMHe#HOe TMPOCTPAHCTBO, BMECTO eOUHHYHOrO wapa B E ecrecTBeHHO
B3ATh IIPOU3BOJILHOE OrpaHM4YeHHOe MHOKeCTBO A. OKpecTHOCTh Hy/s
Ue,4 B E* onpenesisietcs Kak COBOKYITHOCTD JIMHEHHBIX (YHKILHOHAJIOB,
yIOBJIETBOPAIOUMX YCIIOBHIO

|f(z)] <& npuBcex z €& A

Bapbupys € B A, noJiy4uM Onpenensiony CHCTeMY OKPECTHOCTE! Hy 1A
B E.

Nrak, curbras monosozus 6 E* 3a1aeTCsI COBOKYITHOCTBIO OKPECTHO-
crefl HyJIsl, 3ABUCAIMIMX OT MOJIOXUTEJBHOIO YUCJIA € U OPAHNYEHHOTO
mHOxecTBa A C E. Mbl He 6ynem 31ech IPOBEPATDH, XOTA 3TO H HECJI0XK-~
HO {cM., Hanpumep, [9]), 4To Takasa cucreMa oKpecTHOCTEl neficTBNTEb-
HO npeBpamaer F* B jmHefHOE TOMOJOTHYECKOE MPOCTPAHCTBO. fCHO,
YTO B CJIy4ae HOPMHPOBAHHOIO [POCTPAHCTBA F TOJIBKO YTO ONIHMCAH-
Haf CHJIbHAs TONoJIorus B £* coBnagaer ¢ To#, KOTopasi ONpelesisiiach
C MOMOIIBIO HOPMBI.

3aMeTuM, 4T0 CUIIbHAS TOMONOrUA B E* 06A3aTes/IbHO yA0BJIETBOPSAET
AKCHOME OTHENMMOCTH 11 M JIOKAJILHO BBINYKJIA (HE3ABHCHMO OT TOIO-
storuu B E). Jefictutennno, ecyin fo € E* u fo # 0, To Halinercs raxoh
3neMeHT To € E, uro fo(zo) = 0; monoxum € = %lfo(iﬂo)] n A= {zo},
roraa fo & Us 4, T.e. E* — T}-npocrpanctso. /I 10KA3ATENLCTBA J10-
KaJIbHOM BBIIYKJIOCTH CUJIbHOH Tonosioruu B E* HOCTATOYHO 3aMETHUTh,
4yTo st Jioboro € > 0 u mboro orpaHnventHoro A C E OKpecTHOCTH
U:4 Boinykiia B E. CuiibHYI0 TONOJIOTHIO B E* 0003HAYUM CUMBOJIOM b;
JKesasd NOJYEPKHYTh, 9TO F* paccMaTpHBaeTCa B CHJILHOH TOMOJIOTHH,
Mmbl Oynem mucars (E*,b) Bmecro E*.

3. IIpuMmeps! CONPAKEHHLIX IPOCTPAHCTB.
1. IIycts E — n-MmepHoe JimHEHHOE TPOCTPAHCTBO (AeUCTBUTEILHOE
uu koMItekcuoe). Beifepem B Hem kako#-uubyap 6asuc e, . . ., €,; TOT-
n
2 BCAKUIL BeKTOp € F ONHO3HAYHO IPEACTABUM B BUAE T = . L;€;.
i=1
Ecnu f — nunefinsiit Gyukmuonan na £, 10 fCHO, 9TO

n
fl@) =Y flews; (1)
i=1
CJICIOBATEJIBHO, JIMHEHHBIH (byHKII,I/XOHaJI OIHO3HAYHO Olpeneisaerca
CBOMMH 3HAQUEHUSIMHU Ha BEKTOpax Oasuca €1,...,€En, IDHUUEM 3TH 3HAYEC-
HHUA MOXHO 330aTb [IPON3BOJIbHO. Onpe,ueij JIUHERHBIE q)yHKILHOHaJUﬂ
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g1, - -, Gn, NOJIArAA

(e1) { 1, ecmmi=yj
(e;) =
giked 0, ecimi#j.

OueBugno, 9ro 31 (GYHKUMOHAJLI JIMHERHO He3aBUCHUMBL. fIcHO, 4TO
9;(z) = z;, nosromy dopmyity (1) MOKHO 3aIIMCATH B BHIE

flz) = Zf(e»gi(z).

Taxkum obpazoMm, OYHKUUOHAIIBL g1, ..., g, COCTABIAIT Ga3uc B npo-
crpauctse E*, me. E* ectb m-MmepHoe JiuHellHOoe OpoOCTPaHCTBO; Ha-
3UC g1, .-.,Gn B E* Ha3nBaOT deoticmeentbim 10 OTHOINEHHUIO K O6a3nCy
€1,-..,6n B K.

Pasnnynbie HOpMBI B IPOCTPAHCTBE B MHAYUUDYIOT pa3JiMiHble HOP-
Mbl B ™. BoT HECKOJILKO IPUMEPOB Hap COOTBETCTBYIOWIMX JAPYT ADPYLY
HopMm B F m E* (quraTesio peKOMEeHAYyeTCsi aKKyPATHO [IPOBECTH COOT-
BETCTBYIOUIME NOKA3ATEJbCTBA):

n

@) lleli= (1) = (1)

i=]
n

) flefi= (1) A= (1509 Frk=1, 1<p<oo;
i=1

i=1

n

C Ilj= Ssu i, = ily

(c) [l 1<i§n| Lo ;lfl
n

@) llzll=>" lal, I£ll= sup |£il.

P <ign

B stux dopmyaax zp, ..., , — ITO KOOPAMHATHI BeKTOpa £ € F

B basuce €1, ..., en,a f1, ..., fn — KOOpOMHATH MyHKIMOHANA f € £
B gBoiicTBeHHOM Das3uce gi,...,0n.

Yaonpaxuenune. [Jokazarh, 9TO BCE NEPCYUCTEHHBIE HOPMBI ONIPEIEIISAIOT
B -MEPHOM HIPOCTPAHCTBE OLHY U TY K€ TOINOJIOTHIO.

2. PaccMOTpHM NIPOCTPAHCTBO €y CXOMASIIMXCH K HYJIIO HOCJIEI0Ba-
tesnsHocTelt € = (T1,...,%Tn,...) ¢ HOpMO# ||z|| = sup |z,| 1 nokaxem,

n
9TO compsicennoe K nemy npocmpancmso (¢}, || - ||) usomopdro npo-
cmpancmey Iy 6cer abcoaomno cymmupyemur nocaedogamesvrocmet

oo
=0, frs-o o) ¢ mopmoti || fil = 32 | fnl. JIo6ast nocnenosaresis-
n=1

HOCTh f € [] onpenensier B IPOCTPAHCTRE ¢ JIMHEHAHBIN OrpaHuvYeHHblH
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(hVHKIHOHAJT f 1o gopmyJie
oo
= Z fnTn; (2)
n=1

scno, wro |f(z)| < |l i | ful, max a0 |f]| < i [fnl < HIAI-

Pacemorpuns B ¢g BEKTOPBI
€] = (1,070,...,0,07...),
ex = (0,1,0,...,0,0,...),

u nosoxnm V) = 37 [; jen (ecom f,, = 0, 10 cunraem, 410 ‘j:"‘ = 0).
n=1 W7 n
Torma 2™ € co, [ <1

Z | fnls

TAK 4TO hm fz®™)) = Z [£a] = [If]]. CotenoBarensno, || f]| > Z | fuls

COHOCT&B.HSISI 2T0 C llOKaBaHHbIM BpIIIC IIPDOTUBOIIOJIOXKHBIM nepaBeH—

Fla

i
MZ =
\'\

CTBOM, 33aKJII0YAEM, YTO Hf|| = Z [l =1Ifll
n=1

Taxnum 06pasoM, MbI MOCTPOUJIA JAHUHEHH 06 H3OMETPUUECKOE
orobpaxenune f — ]7 NPOCTPaAHCTBA {1 B NIIPOCTPAHCTBO Cjj; OCTa-
eTCsl MPOBEPUTH, YTO 00pa3 NMPOCTPAHCTBA [ IPpU 3TOM OTODPAIKEHHH
COBIIQJAET CO BCEM €, T. €. UTO BCAKuil hyHKIMOHA fe ¢ IpelcTaBuM
B Bune (2), rne f = {fn} € L. Dna scakoro z = {z,} € ¢y umeem

X0

T = E Zn€n, IpAYEM P, cTOAMUN CipaBa, CXOOUTCA B ¢y K DJIEMEH-

N
Ty &, 1460 1'9: ~ Z Znen|l = sup |z, = 0 upu N — oco. Tak xax

n>N
byukuuonan f € el Henpepbmeﬂ 10 f(x) = Zmnf(en) O3TOMY 110~
n=1 N
CTATOYHO NPOBEPHTH, YTO Z |7 (en)]|<co. Honaras z(M) = f(e")
n=1 n=1 ‘f(e")|
u 3ameuas, yro V) € ¢, H:c( | € 1, umeen
> [7el = Z Lo Few = T < 17

n=1

o0
OTKYZA B CIJTy TTpou3BoJibHOCTH N 3akstiodaem, 4to . {f(en)| < oo.
n=1
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3. Herpynuo ookasarb, YTO NPOCTPAHCTBO [f, CONpsIKEHHOE K TpO-
CTpaHCTBY 1, H30MOPHO POCTPAHCTBY MM, COCTOAIEMY U3 BCEX Orpa-
HUYEHHBIX HocjenoBaresibHocTedl £ = {xn} ¢ nopmo#t ||zf| = sup |z,|-

n

4. Iycte p > 1 u l; — OpocTpaHCTBO BCEX NOCIIENOBATEIILHOCTER
z = {zn}, V17 KOTODBIX

el = (3 leal?) < oo

n=1
MOXKHO JIOKA3aTh, YTO CONPSDKEHHOE K HEMY IPOCTPAHCTBO [y n3omopd-
HO [POCTPAHCTBY Iy, 1/p+ 1/q¢ = 1. Obwumit Bua JmHERHOrO HEpephis-
Horo gyHKuHOHAA HA Iyt

f@) =3 fazns z={za} €l f={fa}el,.

n=1
,IIOKaBaTeJ’IbCTBO OCHOBAHO Ha HNPHMEHEeHHM HepaBEHCTBA I‘ém:nepa.

5. BeISICHUM CTPYKTYpy IPOCTPAHCTBA, CONPSKEHHOTO K HJILOep-
TOBY.

Teopema 2. Ilycts H — geficTBuTesibHOE ruib6€PTOBO NPOCTPAH-
crBo. [Iis BCsixkoro HenpepbIBHOrO JiuHelfHoro ¢pyakumuonana f na H
CyUIECTBYET €IHHCTBEHHbIH 3j1eMeHT g € H rtakoit, 9410

f(ﬂ:):(!l?,l'o), er: (3)
npudeM || f|| = ||zo||. Ob6parno, ecn zg € H, 10 dpopmy.a (3) onpene-
JIsger Tako# HenpeppiBHbI junefiublt ¢yaxnuonad f, uro [|f]l = [|zoll-

Taxum obpasom, papeHCTBO (3) onpenesiser H3oMoppH3M [ — To MEX-
Ay npocrpanctsamu H* n H.

Hoxasartenbcrno. OueBuino, 4TO I BCAKOTO Tg € H dopmy-
sa (3) onpenensier suneltnpi#t dyuxkunonan Ha H. Tax kak |f(z)] =
= |(z,z0)| < |Iz|| - llzoll, TO 2TOT byHKUMOHAN HenpepbIBEH, & TAK KaK
f(zo) = ||zoll?, To ||f]] = ||zol]. Mokaxem, uTo BCAKME HEMpPEPHIBHBI
nuHelHb ¢yuxkumonan f ua H npencrasum B Buae (3). Ecmu f = 0,
To nosylaraem To = 0. Ilycte Temeps f # 0 u Hy = {z: f(z) = 0} —
sinpo GyHKHOBaNa f; Tak Kak f HenpepbiBeH, TO Hg -— 3aMKHyTOE
JudeitHoe nomnpocrpancteo B H. B m. 6 § 1 1. III 6suto nokasano,
YTO KOPa3MEepHOCTh sApa Jiioboro Jmuelinoro byHKIMOHANA paBHA 1.
Hosromy, yuursiBas cnencrsue 3 reopemst 7 n3 § 4 ror. I, saxmroua-
eM, 4TO OpTOoroHaJipHOe monosinenue Hy k mommpocrpancrsy Hy on-
HOMEPHO, T.€. CYWecTByeT Takoi (HeHyJIeBot) BEKTOD Yo, OPTOrOHA b~
#ollt K Hp, 4TO BCsakuil BeKTOp £ € H OAHO3HAMHO NPENCTABUM B BHIE
T =y + Ayo, tae y € Hy. O4eBUAHO, MOXKHO CHUTaTh, 4TO [lyol] = 1;
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nosoxKuM g = f(yo)ye. Torna anst moboro x € H umeem

T =y+ Ayo, ¥y € Hp,
f(@) = Af(yo),
(z,20) = A(Yo, Zo) = Af(yo) (Yo, ¥o) = Af(yo)-

Takum obpasom, f(x) = (z,z¢) pna seex © € H. Ecom f(z) = (z, zp),
z € H, 10 (2,20 — 2) = 0, oTKYA8, NOJNATAs T = Zo — T, NOTYHaEM,
4TO Zo = Tp.

Samevanus 1. I[lycte E — HenoJIHOe €BKJIMIOBO NPOCTPAH-
cTBO, 2 H — ruasbeproBo NpOCTPAHCTBO, SIBJISIOMEECS ero MOnoJaHe-
aneM. Taxk kax npocrpanctBa E* u H* usomopdubl (cMm. samedanune
B 1. 2), a H* usomMopduo H, TO CIpaBesivBo CAeLyONEee yTBEPXK JCHHE:
npocmparcmeo E* | conpsowcernoe ¥ HENOAHOMY €6KAUIOSY NpoCmpa-
cmey E, usomopdno nonoanenuro H npocmpancmea E.

2. Teopema 2 cripase/umMBa ¥ OJ11 KOMIIJIEKCHOTO MJIbOEPTOBA IPO-
CTpancTBa (HOKA3aTENbCTBO B TOYHOCTA TO XKe, C 3aMeHOH Jiub
zo = f(y0), ¥o Ha 2o = f(yo)yo). EAMHCTBENHOE OTNIYME KOMILIEKCHOTO
ciyHas oT DefCTBUTENBHOTO COCTOUT B TOM, YTO Teneps orobpaxkenne H
B H*, conocraBnsowee snementy o € H dyukmmnonan f(z) = (z,xzg),
ABJAETCHA CONPAHNCEHHO-AUHETHBIM N30MOPDUIMOM, T. €. BJIEMEHTY ALy
oTseuaeT QYHKIMOHAT Af.

6. B opumepax 1-5 paccMarpuBaivch HOPMMPOBAHHBIE [IPOCTPAHCT-
Ba. PaccMoTpuM Teneph NPOCTPAHCTBO CYETHO-HOpMHpOBaHHoe. I1ycTh
$ — peficTBUTENBHOE CHETHO-TUIIBOEPTOBO NPOCTPAHCTBO, COCTOMALIEE
U3 BCEX NOCHenoBarenbHocTedt £ = {T, }, JUIs KOTOPLIX

i o 9\ 1/2
lzlle = (Zn xfl) < oo mnmpuscex k=1,2,...
n—=1
Crassipele nmpousseiesust B & cyTh

(z, ) = anxnyn, k=1,2,...

n=1

HpocrpancTo © ¢O CKAJIAPHBIM IPOUSBEIEHUEM (-, -} ABJIAETCS €BKJIM-
JOBBLIM;. IyCTh P -— ero nomnosienue. Jlerko smaers, 410 P MOKHO
OTOXKIECTBUTH C TMJILOEPTOBBLIM NPOCTPAHCTBOM BCEX I1OCJIENOBATEb-
nocreit x = {x,}, v xoropuix |lz|lz < oco. B cuny teopemsr 2 npo-
crpalcTBO @, conpsukennoe K @y, usomopduo npocrpanctsy ®y; npn
3TOM K30MOP(pU3ME KaXk(OMY HENPEpPHIBHOMY JinHeiHOMY QYHKIVOHA-
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ny [ € ®} conocrasisiercs Takas nocsaeposarenbaocts f = { fn}, 1ro

> /
1= (S 1aP) " < o,
n=1
f(‘T) = ('T'a}:)k = anxnfna T = {J'n} € d,
n=1

1 0BpATHO, KaXK/as TaKas NOCJEHOBATENBHOCTE ONpenesseT 3JeMEeHT
m3 ¢, Onpenenuym Terneps dyHkimoHan f € @} e nocaeropaTesIbHO-
crb10 { fn}, a mocaesosaresHoOCTLIO {gn }, TAE g5 = n* . Torna

oo oG ) /2
)= zuge u 17l= (0 te) "
n=1

n=1
Taxum obpasoM, $; MOKHO OTOXKIECTBUTH C MMIbGEPTOBBIM MPOCTPAH-
CTBOM NOCJIEOBATENbHOCTEH {g, }, YIOBIETBOPAIOMIKX YCII0BHIO
o0
—k 2
n=tg, < oo, (4)
n=1

" CO CKaJIAPHLIM IIPDOU3BEOCHHEM
o)
(6,6) = 3" n4glgf2)
n=1

o0
Tax xak ®* = |J &, T0 $* — IPOCTPAHCTBO BCEX IIOCJIENOBATEb-
":1

wocret {g,}, A KaxOOH U3 KOTOPBIX CyiecTyer CBOe k, Takoe, 4TO
BBINOJIHSIETCS yCyoBue (4).
3HAaYeHne KK IOTO TAKOrO (hyHKIIMOHAJIA ONPEIEIEHO Ha JII0H0oM 3Jie-
o0
MeHTe T = {Z,} € ® U paBHACTCA Y, TnJn.

n=1
I/ITaK, €CJI IPOCTPAHCTBO P ectn nepeceuenue y 5338:F: 500 u e it ue-

[IOYKYU I'MJIEOEPTOBBIX MPOCTPAHCTB
o0
=P, &1D---DPD---,
k=1
10 ®* ecTh CyMMa BO3pacTamUlell LENoYKU rHjILOEPTOBBIX HPO-
CTPaHCTB o
o* =¥, ®1C---CPrC---
k=1

Yaobuo sBecTu obosmavenue Pf = P_p. Ecnu eme obosuaduTh mpo-
cTpaHcTBo [y gepes @y, TO MBI OJIyYUM Takyio BeCKOHEUHYIO B 06e CTO-
POHBI UENOYKY HJILOEPTOBBIX IIPOCTPAHCTB

e C®C--C® CPCP - CE T
B KoTOpO# @} = ®_; mpu xaxmom k =0,%£1,+2,. ..
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4. Bropoe conpspxkeHHoe npocrpalHceTBo. Tak Kak HCMPCPBIBHBIE
JuHeliHple QyHKOUOHATBI Ha JIMHERHOM TOMOJOTHYECKOM NPOCTPAH-
crBe E camu o6pasyior JimHeflHOe TOMO/IOrH4eCcKoe MPOCTPAHCTBO,
conpsixeHnoe Kk E npocrpanctso (E*)b), -~ TO MOXKHO I'OBOPUTE O NPO-
crpaHcTBe F** HenpepnlBubix JuHeliubix dyuknumonanos zHa E*) re.
0 6MOPOM CONPIHCERHOM K E u T. 11,

3ametuM, YTO BCAKHH DJEMEHT Tg U3 F onpenesisier HeKOTOPBIH JiH-
Helinpllt pynkuuonast Ha E*. IefiCTBUTEIBHO, MOJ0KIM

Yoo (f) = flixo), (5)
rie g — dpukcnposanunii asnemenr uz K a f npoberaer Bce E*. PaBen-
CTBO (5) CTABUT B COOTBETCTBUE KAXAOMY f HEKOTOPOE YHCIO Py (f),
T. e. onpenessier gpyuxkuuodan na E*. Tak xax upu atom

Yoo (af1 + Bf2) = afi(zo) + Bfe(zo) = )z, (f1) + B10uy (f2),

TO 3TOT PYHKUHOHATT JIMHEe.

Hasee, Beakull Takoit gpyuxkumuonas Henpepsien #Ha E*. B ca-
MOM JieJie, nycTh € > 0 u A — orpannveHHoe MuHoKecTBO B | conepxa-
wee 9. Pacemorpunm B E* oxpectdocts Hyas U(e, A). [To onpenenenuio
Ule, A4), nmeem '

[Veo (f) = 1f(z0)l <& mpu feUle, A).
Ho 3T0 o3navaer, 4ro yHKUUMOHAN 105, HenpepbiBeH B Touke 0, a cie-
JIOBATEJILHO, U Ha BCEeM IPOCTpaHcTse ££*.

Mg1 mosty4iiu, TaKuM 00PazoM, 0TobpaKeHue BCEero NpocTpaHcTea K
H3 HEKOTOpOe MOAMHOXKECTBO NpocrpaHcTBa E**. 910 oTobpaxkenue,
ouyeBuaHO, nuneitno. Takoe orobpaxenve K B E** HaspiBaerca ecme-
cmeenHuM omobpasicenuem npocmpancmea E 60 emopoe conpsocennoe.
O6o03rauum ero w. Eciau va E ecTh JOCTATOYHO MHOTO JIMHEUHbIX (DYHK-
HUOHANOB (HamnpuMmep, eciu E nopMupoBaHo miM xoTsi 6bI JIOKAJIBHO
BBIIYKJIO B OTASJUMO), TO 3TO 0TODpaKeHne B3aUMHO OJHO3HAYHO, Tak
KaK TOrma juis Jiobbix AByx passmudbix ', z'' € E cymectByer Takoh
dbyuxunonan f € E*, aro f(z') # f(z"), T.e. ¥y u ¥y — pazyinuuble
dbyuxunonanst va E*. Ecnun k Tomy xe w(E) = E**, to (otnenumoe Jo-
KaJIbHO BBIIYKJIOE) IIPOCTPAHCTBO E HA3BIBAETCS NOAYPEHAECKCUSHBIM.
B npocrpancree E** (kak conpsikerHoM K (£*, b)) MOXKHO BBECTH CHJIb-
HYIO TOIOJIOTHIO, KOTOPYIO Mbl 0bo3HauuM b*. Ecym npoctpancTeo E no-
aypedJsiekCuBHO 1 oToOpaxkeHue 7w £ — E** wenpepwsuo, 10 E Ha-
3bIBACTCS pePACKCUEHBIM TPOCTPAHCTBOM. MOXHO [I0Ka3aTh, 4TO OTO-
Opaxenue w1 Bcerna menpepriBHoO, nosToMy ecau F pedaexcusmo, mo
ecmecmegennoe omobpascenue 7: E —  E** npedcmasasem cobol uso-
MopPusm Mexncdy AunetinbLMU MONoAt2UNECKUMY Npocmpancmeamy
u E** = (E**,b).
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ITockonbky MBI MOXEM Tenepb KaxAabl#l snemenT m3 E paccmarpu-
BaTh elle M KakK 3JIeMeHT npocTpaHctBa E**) ynobHO st 3nadeHnit
munelinoro dbyskuuonana f € E* smecto 3amuch f(z) BBecTu Gostee
cuMMeTpyiHOe 0bo3HaueHHe:

f(z) = (f,2). (6)

Ilpn dbuxcuposannom f € E* Mb moxem paccMmarpusarbh (f,T) kKax
dbyukunonan va £ a npu GbukcupoBaHHOM T — Kak yHrumuoHas na E*
(npu 9TOM yKe T BBICTYNAET B POJIM DJIEMEHTa u3 E**).

Ecau E — nopmuposannoe npocmpancmeo (CJ€I0BATEIbHO, HOPMU-
poBansl 1 npocrparctsa E*, E** u 1.11.), mo ecmecmeennoe omobpa-
acenue npocmpancmee B 6 E™* ecmo usdomempusi.

HeticrBurensho, nycts  — anement u3 E. O6o3HAYNM €ro HOpMY B
E cumsosiom ||z|], a HopMy ero obpasza B E** cumsosioM ||z]|2. [lokaxem,
q10 [|z|| = {|z|}]2. Iyers f -— nponsBosbHbI HeHy1eBOM 371eMenT 13 E*.

Torna
(£, < Ifll- Nzl Te Jlzll 2 Kﬁ_}ﬂﬁﬂ

1, NOCKOJIBKY JieBasl 4acCTh MNOCJ/IEIHErO HEPABEHCTBA HEe 3aBUCUT OT f,

I(f, z)]
71
C apyroit croponn: (caeacrsue 4 TeopeMbl XaHa-bBaHaxa 751 HOPMHPO-
BaHHBIX NPOCTPAHCTB ), AJ15 KaxKI0ro tg € E ualinercs taxoil Heny1eBoi

Junednsbiilt dyHKUMoHaN fo, 9TO

llz]] > sup = |jz]|2.

|(fo, zo)| = ILfoll - lizoll, (")
TO3TOMY ’
fello = sup L2 > oy,
A |
1.e. ||z]] = ||z]|2, 1T0 ¥ TpeboBasocs nokasarh. Takum 06pasoM, HOPMU-

POBaHHOE NIPOCTPAHCTBO E uzoMerpudiio (Boobiue roBopsi, HE3aMKHY TO-
My) JmHeltnomy muoroobpasuio w(E£) B E**; oroxaectsass E ¢ m(E),
MOXKHO CUMTaTh, 40 B C E**.

M3 130METPUYHOCTH €CTECTBEHHOrO oTobpaxkenus w: B — E** naa
HOPMUPOBAHHBIX [POCTPAHCTB CJIEAYET, YTO NOHAMUSL noaypedaercus-
HOCTU U PEPAEKCUBHOCTRU JAR HOPMUPIEAHKBLL TPOCTPAHCTE CO8NAJa-
10T,

ITockonbky IPOCTPaAHCTBO, CONMPSLKEHHOE K HOPMUPOBAHHOMY, HOJTHO,
scaKoe pedaekcusroe HopMuposarroe npocmpancmeo FE noano.

KoneuHoMmepHble €BKIINIOBBI NPOCTPAHCTBA M T'H10€PTOBO IIPOCTPAH-
CTBO NpeACTaBJAoT coboit npocreiiuine npuMeps! ped)JIEKCUBHBIX 11pO-
CcTpaHCTB (JU1s HUX gaxe B = E*).
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TIpocTpaHCTBO ¢g CXOUAMMXCS K HYJIO NOCAEIOBaTesIbHOCTEH mpes-
craBpysier coboH mpumep nosHoro HepedJIeKCHBHOIO [POCTPAHCTBA.
JeficTBETENBbHO, KAK Mbl 110Ka3aJiu Beime (nipumep 2 § 2), conpsoxeH-
HBIM K Cp ABJIAETCA MPOCTPAHCTBO [; Beex abCOTIOTHO CXOAALIMXCA MHC-
JIOBBIX PsIIOB, KOTOPOMY B CBOIO OYepesib COIPSDKEHO IIPOCTPaHCTBO 1M
BCEX OrPAHMYEHHBIX [IOCAEA0BATENHLHOCTEH.

IIpocrpauctso Cla, b] HenpepbiBHbIX (PYHKUMI HA HEKOTOPOM OTPE3KE
[a,b] Toxe Hepeduexcurro. Mpl, onuako, He DyaeM 31ech OPUBOAUTH
JIOKa33TeILCTBA 3TOTO YTBEPXKIeHHs | ).

IIpumepom pedsieKCUBHOIO IPOCTPAHCTBA, HE COBNAAAIOLIETO CO CBO-
UM CONPKEHHBIM, MOXKET CIIYKHUTH I, mpu 1 < p # 2 (rax xax I, = lg,
ene 1/p+1/g =1, 1o l;* =13 = Ip).

Yupaxuenne. [Jokaxure, 470 3aMKHYTO€ MOINPOCTPAHCTBO pedhyiek-
CHBHOI'O NPOCTPAHCTBA PedIEKCUBHO.

§ 3. Cinabasa romnoJsiorua ¥ ciabass cXonuMoCTh

1. Cnabas ronosorus u cjaabas CXOOAMOCTL B JUHEeHHOM TO-
HOJIOTHYECKOM IPOCTPAHCTBE. PaccMOTpuM JiMHeHHOoe Tonosorunye-
CKO€ MPOCTPAHCTBO F M COBOKYITHOCTb BCEX HENPEPBIBHLIX (DYHKIMOHA-

0B Ha HeM. Ecnu fi, ..., f — npousBosibHbI KOHeYHBIH HABOD Takux
({YHKUMOHAJIOB U € — MNOJIOKUTEIIBHOE YHUCJI0, TO MHOXKECTBO
{z: |file)l<e, i=1,...,n} (1)

oTkpeITO B E 1 comepxkutT Ttouky 0, T.e. npeacTtasisier coboil HEKOTO-
DPYIO OKPECTHOCTD HyJisi. [lepecedenne asyx TaKUX OKPEeCTHOCTEH Bcerna
COmepRuT MHO#eCTBO Buaa (1), , cjenoBaresnbHO, B £ MOXHO BBEC-
TH TOMOJIOTHIO, JJiS KOTOPOH COBOKYIHOCTL MHOXKecTB Bujaa (1) Gyner
onpenessiomeit cucremoit oxpecraocteit Hysis. Ona HasbiBaercs: caabold
monoaocezuet npocrpadcrea F. Cnabas tonosiorus B £ — 310 camas
cnabast U3 TOMONOTHN, B KOTOPOH HENpEepbLIBHBLI BCE JiMHEHHbIE (DYHK-
LMOHAJIBI, HEITPEPBIBHLIE B HCXOIHONR TOIIOJIOTMHK 3TOr0 NPOCTPAHCTBA.
fcHo, 4yTO BCAKOE MHOXKECTBO B F, OTKPBITOE B CMBICHE ¢J1aboit To-
[TOJIOrUH, OTKPBITO M B MCXOAHOI Tomosioruu npocTpaHcrea £, ongHaxo
obparioe, Boobue rosops, HesepHo (MuoxecTBa Buia (1) He 0Ga3aHbL

1) Moxno moka3aTs nake caeayoouee 60jiee CHIILHOE YTBEDXKICHUE: He Cylie-
CTBYeT HHUKAKOTO HOPMMPOBAHHOLO MPOCTPAHCTBA, Ajs xoroporo Cla,b] Gbino
OBl CONPSKEHHBIM IIPOCTPAHCTBOM.
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00pa30BBIBATH ONPEIEISIIOIYI0 CUCTEMY OKDPECTHOCTEH HYJISI B MCXOM-
nHo#t Tononoruu). Ilo Tepmunonornn, npunaTod namu 8 § 5 . I, a1o
o3HadaeT, YTo cjabas Tonosorust npocrpacrea £ cnabee, ugem ero
ucxoxHaa Tonosorus. Tem cambiM ONpaBALIBACTCA NMPUHATOE HJIsI Hee
Ha3BaHUE.

Eciu B E cyuwecrByer AOCTATOYHO MHOTO HENPEpPBbIBHBIX JIMHERHbIX
dyurunonanos (Hanpumep, ecyim E HOPMHUPOBAHO), TO ciabas TONOO-
rust B F ynoBsieTBopser akcuome oTaennMoctu Xaycinopda. Jlerko tak-
K€ IIPOBEPUTDL, YTO OIePAlVH CJIOXKEHUA U YMHOXEHHs HA YUC/Ia, Olpe-
HeJiCHHblE B F/, HenpepopiBHBI OTHOCHTEJIBHO CJI1ADOH TOIOJIOrU# 9TOrO
IPOCTPAHCTBA.

Jlaxe B ciiy4ae HOPMHPOBAHHBIX IPOCTPAHCTB caabasn TonoJsorusa B B
MOXKeT He YAOBJIETBOPATH NepBoi akcuome cuernoctu. CaenoBaTesibHo,
3Ta TONOJIOTUA, BOODILIE rOBOPS, HE OMMUCHIBACTCS HA A3BIKE CXOISIIMXC
nocnenosaresibaocreti. Tem He MeHee cxomumocTs B F, onpejessiemas
aTolt Tonosioruelt, npencrasnser cobo#t BaxHoe nousrue. OHA HA3bIBA-
crcs caaboli cxodumocmovro. B oTsimyue OT Hee, CXOOUMMOCTh, ONpeesis-
eMy10 NCXOIHOH Tomosorueii npocrpancTtsa E (dopmoil, ecoim £ HopMu-
POBAHO), HA3BIBAIOT CUALHOLU CLOJUMOCTILIO.

[Mousitue cabolt cxouMOCTH MOKHO CHOPMYJIMPOBATSH CIICAYIOLIIM
0bpaszoM: mmocJienoBaTesbHoOCTh {Z, } s/1emenToB u3 E nasspiBaercs caa-
60 cxodawelca Kk To € E, eciin u1a 11000r0 HENPEPBIBHOIO JIMHEHHOTO
dyuruuonana ¢(z) Ha E qucsiosas nocaenosaresnbuocts {w(zn,)} cxo-
IUTCA K @(Zg).

JeflcTBUTENBHO, CYUTAA JUIA NPOCTOTHl To = 0, NPENNOIOKNAM, ITO
w(zn) — 0 npu Besikom ¢ € E*. Torna msa Besakoit ci1aboll oxpecTHOCTH

U={z|pz)| <e, i=1,...,k}

touku Q, Halinerca takoe N, yro z,, € U npu Bcex n 2 N (j1a atoro
[0CTaTo4uHO BuibpaTts N; Tax, 970 |p;(T,)l < € npu n 2 N; u 3arem no-
aoxutb N = max N;). O6paTHO, ecom 11 KAk n0oH c1a00if OKPeCTHOCTH
nyssn U cymectsyer takoe N, uro z, € U mast Bcex n 2 N, TO yCJioBUe
@(zn) = 0 mpu n — 00, OYEBUIHO, BLITIOJIHEHO IJIsi KAXKAOr0 HUKCH-
posanHoro ¢ € E*. W3 Toro, uro cnabast TOMONOTHA NpocTpaHcTBa E
cnabee ero CUJILHOM TOMONIOTHHY, CIIEAYET, YTO GCAKAA CUALHO CTOOAULAR-
¢ nocaedosamenvrocmy cxodumes u caabo. Obparnoe, Boobue roBOpA,
HEeBEpHO (CM. NPHUMEPhI HUKE).

2. Cs1abasa cxO0OMMOCTh B HOPMHPOBAHHBIX MIPOCTPAHCTBAX.
Pacemorpum nonpobree nossaTne ciaboil CXOOUMOCTH IPUMEHUTEIIBHO
K HOPMHDOBAHHBIM IPOCTPAHCTBAM.
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Teopema 1. Ecan {z,} —- c1abo cxoasmasics MoCJIeH0BATEIb-
HOCTb B HOPMMPOBAHHOM MPOCTPAHCTBE, TO CYHWIECTBYET TAKOE MOCTO-

gunoe yucyo C, uyro
llzn]l < C.

Wrade roBops, ecaxas caabo CcrodAUGACA NOCALIOGAMEABHOCTD
6 HOPMUPOBAHHOM TPOCMPAHCINEE 02ZPAHULECHA.

Hoxasarenscrso. Paccmorpum B E* MHOXecTBa
Apn ={f: [(fizn)| <k}, kn=1,2,...

DTH MHOXKECTBA 3AMKHYTHI B CUJTY HenpepbiBHOCTH ( f, 2, ) Kaxk pyHK-
uui 0T f npu (PUKCHPOBAHHOM Tr,. CJIeIOBATEbHO, 3aMKHY ThI (Kax Iie-

o0
pecedeHmst 3aMKHYTbIX) ¥ MHOXecTBa A = [} Agn. B cuny caboit
n=1
CXOLUMOCTH {, } NOCACHOBATENBHOCTD ( f, T,,) OrpAHUHMEHA AJISA KasKIIO-
ro f € E*, nostomy ~
E* = |J A
k=1
Tax kax npocrpanctso E* noano, To mo teopeme Bapa (§ 3 . II)
XOTb OIIHO U3 MHOXECTB Ay, ckaKeM Ag,, HOJEKHO ObITbh [JIOTHO B HE-
xoTopom mape Blfy,£], a Tax Kax Ay, 3aMKHYTO, TO 3T0 03HAYAET, UTO

Blfo,€] C Ak,-

Ho 310 3na4ur, 910 N0C/IE00BATENIBHOCTD {Z, } orpanndeHa Ha mape
Bl fo, €], a cnenoparenbuo, u Ha moboM mape B E*, B 4aCTHOCTH Ha eJii-
HUYHOM WLIAPE TOr0 IPOCTPAHCTBA. TakuMm o0pasoM, MOCJEHOBATEb-
HOCTb {ZI,} OIpaHNIEHA KAK TOCJCHOBATEIHHOCTH 3JIEMEHTOB H3 E**.
Ho B cuy 130MeTpUYHOCTH CCTECTBEHHOTO BiICXKeHus I 8 £** 310 03114~
JaeT OrpaHHYeHHOCTb {Z,} u B E.

S3amevanme. IIpu moKasaresbCTBE OIPAHHYEHHOCTH IOCJIEHOBATEIbHO-
ctu {Zn} IO HOPME MBI BOCIOJIL30BAJIUCH JIKIIb TEM, YTO THCIIOBAs MOCJIE-
JOBATEJILHOCTL (f,z,) orpanudeHa npu xkaxaoMm f € E*. Takum obpa3om,
€CJIM I0CJIEOBATESILHOCT {Tn} B E TakoBa, 4TO 4HMC/IOBAs NOC/IE10BATENb-
nocth (f,T») orpamntena npu xaxaom f € E*| To cymectByer Takas 10-
crosunaz Cji, 4ro ||zn|] € C. 310 yTeepxaeHHe MOXHO 00OOWNTL: §CaAKoe
caabo ozpanutennoe (T.e. orpaHMdMEHHOe B Caaboli Tomostoruu) nodmmosce-
cmeo @ nopmuposannozo npocmpancmea E cuavno ozpanuseno {1.e. coaep-
KHUTCA B HEKOTOpOM mape). [elcTBUTENbHO, MONYyCTHM, HaliieTcst Takas 1no-
CJIeI0BATENIBHOCTD {Z,} C @, 910 ||T,|| — oo mpr n —» co. Tak xax @ cnabo
OrPaHMYEHO, TO 1 MHOXKCCTBO {Ty} C1a60 OrPAHUYEHO, T. €. MOTVIOUAETCS JTIO-
H0it cs1aboil OKPECTHOCTBIO HYJist; B YACTHOCTH, i oboro f € E* nalinerca
takoe N, uro {z,} C N{z : |(f,z)| < 1}, orxyna |(f,z.)] < N anza scex n.
Ho 3T0 B CHJIy CIEJTAHHOTO BBIE 3aMEeYaHWs IPOTUBOPEYHT MPEIIOJIOXK EHHIO
llzn|| = oo. Ecotu yuecTs, uTo cs1abas OrpaHnyensocTs MHOXeCTBa () 03Hada-
€T, 4TO Ha HeM orpaHuydeH JioGoil HenpepuBHBI JIMHEeHHBIR DYyHKIHOHA, TO
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MbI IPHUXOAMM X CJIEAYIOUWEMY BAaXKHOMY PE3yJIbTaTy: Oasf mozo wmobv nod-
MHOHCECTLEO (J HOPMUPOBAHHO20 NPOCTPARCMEE bbiio ozpanuieno, neobrodu-
Mo u docmamouno, wmobs na ) 6va ozparuven awbotl gynxyuonaa f € E*.

Crienymomas TeopeMa 4acTo GhIBaeT nose3Ha 1Jis hakTUIecKoh mpo-
Bepku cJiaboit cxoguMocTy ToM UM UHOHR 1N0C/Ie0BATEIbHOCTH.

Teopema 2. [ocrenoBarensHOCTsh {T,} 9JIEMEHTOB HOPMHDOBAH-
HOro npocrpaHcTBa E ciabo cxomgurcsa k © € E, ecomnr:

1) ||z}l orpanugens: B coBokynnocTH HeKOTOPOH KOHCTAHTOH M ;

2) f(zn) = f(z) aus Beakoro f € A, roe A —— HEKOTOPOE MHOXKECTBO,
JiHHeH#Haa 0boJI0OYKa KOTOPOro BCIOAy HJIOTHA B E*.

Hdokazareascreo. U3 ycnosus 2) u onpenenenus neficTBuit HaL
JIMHERHBIMU (DYHKUHUOHAJIAMU CJIENYET, YTO €CJIM ¢ — JIMHEeWHAasl KOM-
OuHALUSA 2J1eMEeHTOB U3 A TO

p(zn) = ().
Ilycrs Teneps ¢ — npou3BoOJbHB Y 3sement us E* u {ypr} — cxo-

JISHIASACS K IOCJEN0BATELHOCTD JIMHEHHbIX KOMOUHALMY 9JIEMEHTOB
u3 A. Iokaxewm, uro ¢(z,) = ¢(z). [Iycts M Takoso, 410

“:L‘"H <M, n=12,.., HfEH <M.
OnennM pasHocThb |p(z,) — @(x)|. Tak kak @i — @, 10 mna J6Oro
€ > 0 cymecrsyer taxoe K, yto ||o— || < € nns Bcex k 2 K. lloatomy
lo(zn) — o(2)] < lo(zn) — r(@n)l + @i (zn) — i (2)|+
+ (@) — (@) < M +eM + |pr(zn) — @r(z)]-
Ho, mo ycmosuo, ¢r(z,) — ¢ir(z) mpu n — oo. CuenoBarensho,
w(zn) — () = 0 mpu n = oo o BesAkoro ¢ € E*.

IIpumepsl. IlocMoTpum, kakoit cMbics umeer nousitue ciiaboil cxo-
JVMOCTH B HEKOTOPBIX KOHKDETHBIX MPOCTPAHCTBAX.

1. B xonennomeprom esxaudosom npocmparcmee R* ciabast cxonu-
MOCTb COBIIZIAET C CUJIbHOM. e cTBUTEABHO, IYCTh €], . . . , €, — KAKOH-
ub0 OpTOroHaJIbHbL HOpMupoBaHHBIH Basuc B R™ u {z;} — mocrneno-
BaresibHOCTH B R”, cirabo cxonsimasncs K asemedrty z. Ilycrs

T = mfcl)el + -+ :ci")en,

z=2We; +--- + z(Me,,.

Torna
e = (zx,e1) = (z,01) = 2V,
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T. €. [OCJIEJIOBATENBHOCTD {T,} NOKOOPAKMHATHO CXOnHTCA K T. Ho Torma
n . 1/2
i i)\ 2
plar2) = (3 () -2)?) " 0,
i=1

T.e. {z,} cuiabHO cxomuTca X z. TlockosbKy M3 CHIIBHON CXONMMOCTH
BCErJd BBITEKAET cyabast, paBHOCHJIBHOCTB 3THX cxoaumocTelt 8 R no-
Ka3aHa.

2. Caabas cxodumocms 6 ly. ns ciaboft cxomuMocTy OrpaHu ye H-
HO} nocsienoBarenbHoOCTH {Zy } K T JOCTATOMHO, ITOOBI BBITOJIHAIHCH
YCJIOBUSA , )

(zr,€;) = zg) -2 = (z,e;), i=1,2,...,
roe
e1=(1,0,0,...), e =1(0,1,0,...), ...
JeflcTBUuTeIbHO, JIMHEHHbIe KOMOUHAIMYU 3JIEMEHTOB €; BCIOJY TJIOTHBI
B IpoCcTpaHCcTBe lp (COBHanammeM, Kak Mbl BHIEH, CO CBOHM COIDS-
KenHbiM). [JosTOMy Hame yTBepXIenue BHITEKACT Us TEOPEMBI 2.

Taxum obpasom, crnabast CXONUMOCTEL OTPARHUYEHHON NOCIeN0BATENb-
HOCTH {Z1 } B Iy 03Ha4aer, 4T0 YHCIIOBASI TOC/IENOBATELHOCTD 3:2‘") KOOD-
JIMHAT 9TUX BEKTOPOB CXOANTCS It Kaxkaoro 1 = 1,2, ... Muayge rosops,
cnabas CXOOUMOCTh COBMAMAET ¢ NOKOOPAMHATHOH (Ipu yCJ0BUM Orpa-
nnyenuoctTH). Herpymuo Buiers, 9to B [y cabast CXOAMMOCTD He COBIA-
JaeT ¢ cuibHol. eficTBUTEbHO, TIOKAXKEM, YTO IOCJeN0oBaTEILHOCTD
€1y, €n,... CHabo cxomures B Iy ¥ 0. Beskuit naunefinsiit oyHKmmo-
naJt f B lp 3anuchiBaeTCs Kax CKaJisipHoe npoussenenne f(z) = (z,a)
BekTOpa z € ly Ha HeKOTOpbIH (huKcupoBadHbId BeKTOP a = (aj,as, . .. ).
Tostomy f(e,) = an, 1 NOCKONBKY a, — 0 Ipu n ~» O JIST BCAKOTO
a € ly, nosyuaem

lim f(en) =0
n—o00
ILJ151 KAUKJIOTO JIMHEHHOro (pyHKUMOHANA B lg.

B 10 e BpeMa B CUITBHOM CMbBICJIE MOCJIEH0BATENbHOCTE {€, } Hu K Ka-
KOMY IIPEIEJIY HE CXOIMUTCS.

Ynpaxuenusn 1. IlycTs noCaenoBATC/IBHOCTD {Tn } 97IEMEHTOB rILGep-
ToBa HpocTpancrea H caabo CXOONTCA K 3JeMenTy z, npwiem {lzn|| — |lz||
upu n — co. JokxasaTs, YTO B 3TOM CJIy4ae HOC/IeI0BaTETbHOCTD {Zy } CRIBHO
CXOAUTCA K &, T. €. |lzn — z|| = 0.

2. Joxa3arb, IO yTBEp:€HUE YNPAKHEHUs 1 COXPAHUTICH, €CJTH yCJIOBHE
lznll — llz|| 3amenure yciosuem [|znl| < ||lz]| mna Becex n wiu ycsioBnem

lim .|l < izl
=00

3. Hycte H — (cenapabesibuoe) ruibbeproBo TPOCTPAHCTBO U @ —— ero
OrpaseHHoe NNoAMIIOXKECTBO. TOF}Ia TOIIOJIOTHHA B Q, WHIOAYUUpYeMada Cﬂa60ﬁ
Tonosorueit npocrpadcrsa H, moxeT 6bITh 3anaHa HEKOTOpOH Merpukoii.
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4. Ilokaxure, YTO BCAKOE 3AMKHYTO€ BBINYKJIO€ IOAMHOXECTBO I'MJIb-
6epToBa NPOCTPAHCTBA 3aMKHYTO B CJ1aboi Tonosioruu (B 4aCTHOCTH, BCAKOE
3aMXHYTOE JIHHEeRHOE [IOANPOCTPAHCTBO FHJILOEPTOBA NPOCTPAHCTBA 160 3a-
MERYTO). [IpuBenure npuMep 3aMKHYTOrO MHOXKECTBA B FMJILOEPTOBOM IIpO-
CTPAHCTBE, HE ABAAIILEIOCH CJIA00 3aMKHYTHIM.

3. Caabas czodumocms 6 npocmpancmee Cla,b] nenpepuwsnviz dyrx-
yud. [lycrs {z,(t)} — nocnenosaressHocTs Gyt u3 Cla, b], ciabo
cxonamasca K Gynkuun z(t). Hocnenosarensuocts {z,(t)} orpanude-
Ha 1o HopMme Cfa,b]. Cpenu dyuxumonanos, onpenesennnix Ha Cla, b,
HUMEIOTCS, B YACTHOCTH, DYHKIHOHAIIBI Oy, KAXKIBIH M3 KOTOPLIX €CThb
3HaveHue (pYHKHMM B HEKOTOPOH (PUKCHpPOBaHHOU Touke o (Cm. npu-
mep 4 0. 2 § 1). Ins xaxioro takoro dpysrImonana d, ycaosue

6to (zn) - (Stn (iE)

O3HAYAET, YTO
Zn(to) = z(to)-

Taxnm 06pasom, eciy NOCIeN0BATENLHOCTE {Zy, ()} cnabo cxomures, To

oHa:

1) paBuomepHo orpanuvena, T.e. |z, ()| < C npu Bcex n = 1,2,...
na<t<gb
2) CXOAMUTCSE B KAKAOM TOUKE.

MoxKHO I0Ka3aTh, YTO COBOKYNHOCTD 3THX ABYX YCJIOBUHM HE TOJIBKO
HeOOXOOUMa, HO U JOCTATOYHA A5 Caboi CXONUMOCTH IOCIIEI0Ba-
renbrOCTH {T,(¢)} B Cla, b]. Nnave rosops, cnabas cxonumocts B Cla, b]
COBIAAAET C MOTOYEYHOMH (IpU yCJIOBUH OTPAHUUEHHOCTH).

SlcHo, 9TO 3TA CXOOUMOCTD HE COBHAMAAET CO CXOOUMOCTBHIO IO HOPME
Cla, b], T. e. paBHOMEpHOH cXOAMMOCTBIO HenpepsiBHbIX byHkiwmil. (I1pu-
BEIUTE COOTBETCTBYIOIUIA IIpuMep. )

3. Cnabaa romoJsiorusa ¥ cjabasa CXOOUMMOCTH B CONPSKEHHOM
npocrpaHcree. B n. 2 npensriiymero naparpada Mbl BBESIM B CONpsA-
JKEHHOM npocTpancTBe E* Tonosioruio, Ha3BaHHy0 HaMU CUJIBHOMU, nIpu-
HAB 33 CHCTEMY OKPECTHOCTEH HyJisi COBOKYIIHOCTh MHOXECTB BUAA

UsA = {flf(x)l <E§g, .’IIEA},

rae A — npou3BOJIbROE OrpaHMYeHHOe MHOXKECTBO B F, 4 ¢ — apous-
BOJIBHOE TIOJIOKUTEILHOE YHCSio. Kcu MBI 371€Ch BMECTO BCEX OrpaHu-
YeHHbIX MHOKECTB OylJeM paccMaTpuBATh BCE KOHEYHBIE IOJMHO-
s)kectBa A C E, TO Mbl MOJIyYUM TaK HA3BIBAEMYIO CAQOYI0 MONOAO2UIO
6 conpacenrom npocmparcmee E*. Tlockonbky BCIKOE KOHEYHOE MHO-
xxecTtBo A C E orpanmueno (ob6parnoe, BooSue rosopst, He BEPHO), sICHO,
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470 cnabast TONOJIOrus HPOCTpancTsa £* ciaabee, ueM ciinibHAs TOIOJIO-
rust 3TOr0 npocrpascTsa. Boobuie rosopsi, 3TH JiBe TONONOMMHI He COBIIa-
JLAI0T.

Crnabas Tonosorusd, BBenenHas B £*| onpenensier B 3TOM MpoCcTpaH-
CTBE HEKOTOPYIO CXOIUMOCTh, HA3BIBAEMYIO cAab0l crodumocmvro HyHx-
yuoraaos. Cnabas cxoguMocTs JuHeHHbIX QYHKINOHAIOB IPE/ICTABIIA-
eT coboit BaXKHOE IOHSITHE, NIPAIOIIEE CYUIECTBEHHYIO POJb BO MHOIHX
Bofipocax HYyHKIUOHAIBLHOIO AHAaJIN3a, B YaCTHOCTH, B TEOPHH TAK Ha-
3pIBaeMbix 00600mennpIx dhyukimii, 0 KOTOpPBIX ByAeT HATH peds B Clle-
Jyromiem naparpade.

Curafast CXOIUMOCTE NOCNEI0BATENLHOCTH { @y, } IMHERHBIX ByHKIO-
HAJIOB €CTh, OYEBH/INO, CXOINMOCTL 3TON NOCIISNOBATE/THLHOCTH Ha KaZK-
10M GUKCHPOBAHHOM 3jeMente w3 E. MHniMu cioBamu, nocrneno-
BaTENLHOCTL {Y,} Ha3bBaeTCA ¢aabo crodawetica x ¢ € E*, ccau juis
K&XKJ0ro & € F BBIIOJIHEHO COOTHOIEHUE

on(z) = ().

fcHo, 4TO U B CONPSKEHHOM NPOCTPAHCTBE NOCJIEIOBATEIHLHOCTE, CXO-
JSIMASACA B CHJILHOM TOMOJIOIMH, CXOAUTCSA M ¢J1a00 (HO He HaobOpoT).

[lycts E (a ciienosaresnsro, u E*) — 6anaxoso npoctpacTtso. Myeer
MECTO CJIEAYIOWAs TEOPEMa, AHAJIOTHYIHASA Teopeme 1.

Teopema 1*. Ecmm {f,} — cnabo cxomamasicsa nociaenoBares-
HOCTDH JIMHEHHBIX (ByHKOHOUAJIOB HA BailaxOBOM IPOCTDAHCTBE, TO Cy-
MEeCTByeT Takoe mocTossaHoe 4ucao C, 4ro

If2ll €C, n=1,2,...
Wuaue roBops, BCAKAA C1aO0 CXOAAMAICS DOCACIOBATELHOCTD 3JICMEH-

TOB NPOCTPAHCTBA, CONPKEHHOro 6aAaHAXOBY HPOCTPAHCTBY, OrPAHHYeHa
110 HOpME.

,IIOKaSaTeJIbCTBO HE OTJIMYIACTCsA OT JOKa3aTCJIbCTBA TCOPEMbI 1.

Crenyromasi TeopeMa BIIOJIHE aHAJIOMHYHA Teopeme 2.

Teopema 2*. HocaenosarenpHocTs JIHHEHHBIX (DYHKIHOHAJIOB
{on} u3 E* cnabo cxomurcs k @ € E*, ecom:

1) aTa moc/en0BaTE/ILHOCTE OrPAHHIEHA, T. €.
lenll < C, n=1,2,.. 4

2) coorHomenune (@y,,x) — (p,T) BBINOJHEHO OJIS BCEX T, NMPHHA-
JICKAIIMX HEKOTOPOMY MHOMKECTBY, JIMHEGHHbIe KOMOHHANNMHE 3JIEMEHTOR
KOTOPOro BCIOLY MJIOTHBI B .

JloxkazareabCTBO TO XKe, YTO B Teopeme 2.
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Paccmorpum npumep. Ilyers E ects npocrpancrso Cla, b] venpe-
poiBubIX yukmmit ') n

p(z) = z(0),
T.e. ¢ ectb O-dyuknus (cm. § 1, n. 2, npumep 4). IIycrs, nanee,
{pn(t)} — nocrenoBare LHOCTL HENPCPHIBHBIX (DYHKUMH, YINOBJIETBO-

PAIOIUX CJICOYIOIUM yCJ/IOBUSM:
1) wgl(t) =0npu [t| > 1/n, ¢a(t) 2 0;
2) /cpn(t) dt = 1.
a

Toraa mis moboii nenpepsisHoi Ha [a, b] dyukimy z(t) ¢ TOMOMBIO TEo-
peMbl O CpeiHeM HOJIyYaeM

/bgpn(t)z(t) dt = 1//71 wn(t)z(t)dt - z(0) npm n — oco.
a —-1/n

Bripaxeune b
[ en(t)a(t) dt

npencraBisier coboit nunelinsit dyukumonan Ha Cla, b]. Takum obpa-~
30M, O-OYHKUMIO MOXHO HPEACTABHTb KAak Ipenes B CMbicse ciabolt
cxonuMoCTH JiuHedHbix dyHxmmonanos Ha Cla, b] nocienosarensuocty
«OOLIYHBIX» DyHKIUA.

3ameuanue. [Ipocrpancteo E* nunellnbix OyHKIMOHAJIOB HA He-
KOTOPOM IPOCTPAHCTBE F MBI MOXEM PACCMATPUBATH ABOSKO: UJIM KAK
MPOCTPAHCTBO, COINPSDKEHHOE K HCXOLHOMY HPOCTPAaHCTBY E, miau xe
cyuTaTh caMO E* OCHOBHBIM IPOCTPAHCTBOM U CBA3BIBATH C HUM CO-
NPsDKEHHOE K HeMy NpocTpadcTBo B**. B cooTBeTCTBHH C 3THM MBI MO-
xkeM B E* BromuTh csiabyro Tomonoruio AByMsi crnocobamu: Jmbo kax
B IPOCTPAHCTBE (PYHKUMOHATIOB, ONpENEsiaf OKpecTHOCTH B E* ¢ mno-
MOIIBIO BCEBO3MOXKHBIX KOHEYHBIX HAOOPOB 3JieMeHTOB u3 F, nubo Kak
B OCHOBHOM IIPOCTPAHCTBE, ¢ MOMOIIBIO NpocTpaHcTBa E**. B ciuyuae
pedrJIeKCUBHOTO ITPOCTPAHCTBA 3TO, pa3dyMeercs, oaHo u To xe. Ecin
xe E He peduiekcusHO, TO 3T0 -—— OBE€ pa3JIMYHbEe TOmosoruu B E*.
Yrobn! n3bexaTh BOIMOKHONK 30eCh nyTaHuisl, OyaeMm ciaabyio Tonomo-
IHUIO, ONPENESITEMYI0 B OCHOBHOM MPOCTPAHCTBE (T. €. TOMONOruio B E*,
ONpEenesIAEMYIO C IOMOUIBIO FB**) Ha3pIBATE TPOCTO cAaboli monoaozuet,
a ciabyo TONOJIOTHIO B IPOCTPAHCTBE (PYHKUMOHAMNOB (T. €. TONOJIOTHIO
B E*, onpenesnsiemyio ¢ nomompio E) HasbBarh *-caaboli monoaozued.

1) Mst cuuraem, uto 0 € [a,b]. MoxHo 6bLT0 6bI, KOHEUHO, BMECTO TOUKK ¢ = 0
B35sITH JIOOYIO ADYTrYyIo.
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OueBnano, uro *-cnabasa rononorus B E* cnabee, yem ciabast TO1010-
ryst npocrpancrsa £* (1.e. B ciaboft Tomosorun He MeHblIe OTKPBITBIX
MHOKECTB, YeM B *-Cnaboil Tonosiorun).

4. Orpanu4yeHHble MHOXECTBA B CONPSDKEHHOM IIpOCTpPaH-
crBe. B passuynbix npuMeHeHnAX NoOHATHA ciabolt cxoqumocTn unelt-
HBIX (DyHKIMOHAJIOB BAXHYIO POJIbL UIPAET CHERYIOUAs TeoOpeMa.

Teopema 3. Ecan E — cenapabesibHOE JIMHEHHOE HOPMHPOBAHHOE
NIPOCTPAHCTBO, TO B JII0OOH OrpaHHYeHHOH MOCAEA0BATEBHOCTH HEIpe-
DBIBHBIX JIMHEHHDBIX (QYHKIHOHAJI0B HA E ¢nepxuTcs cs1abo CXORAIAsICS
MOQIIOCTIENOBATEILHOCTD.

HdokasatenncrBo. Beibepem B E cyeTHOe BCIOAY IJIOTHOE MHO-
XKecTBO (Z1,...,%Zn,...). Ecan {,} — orpanudeHnas (o Hopme) Io-
CJIEIOBATENBHOCTh JMHeHHbIX dyHKuHoHA08 Ha F, To 4ncioBas no-
CJIeIOBATENILHOCTH

©1 (xl)a s 7()071(1:1):

orpanrndena. IToaromy us {¢, } MOXHO Tax BEIGPATH NOJIOCHEAOBATE/ b
HOCTb - o

P10 P
9TOOB! YHCJIOBAsL NTOCTIEI0BATEILHOCTD cpgl)(zl), cee 50511)(9“), ... CXO-

1
JUJjiacChb. ,Ha.nee, nus {(‘051 )} MOXXHO TaK BbI6paTI> noanoc/ien0BaTeJIbHOCTD

(2) 2
(pl ER 5;‘)1"')
9TOOB! CXOAUIIACH NOCJIEI0BATE/ILHOCTh <p( )( 2)s- -, ©n )(:1:2) . IIpo-

A0JIKAsA 9TOT IPOLECC, MOJYINM TaKyl) CUCTEeMY I‘IOCJIeﬂ,OBaTeJIbHOCTEﬁ

1
P AT O

{(kaxast U3 KOTOPBIX COMEPXKUTCH B IIpeabILAy el ), 4To {(pn k) } exomuten
B TOYK3X Z1,...,Tk. 1OTAA, B3sIB «IVATOHADLY

cpgl),..., 51"),..

)
MBI nonyan Tde[O nonnocnenosa'renbnocm JUHeRHbIX (pyHKIMonAa-
JIOB, 4TO (o) )(.L‘n) <p (zn) .. CXOIHTCSI ,qu Bcex n. Ho Torna (B cuny

TeopeMbl 2*) TIOC/IEIOBATETLHOCTD wg (z), ¢ (z), ... CXOOWTCA ¥ OJiA
moboro z € E.
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Ira Teopema BMecTe ¢ Teopemoil 1* osnadaer, 4TO B HPOCTPAHCTBE
E*, conpspxennoMm cenapabenibHOMy 0GaHaxOBy NPOCTPAHCTBY, OIPAHHK-
YeHHBIE NOAMHOXKECTBA, U TOJILKO OHU, SIBJISIOTCA CYETHO-IIPEIKOMIIAKT-
HBIMH B *-C1a00i Torosorun. ITokaskeM, 4To HA CAMOM JeJie 3[eCh MMeeT
MECTO HPEJKOMIIAKTHOCTh, & HE TOJILKO CUETHAA MPEIKOMHIAKTHOCTD.

JokarkeM Ipex/ie BCEro CACAYIOMLYIO TeopeMy.

Teopema 4. Ilycrs S* — 3aMmkHyTbId equHHIHBLE WIAD IPOCTPAH-
crea B, conpspxeHHOro x cenapabesibHoMy HOpMUPOBAHHOMY MPOCTPAaH-
cray E. Tonosornro, mrnyunpoBanuyo B S* x-cs1aboit rorroJrorueti mpo-
cTpancTBa ¥, MOXKHO 3a1aTh pH TOMOIIH METPHKH

p(£:9) =D 27 "(f ~ g,zn)l, (2)

rae {z,} — HexoTOpOe PHKCHPOBAHHOE CYETHOE BCIOAY IVIOTHOE MHO-
KECTBO B eqMHHYHOM mape S npocrpancrsa E.

IokasateancrBo. fcno, uro dbyuxkuma p(f,g) obaanaer scemu
CBOHCTBAMU PaCCTOsIHUS; KPOME TOTO, OHA MHBAPHAHTHA OTHOCUTCJILHO

COBUTOB:
p(f +h,g+h)=p(f g)

IlosTOMy [1OCTATOYHO NMPOBEPUTH, YTO CHCTEMA OKPECTHOCTER Hysd,
onpenenseMasn B S ciiaboit Tonosioruedi npocrpascTsa E* | 9KBUBAIEHT-
Ha CHCTeMe OKPCCTHOCTER HyJis, onpenensenmoit B S* paccrosiavenm (2),
T.€. 910 a) 1000l «map»

QE = {f : p(f70) < E}
COOCPKHUT mepecedycnue S* ¢ HEKOTOPOU caboil OKPECTHOCTHIO HYJIA
B F£* u uro 6) Besikas ciabasi OKPECTHOCTH Hysst B E* comepkut me-
pecedenne S* ¢ HEKOTOPbIM (.
BuiGepem N Tak, uto 27V < £/2 u pacemorpum c1abyio OKPCCTHOCTH
HyJ1A

V= ‘/‘;1:1“..,31\1;5/2 = {f : ](fvxk)l < 5/21 k=1,.. '7]V}'
Toraa, ccrmn f € S* NV, 10

N 0o
p(£,0) = 27"(foza)l+ D 277|(f,zn)l <
n=1 n=N+1
N 0
S5y Y e

n=1 n=N+1

T.e. SNV C Q.. Tem cambim yTBepkaenue a) mokasano. Jlokaxem
yTeepxaenne 6). Ilycrs

U=Uy, yows={f:1{fru)] <6, k=1,...,m}
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-— HEeKOTODAsA *-CJ1adast OKPeCTHOCTE HyJisa B I*. MoxHO cuntars, 4TO

Hyell < 1, & = 1,...,m; Tax Kak MHOXECTBO {Z,} BCIOAY ILJIOTHO
B S, TO HAUOYTCA Takue HOMEDA Ny, ...,Mm, 9T0 |lyp - Zu 0l < 6/2
(k =1,...,m). Oycrb N = max(ny,...,ny) u e = 2~ N5 Torna
npu f € S* N Q. U3 HepaBeHCTB

oG

>o27(fxa)| <€

n=1

wosaygaem, uro |(f, z,)| < 2%¢; B vacTHOCTH,
J ~
I(f, 20, )| < 272 < 2Ve = 4/2.
CnegLOBaTeﬂhHO, 71 BCex k = 1,...,m nony4aeMm

()t ST )+ 1(Frue = 2 )] <872+ NIfI - lye — &agll < 6.
Takum obpazom, S* N Q. C U. Teopema aoxazana.

SlcHO, 4TO BTOT PE3yJIbTAT ABTOMATHYCCKH PACIPOCTPAHACTCS HA JTIO-
Boti map, a 3HAYUT, U HA J10boe orpaHnyeHHoe MojMHoKecTBo M C E*.

Mpr nokasann (Teopema 3), 9TO M3 KAXKJOW OrpaHUu4eHHOH nocie-
[0BaTEJIEHOCTU B £ MOKHO BLIOpATh *-CI1ab0 CXOASIIYIOCSA MOAIOCTIe-
I0BaTeNibHOCTL. VIHAaue roBopst, B npocrpadcTse E*, CONpPsDKEHHOM ce-
napabesbHOMY JIMHEHHOMY HOPMUDOBAHHOMY M CHAGKCOHHOM *-C/1aboi
TONOJOTUCH, KAZKI0€ OTPAHUYEHHOE [IOAMHOKeCTBO M CYeTHO-IpeKoM-
naktHO. Ho B custy nocsienmellt TeopeMs! Kax0€ TAKOe MHOXKECTBO eCTh
METPHU3YEMOE TOIIOJIONUYECKOE 1IPOCTPAHCTHEO, & /151 METPHYCCKUX pO-
CTPAHCTB KOMHAKTHOCTH ¥ CYETHASI KOMIIAKTHOCTbL COBIAIAIOT. Takum
06pa3oM, MbI TIOJIYIaEM CJCNYIOIUNE PE3yIbTAT.

Teopema 3*. Besaxoe orpanmgenHoe mMuoxectso M B mpoctpan-
ctBe E*, conpsoxenHoM cerapabesblHoMy HOPMHDPOBAHHOMY NMPOCTPAaH-
CTBY, HPEIKOMIIAKTHO B CMBICJE *-C/1a60if ronosorun npocrtpancrsa E*.

Hokaxkem teneps, uro ecou E — cenapabessnoe jineiiHoe HOpMU-
pPOBaHHOE HPOCTPAHCTBO, TO BCAKMI 3aMKHYTHIH LIAD B NPOCTPAHCTBC
(E*,b) samkHYT B *-cs1abofl Tonosioruu nmpocrpascrsa £,

Tak xKak CABUI B NpocTpancrBe E* NepeBOIUT KJIACC 3AMKILYTLIX
{8 *-cs12001 TOOIOr MK ) MHOKECTE B ¢e0s, TO JOCTATOMHO JOKA3ATh, YT0
B *-csaboll ronosorun saMkHyT Beskui wap suma SF = {f || f]| < ¢}.
Iycrs fo ¢ S, o onpeneseHnio HOPMBL GYHKUHOHAIA Haligercs Ta-
kol Bexkrop T € F, uyro |jz|| = 1, fo(z) = o > e. Torna muHoxecTBO
U= {f:flz)> Q_‘zﬂ} Oyzer *-cnaboll OKpecTHOCTHLH (DYHKUHMOHA~
na fo, He copepalieil Hy OIHOrO HJIEMEHTA U3 mapa Sr; CeJOBATEJIbHO,
mwap S¥ 3aMKHYT B *-CJa00H TOMIOI0IHH.
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VI3 noxasaHHOro yTBepXKIeHUs ¥ TEOPEMbl 3* BbITEKAeT CAEAyOmas
TeopeMma.

Teopema 5. Beakuil 3aMKHyThI wap B IPOCTPAHCTBE, CONPHA-
XKEHHOM cenapabesibHOMy HOPMHPOBAHHOMY IMPOCTPAHCTBY, KOMIAKTEH
B *-cy1a00H TOIIOJIOrHH.

M350 ennbie BLIIIE PE3yJIbTAThi 06 OPPAHMYEHHBIX MHOXECTBAX B COIpPHA-
XEHHBIX TPOCTPAHCTBAX MOTYT ObLITL IIEPEHECEHB! € HOPMUPOBAHHBIX IIPO-
CTPAHCTB Ha NPOU3BOJILHBIE JIOKAJIGHO BhITYKJIbIe. CM. 110 3TOMY HOBOLY, Ha-
npumep, [42].

§ 4. O6oGuIeHHbIe PYHKIIUH

1. Pacmmupenune moHATHA PYHKIUH. B pasnuubpix BOmpocax
aHaJIM3a TEePMUH «(DYHKIUAD IPUXOAUTC IIOHUMATh C PA3HON CTENEHBIO
obmuocTy. UHorma paccMarpuBaloTCs HenpepbiBHbEe GYHKUINH, B IPY-
IHX BONPOCAX HMPUXOMUTCH NPENIOJIaraTh, YTO pe4sb uueT o0 QYHKIMAX,
nuddepeHuMpyeMbIX OIMH MM HECKOJILKO pa3, u T. 4. Onnako B pane
CAY4aeB KJIaCCUYeCKoe TOHATHE (yHKIUN, JaXkKe TPAKTYEeMOe B CAMOM
LIMPOKOM CMBICJIE, T. €. KAK [IPOU3BOJILHOE IPABUIIO, OTHOCALIEE KAXKI0-
My 3Ha4Y€HUIO 3 0bJ1acTu onpenesnenns 3Tol GyHKIUHN HEKOTOPOe Y-
cio y = f(z), 0OkasbIBAETCS HEIOCTATOYHBIM. BOT 1Ba BazKHBIX IIPUMEPa.

1) Pacnpenenenvwe macc BIOJb IpsiMOH y100HO 331aBATH IJIOTHOCTHIO
3TOro pacnpenesienus. OOHAKO €C/IM HA OPAMOH CYWIECTBYIOT TOYKH,
HEeCYIIMe HNOJOXKHUTEIBHYI0 MACCY, TO NJIOTHOCThL TAKOI'0 PACHDEesie s
3aBEAOMO He MOXKeT ObITh ONucana HMKaxo# «obniyHON» dyHKiMeit.

2) HpumeHsst annapar MATEMaTHYECKOTO AHAJIU3A, K TEM MJIH WHBIM
3aa4aM, Mbl CTAJIKUBAEMCS1 C HEBBIIOJIHUMOCTHI0 HEKOTOPBIX Ollepariuil,
HanpuMep, QYHKUMIO, HE HMEIOILYI0 NPOU3BOAHON (B HEKOTOPBIX TOYKAX
WJIM JaXe BCIOAY ), Heb3s nuddepeHuupoBaTh, €CJU IPOU3BOIHYIO T10-
HHUMAaTb KaK «00bIMHYI0» (byHkUuio. KoHedHo, 3aTpygHenuii TaKoro Tumna
MOXKHO ObLIO Obl M30eXaTh, OTPAHUYMBILNCDH, CKAXKEM, PACCMOTPEHHEM
OIHUX TOJIbKO aHajiuTuYeckux Gpynrnuit. OJHAKO Takoe Cy’KeHne 3arna-
ca gonycTUMbIX (HPYHKUHNN BO MHOTHX CJIYYafAX BECbMa HEXeJlaTeJLHO.

OkasbIBaeTCst, OQHAKO, YTO NOJ0DHBIE 3ATPYAHEHNsT MOXHO IpPeono-
JIETb IIYTEM HE CYKEHUA, & CyHICCTBEHHOTO PACIINPEHHA NOHATHA (PyHK-
LIMH, BBOAA TAK HasbiBaemble 0606uennbie pyukuun. OcHOBOR 1is1 BBe-
JEHUs1 COOTBETCTBYIOIINX OUpeesieHnl HaM TIOCJIYKHT TTOHATHE CONpPsi-
JKEHHOTO MPOCTPAHCTBA, PACCMOTPEHHOE BBIIIE.

ITonuyepkHem eine pas, uto BBeleHune oboGwenHbix GyHkIMb GblIO
BBI3BRHO BOBCE HE CTPEMJIEHUEM K BO3MOXHO OOJbIIEMY PACIINPEHHIO
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MOHATHIl aHAJIM3A, A COBEPIIEHHO KOHKpPEeTHbIMM 3anadamu. Ilo cyuie-
cTBY, B (husuke 0606wIeHHbIe (YHKIMY HCIOJb30BAJIICH yKe JTOBOJIbHO
IIaBHO, BO BCSIKOM CJIydae paHblie, YeM Oblia NOCTPOeHA CTPOTadA MarTe-
Marudeckas Teopus o6obmenHbix GyuKimii.

[pexne YeM 11epexoauTh K TOYHBIM ONIPENeIeHIAM, U3JI0KUM OCHOB-
HYK HUIEI0 NOCTPOSHU.

Iycrs f — duxkcupoBanuas dhyHKUMsS HA HPAMOH, HHTErpPHpyeMas
HA KaXKJIOM KOHEYHOM WHTEPBAJI, U I[IyCTh (¢ — HENPephIBHAA DYHKINA,
0Bpamanmasca B HyJb BHE HEKOTOPOrO KOHEYHOrO WHTepBasa (Takue
dbyHKIMH MBI B JaiibHelimem OyieM HaswBaTh dunumnsimu). Kaxnoh
Takoll (PYHKIMU ¢ MOXHO ¢ noMoibio (pukcuposaniodl dpyukuuun f co-
MMOCTABHUTHL YUCJIO

(f) = [ f@pl)ds (1)

(baxTudecku, B cuity dunuTHOCTH ¢(T) HHTErpasl Gepercst IO HEKOTO-
pOMy KOHeYHOMY uHTepBaJy). Unade rosops, pyHkuuio f MoXno pac-
CMATPUBATh KaK (DYHKUMOHAJ (JIMHEHHBIN, B CHJIY OCHOBHBIX CBOKCTB
HHTErpaJia) Ha HEKOTOPOM IpocTpaHcrse puHuTHbIX dhyHruui. QOnHako
dyukunonanamu Bua (1) He uCUepIBIBAIOTCA BCe (HYHKIMOHAIBL, KOTO-
pble MOMKHO BBECTU HA TAKOM NPOCTPAHCTBE; CONOCTABJISIA, HAIPUMED,
Kaxkao# GyHKuuM ¢ ee 3HaYeHUE B ToUKe T = (, MBI [OJIYUUM JIH-
Helubil $yHruponas, He npeacrasumbiit B Buge (1). Takum obpasom,
dbynxkuuu f(z) ecrecTBeHHBIM 06PA30M BKJIOYAIOTCA B HEKOTOpOE Hosiee
HIHPOKOE MHOXECTBO — COBOKYMHOCTH BCEX JIMHEHHBIX (PYHKINOHAJIOB
Ha QHHUTHBIX PYHKIUAX.

3anac GyHKIHA  MOKHO BHIOUPATH PA3JIMYHBIM O06pa30oM; HAlIpUMED,
MOXKHO BObL10 OBbI B3ATH BCe HenpepbiBHble QuHUTHbIE byHKuuu. OnHa-
KO, KakK Oyfer SCHO u3 NajbHeHInero, pa3yMHO NOJYUHHTE JONYCTUMbIE
GYHKIMY ¢, TOMUMO HENPEPBLIBHOCTH U (PUHUTHOCTH, €1Ie U JOCTATOUYHO
HKECTKUM yCJIOBHAM [VIAIKOCTH.

2. IIpocTpaHcTBO ocHOBHLIX byukuH. [lepefizem Teneps x ToY-
HBIM onpenenenusM. PaccMoTpum Ha npsiMolt coBokynHOCTb K BCex du-
HUTHBIX DyHK UM (0, UMEIOUIMX HENPEPBIBHbIE IPOU3BOIHBIC BCEX [TOPSII-
koB ). Oynxnuu, npusannexamue K, o6pasyioT auHeitHoe NpocTpaH-
CTBO (C OOBIYHBIMH ONEPANMAME CJIOKEHNA DYHKUMA U YMHOXKEHHAA UX
Ha qmcsia). B 9ToM mpocTpalcTBe HENb3A BBECTH HOPMY, KOTOPasi OTBe-
HaJia 6bl usJjaraeMoil HuXxe TEOpUH, OOJHAKO B HEM €CTeCTBEHHBIM CIIO-
cobom BBOJUTCA IIOHATE CXOOUMOCTH.

1}y Uurepsan, pHe koToporo ¢yHKIMA @ pabHa 0, MOXET ObITH PAIMYHBIM IJiA
pasnu4Hbix @ € K.
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Mocncnosarensnocts {@y,} snemenron u3 K Hasvisaercs czodaugei-
ca k dynwyuu w € K| ecsn: 1) cymecTByeT MHTEPBAJ, BHE KOTOPOIO BCE
O, PABHBI HYJTEO; 2) MOCIENOBATEILHOCTS TPOM3BOIHEIX 2 ) {gpglk)} IOPsII-
ka k (k=0,1,2,...) cxomurcs Ha 9TOM MHTEpBaje papHOMEpHO K (k)
(PaBHOMEDHOCTb CXOMUMOCTH 110 PA3/INYHbIM Kk HE TIperioiaraercs.)

Jluneitnoe npocrpanctso K ¢ ToH CXOUBMOCTBIO, KOTOPYIO Mbl B HEM
ONpenesInif, Mbl OyIeM HA3bIBATL OCHOSHBIM MPOCTIPAHCTIGOM, & €ro
AJIEMEHTBI -=- OCHOGHBIMU PYHKYUAMU.

Herpynxo onucars tonosnoruo B K, KOTOPO# nouuuHAETCs 3aaHHasa B K
cxoauMocThb. Takasi TONOJIOrns HOPOKAAETCA CHCTEMONl OKPECTHOCTEH Hy.JIs,
KaXk A M3 KOTOPBIX 33JA€TCs KOHEYHBIM HabopoOM 7q, .. ., Ym HENPEPLIBHBLIX
HOJIOKUTEJIBHLIX PYHKIMIE B COCTOMT U3 Tex mpunagitexauux K gynxuni,
KOTOpDIE 1IPU BCEX T YAOBJIETBOPSIOT HEPABCHCTBAM

lp(@)] < 0(x), ..., 16" (@)] < ().

IIposepka Toro, 4To 310 TONOIOrHN ACHCTBUTEIBHO HOIYHHAETCH ONHCAHHAR
BBIIIE CXOAUMOCTh B K| IpenocTaBIserca 1UTaTesn.

Yunpaxueune. Obosuauum yepes I, NOAUPOCTPAHCTBO TPOCTPAHCT-
Ba K, cocrosmero us seex dbynxunii ¢ € K, pasupix 0 BHe oTpeska [—m,m].
B npocrpancree K, MOXHO BBECTH CTPYKTYPY CUCTHO-HOPMUDOBAHHOTO NPO-
CTPAHCTBA, [0JIArast

(k
”‘PH‘” = sup ‘(,9 )("C){ n :0,1727"'
0<kLn
Jz|<m

IIposepbTe, YTO TONOJIOTHsA (COOTBETCTBEHHO CXONHMOCTB TOC/I1€I0BATEIbHO-

cret) B mpocrpancrtse K,,, mopoxaacMas 3Todl CHCTEMON HOPM, COBIANAET

¢ ronosiorneli (COOTBETCTBEHHO CXOAMMOCTBIO), MHAYuposanyoh 8 K, omn-

cannoif Bplne Tomosoruelt (CxomuMocTbo0) B mpocrpanctse K. fcHo, 4ro
oG

K, C --- C K,, C ..., npuuem K = U Ky, . Hokaxute, 4T0 MHOXC-
m=1

crBo () C K TOorma H TOJIBKO TOIZA OMPAHUYEHO OTHOCHUTESIBHO BBEHEHHOU
B K Tomosioruu, Korjaa CyuecTByer Takoe M, 910 ¢} ABJIAeTCA OrPaHHYeHHBIM
MOAMHOXECTBOM CUETHO-HOPMHPOBAHHOrO mpocrpancrsa I, . Ilycrs T — -
Helinbpill GyHruuoHan ua npocrpasHcTse K mokaxuTe, YTO C/SAYIOINE ue-
THIpE YCJIOBUsI PAaBHOCHIbHBL (a) dynkuuonas T HenpepbIBEH OTHOCHTEIIb-
HOo Tomosiornu npoctpanctsa K; (6) dysrkuwonan T orpanirden na KamxaoMm
orpanmtenHoM muoxectse @ C K; (8) ey ¢ € K 1 v, — 00 (B CMBICTE
sBenennoit B K cxonumoctn nocseposarensuocret), ro T{(w,) -+ 0; (r) ana
Kaxaoro m cyxenue Tr, ¢pyuxunouana 7' na nognpocrpaicrso K, C K ecrp
BenpepwiBHbIH dyHkunoHAT HA K0

2} Moz 1POU3 BOAHOMN HYJIEBOTO NOPAKA NOHUMAETCS, KaK GOBIMHO, caMa, (DYHK L.
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3. O6obwenuble PYHKIUA.

Onpepnenenune 1. Obobwennoti pynxyuel (3anannolt Ha npaMolt
—o0 < < 00) HA3KIBAETC s HenpephiBHbil dynkuuonan T' () Ha ocHOB-
Hom npocrpancree K. Ilpu 9ToM HenpepblBHOCTL PYHKIUOHAJIA [TOHN-
MaeTcst B ToM cMblcite, 410 T'(p,) — T'(y), ecsu nocaenoBaTesIbHOCTD
¥ CXOAMTCS K 9 B OCHOBHOM TIpocTpaHcTse K.

3amMeTuM, PEXjie BCEro, YTO BCAKAS MHTErpUpyeMas Ha JIIoDOM KO-
HeuHoM uHTepBaJsie dbyHxums f(z) nopoxaaer HEKOTOPYI® 060BIIEHHY 1O
dbyuxumo. JelicTBuTebH0, BHIpaXeHue

Ti(e) = [ [@el)de @)

eCTh HenpepblBHLIN Jiuneitnbilt Gyrxunonan na K. Takwe 0606mnien-
Hble QYHKUMM MBI B JajbHelineM Oy/1eM Ha3bIBATH PE2YAAPHLIMU, & BCE
OCTAJIBHBIE, T. €. HE MPEACTABUMBIE B BHE (2), — CUHZYAAPHBIMU.

[IpusegeM HEKOTOpHIE TPUMEPHl CHHTYJIAPHBIX 0600IMEHHbIX (yHK-
i,
1. «6-byaxums»:
T(p) = #(0).
D10 — HernpepbIBHbIH Junelinbil dyHKinonan Ha K, T.e. 10 BBeIeHHOR
BBIlIE TEPMUHOJIOrHH, 060bmenHast GyHKImA. ITOT OyHKLUOHA 00bIY-
HO 3aMHUCHIBAIOT B BUJIE

o0
[ el do, 3
— 00
nonuMast nog §(z) «pyHKuMo», paBHyIO HYJIO npx Beex = # 0 n obpa-
WAKMYcsa B Touke £ = 0 B 6eCKOHEYHOCTH TaK, YTO

jo d(z)de = 1.

Mp pacemarpuBasiu yxe d-dyuxuuio B § 1 kax dhyHKIHOHAM HA NTPO-
CTPAHCTBE BCEX HENMPEPBIBHBIX (DYHKUMI, OIIPEeNesIeHHBIX HA HEKOTOPOM
orpeske. Opuako paccMorpenue d-GyHkuan kak $pyHxuuoHasa Ha K
HMEET OlIPEEJICHHBIE TTPENMYINECTBA, HATPUMED, NO3BOJISIET BBECTH /151
Hee MMOHSITUE TPOU3BOIHOM.

2. «Cmemennasn §-dbyuxuusa». Hycrs

T(y) = ¢(a).
9roT HYHKIUOHA €CTECTBERHO 3AIMCATH 10 aHAJIOrHH ¢ 0bo3HaAYeHH-
em (3) B BuLE

70 3z — a)p(z)de. (4)
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3. «Ilpoussonnas §-pyuxumuu». Kaximoh ¢ € K craBurcs B COOT-
sercrBye 4uciio —'(0). Heckonbko HUKe MBI BBLISICHAM, OYEMY 3TOT
GYHKUMOHAN €CTECTBEHHO CYMTAThL NPOM3BONHON (HYyHKUMOHAJA, YKAa-
3aHHOTO B IIEPBOM IIPUMEPE.

4. Paccmorpum dyukuuo 1/z. OHa He MHTErpHUpyeMa HM Ha KAKOM
HUHTEPBaJie, CONEpXKAlIEM TOUKY HyJsb. Onnako ass kaxnoh ¢ € K un-
TerpaJ o

[ elo)gde
— o0
CYIIECTBYET U KOHEYEH B CMbICJIE [JIaBHOro 3Hadenus 1o Kown. Heiicr-
BHUTEJIBHO,

x R
/ ‘P(z)%dl‘:_f ¢(c)3 do = Zﬁ(—’”—)—;—ﬂo—)dmlz £0) 4y,

3necs (— R, R) — unTepBaJi, BHE KOTOPOTO ¢ obpamaercs B Hy k. [lep-
BBIff U3 CTOSIIMX CNPaBa MHTETPAJIOB CYLIECTBYET B ODBIYHOM CMBICJE
(o 3HAKOM MHTErpaJia CTOMT HENpepbiBHAS (DYHKIMA), & BTOPOH UH-
TErpaJl paBeH HyJII0 B CMbICJIE [JIABHOTO 3Hadenus. Takum obpasom, 1/z
onpenesisieT HEKOTOphIH yHKuuoHaa Ha K, T.e. 0600MIeHHY0 DyHK-
1MI0. MOXHO I0Ka3aTh, 4T0 HY 0gHa u3 0006wmenubix GyrKuui, npuse-
JIEHHbIX B npuMepax 1-4, He sBjasieTcsa perynapHo# (T. e. He NpencTanis-
ercs B Buge (2) Hu ¢ Kakol JloKasbHO unTerpupyemolt dbyukuueit f).

4. JlelictBusa Han obobuweHuniMu dyHknmsaMu. s o6obumen-
HbIX (yHKOMY, T.e. HEeNpepbIBHBIX JuHENHHBIX (byHKUHOHANOB Ha K,
OIIpeJIeJIEHbI OIIEPALMY CJIOKEHUS U YMHOXKEHUs Ha uuca. [1pu aTowm,
OYEBHIHO, OJIf PEryaapHbIX 0006menabix dbysrkuuit (1.e. «OOBIMHBIX»
GysrumMl Ha 1psMOH) Cil0X)eHue uX Xak 0606umeHHbIx dyHkuui (T.e.
JuHeHHbIX (DYHKIMOHAJIOB) COBNAAAET ¢ ODLIYHON onepauneil CJIoKeHns
dbyuxuuit. To ke caMoe OTHOCUTCA U K YMHOXKEHHIO Ha YUCTA.

Beenem B npoctpancTse 0600ueHHbIX (DYHKIIUH ONEpALIO NPeaesih-
HOro mnepexoza. MBI CKaXkeM, YTO [OOCJIEAOBATEILHOCTh O0ODIEHHBIX
dbyuxkupi {f,} cxomurca x f, ecom mist xaxaoro @ € K BbIIOJIHEHO

COOTHOIUEHHE
(frr0) = (£, 90)-

Mnave roBopsi, CXOOMMOCTH MOCJIE0BATEIbHOCTH 0COBIIEHHBIX (DyHK-
UMl Mbl OIPENEJIsIEM KaK ee CXOOUMOCTb Ha KaXKIOM aJieMeHTte us K.
IIpocrpancTBo 06061EHHbIX hyHKIMIE ¢ 3TOU cxomuMOCTHIO By aeM 060-
3pagarh K*.

Ecau a — 6eckoneuno guddepennupyemas GpyHKIUA, TO €CTECTBEH-
HO ONpeNesIuThb IPOU3BeleHNe & Ha 000bmennyo dyukuuo [ opmyJioi

(af, ) = (f, o)
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(BbIpakeHMe, CTOSAIIEE 3IECh CIIPABA, MMEET CMbIC, TakK Kak ay € K).
Bce 911 onepaumyun — CJ10XKeHHe, YMHOXEHHE Ha YUCJa W Ha HeCKOHeYHO
nuddepenimpyemble (PYHKIUH, — HEIPEPLIBHBL.

IIpoussenenue nByx 0600mIEHHBIX DYHKOUY MBI He BBOAMM. MOXHO
[HOKa3aTh, YTO ONpPEIeUTh TAKOE IPONU3BENEHIe HEBO3MOXKHO, €CIIH II0-
TpeboBaTh, YTOOBI 3Ta onepauus ObLIA HENPEPbIBHA, & J1JIA PeryJIapHBIX
0bobulenHbIx QYHKUMA coBnafana 6ul ¢ OObIYHBIM YMHOXKeHUeM (hYHK-
uuit.

OnpenesimM tenepp aiis 06obmweHHbIX GyHKUU onepanio aucde-
PEHLMPOBAHHUST U PACCMOTPUM ee CBOHCTBA.

IIycre cnavana T — dyukuuonan Ha K, onpenesnsembiit HeKOTOPOH
HenpepbiBHO Auddepennupyemoll dbyuxuued f:

T = | f@)elz)ds.

Ero npoussomuoll ecrecTBeHHO HasBarh (Gyukuuonan dI'/dz, onpene-
JsieMbiii hopmysioh

L= [ f@pldn

VnTerpupys 1o 4actaAM N yYUTBHIBAS, YTO KAXK/Asl OCHOBHAA (DYHKUUS
 obpam@aercs B Hy/b BHE HEKOTOPOIO KOHEYHOI'O MHTEPBAJIA, HMEEM

;‘%(@) = _70 f(z)p(z)dz = — _70 F(2)¢' (z) da;

TakuM 00pasoM, Mbl Hosyuusu 1is d1'/dz BeipaxkeHue, B KOTOPOM [1PO-
u3BogHadA GYHKUME [ He ydacTBYeET ITU COOOpaKeHUs M0JCKA3bI-
BAIOT CJIEAYIONIEe ONpeieieHue.

Ounpenesienne 2. ITpouseodnots dT'/dz obobuwenuoit byukuun T
HasbiBaerca (pYHKUMOHAJ, onpenesifgembiil dopmysiof

2 9) = —T(e).

HAcno, uro dbynkuuonas, onpenesnaeMsiit 3Toit HGOpMyJIOH, JIMHEeeH M He-
NpepLIBEH, T. €. IIpeacTasiisieT cobol 060buieHHy 10 GYHKUIMIO. AHAIOrY-
HO ONPEJeJIsIIOTCS BTOPasi, TPEThs U JaJIbHERIINE MPOU3BOAHBIE.

Obo3naian 0606meHHy0 GYHKIMIO CUMBOJIOM f, Mbl Bynem obosHa-
4ATh ee NPOU3BOJHYIO (HOHUMAEMYIO B ONPEHEJIEHHOM TOJILKO YTO CMBbI-
cJie) OBBLIYHBIM CUMBOJIOM f'.

HenocpencTBenHo u3 onpenesieHusa npousBoaHol obobimennoit dyuk-
N BRITEKAET CHPABEIMBOCTE CJSAYIOIMNX yTBEPXKIAeHnit:

1. Beaxas obobuwennasn Gynxyus umeem npoudeodrule 6cer nopadkos.
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2. Ecau nocaedosameasnocms o6obwennnz dynxuyud {fn} crodumes
K 0bobwennotl gynxuyuu f (B CMBICIIE ONpenesieHust CXOauMocT 0606-
weHHbIX dhyHKIMH), mo nocaedosamenvrocmyv npoussodnnx {f}} ceo-
dumes ® npoussodnoti f' npedeavnoti ynxyuu. To oce camoe aepro
Uu 0ast npou3eodnur awbozo nopsdra.

DT0 PAaBHOCHJIBHO TOMY, 4TO 8caxull crodawutics pad, cocmasaennuill
u3 060bwennu T Pynryull, moxncro duddepenyuposams novaerho awboe
YUCAO Pa3.

PaccMoTpuM HEKOTUpPBIE IIPUMEDBI.

1. U3z ckazaHHOrO Bblne sICHO, YTO eciy f — peryisipHasi (T.e. «Ha-
crosawasn») pyHKUMs, IPOU3BOLHAS KOTOPOH CyLeCTBYeT K HEIPEPbIBHA
(ny11 Ky CO4HO-HENPEPHIBHA), TO IPOU3BOIHAA OT HEE KaK 0T 0000ImeHHO}
(PYHKUMH COBIIAJAET C € NPOU3BOAHON B OOBIYHOM CMBICJIE.

2. ITycrs
1 npum z >0,

@) = { (%)

Ira dyukums, nassiBaemas gynryueti Xeeucalida, onpenessier JuHei-
Hblil dyHRUMOHAT

0 ompm z<0.

(,0) = [ vla)da.
0

B coorBercTBun ¢ onpesencHueM IpOu3BOAHON 000bmeHHOR dyHKLIMN
uMeeM

(0) = =) = — [ @'(@)dz = p(0)

(mockosibky ¢ obpamaerca B 0 Ha Geckonednocru). Takum 00pasoM,
npousBonuasn dyHxuuu Xesucaiina (5) ecrs d-pynrums.

3. U3 upumepos 1 u 2 sacHo, 9To ecoiu f — DyHKUMs, UMEOMIAA
B TOYKaX Ti, Z3,... CKa4KM, paBHble Ny, ha,..., n auddepenuupye-
Mast (B OOBIYHOM CMBICJIC) B OCTAJILHBIX TOUKAX, TO IPOU3BOIHAA OT Hee
(kax o1 0006meHHON (yHKIMU) IpencTaBaser cobol cymmy OOBIYHOM
npousBomuoit f' (B Tex ToYKax, LAe OHA CYNIECTBYET) i BBIDAKEHUS BU-

aa Z h16($ — .’L‘l)

1
4. TIpuMeHHB ONpeesIeHre TPOU3BOIHOM K -QYHKIMK, IOy UMM, YTO
9Ta TPOM3BOAHASA NPEACTaBJisAer CoBOH (YHKUUOHAJ, IPUHUMAKUIHA
Ha Kaxaolh ¢yuxkuun us K sHavenune —'(0). A 310 1 ecTb TOT cambIit
pYHKIMOHAJ, KOTOPBIi MBI YK€ HA3BAAM KIIPOU3BOIHOH OT -y HKIML».

5. Paccmorpum psan
oC
Z smnnz ) (6)
n=1
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Ero cymmoll caysuT GyHKINA, UMEOMAs Iepuof 27 1 OIpele/isieMast
Ha otpeske |—w, 7| dopMmynamu

EE_EE mpu 0 <z <,
flz) = —W—;i mpu —7w <z <0,
0 npu x = 0.
ObobuIeHHAsT TPOU3BOAHASA OT Hee paBHa
o
~I4r > Sz - 2kn), (7)
k——o0

910 —— HekoTopas 0b6obuennas HyHKUHA {pumenss ee K obolt dbu-
HuTHOH byHkuuyu @(z), Mbl BCerga OyaeM HOJYYaTb JIMIIb KOHEYHOE
YUCJIO OTVIMYHBIX OT HyJia ciaraemeix). C gpyroit croponsl, nuddepen-

x> .
unpys pag y, ZEL nouseHHo, MBI DOJTy4aeM PACXONAMMACH P

n=1
(o'}
Z cCoOsSnx.
n=1

Onmnako B cMbicje cxonumMocTH 0600meHEbIX DYHKUUE 3TOT pAX CXo-
mnrcs (a uMeHHo, x Bpipaxkenuo (7)). Taxum obpasom, nousrue 0bo6-
IEeHHON (DyHKIUU [IO3BOJISIeT IPUIIMCATH HEKOTOPBIA BIIOJIHE ONpeeseH-
HbI CMBICJI CyMMe Psiia, KOTOPBIH B OBGBIYHOM CMbIcJIe pacxogurcsi. To
Ke CaMOe OTHOCHUTCS M KO MHOI'MM pacxXonamuMcs uaTerpasam. C sTuMm
06CTOHT€.HBCTBOM OPUXOOUTCA HACTO BCTpEYATHCA B KBaHTOBOM TEeOpUN
ITOJIA ¥ Psige APYrux objiacteli reopernyeckoit busuku. BupoueMm, rakas
CUTyaUMsi BOHUKAET yKE NPU PEUICHUU SJIEMEHTAPHBIX 33/1a4 MaTeMa-
Tudeckolt puszuku ¢ nomousio Mmerona @ypre. Hanpumep, npu petireHun

2 a2
ypasHeHus: xoJsiebanuii cTpymp 24 = a2 0
ot? dr?

TPUYECKUE PSIbI, UMEIOUINE BTOPhIE IIPOU3BOAHBIE IO T U HO t TOJIBKO
B CMBICJIE TEOPUH OOOOMIEHHBIX (PYHKINI, ¥ 3HAYHUT, YIOBJIETBOPAIOIINE
3TOMY YPABHEHHIO TOXE TOJILKO B CMBIC/E 3TOU Teopuu.

BOBHHUKAKT TPUTOHOME-

5. HoctaTogHocTh 3anaca ocHOBHBIX GyHKImH. Mul onpenesiu-
Jan 00061eHHbIe (DYHKIIUK KaK JIHHeHHble ()YHKIHOHAJIBI HA HEKOTOPOM
npocTpancTse —- npocrpanctee K duHuTHbIX 6eckoreuno guddepen-
uupyemsix hyHKunk. MoxHO 65110 661 OCHOBHOE ITPOCTPAHCTBO BHIOPATE
U Kax-nubo uHade. PaccMoTpuM cooBpaxeHnst, KOTOPbIE ONPEIeTuau
Bb160p K B KavecTBe NPOCTPAHCTBaA OCHOBHBIX dyuxuuil. OHu npumeHnu-
MBI M B ApYyrux ciay4asx. Hasoxus ia sanementsl us K xecrkue Tpebo-
BaHUA GUHHTHOCTY U HecKoHeuHol auddepeHuupyeMocTy, Mbl Oy Y1-
JIM, BO-TIEPBBIX, G0bmol 3anac obobumennbx pyHKImit (CyKeHre 0OCHOB-
HOI'O NPOCTPAHCTBA IPUBOIUT, OYEBHIHO, K DACIIAPEHUIO COIIPSDKEHHOTO



226 Ta. IV, Jlunetinve yHKyUORGAB U ONEPATNOPYL

HPOCTPAHCTBA), & BO-BTOPLIX, 6G/bUIyI0 ¢BOGONY B nnpuMeHeHud K 0606-
IIEHHBIM (DYHKUMAM OCHOBHBIX onepauuit ananusa (npenesbHbIR nepe-
xox, nuddepernuposanue). Ho BMecTe ¢ TeM nmpocTpaHCTBO OCHOBHBIX
dyukuuit K sABIAETCS HE CJUIIKOM Y3KUM. B HEM [OCTATOYHO MHOTO
3JIEMEHTOB [JIs TOrO, 4T00bl C MX [IOMOUIBIO MOXKHO OBLJIO Pa3jiM4aTh
HelpepbiBHble dyHkuun. TouyHee rosops, nycms f1 u fo — dee pas-
AUYHBE Henpepbiehbie (A CIIEIOBATEILHO, | JIOKAJIBHO HHTEIPHPYEMbIE)
PYHKUUY Ha npﬂmou Tozda cyw,ecmeyem maxas gynxyun ¢ € K, wmo

h@e@ds # [ f@)e(@) ds. (®)
/

lIeﬁCTBnTeano, nonoxuM f(z) = f1( ) — fa(z). Ecom f(z) # 0, 10
CYLIeCTBYET TaKas TO4YKa Zg, 410 f(zg) # 0. Torma f(x) coxpausier 3Hak
B HEKOTOPOM HHTepBaJe (q, ﬁ) COJIEPKAIlEM TOYKY Zo. PaccMoTpum
dYHKIHIIO

1
e F-==-=) qgpu a<z<p,

p(z) =

0 TIPH OCTAJIbHBIX T;
oTa QyHKIMst paBHa HYJ/HO BHE (@, ) M TOJIOXKUTEbHA BHYTDPH 3TOrO
VHTEPBAJIa; KPOME TOTO, OHA VMEET NPOU3BOMHBIE BCEX NMOPAJKOB, TaK
yTo ¢ € K (mpoBepbTe CymECTBOBAHME IPOU3BOMHLIX B TOUKAX T = (v

u z = (Y. llpu 3Tom, ouesuano,
o0 3
[ f@)e()dz = [ f(z)p(z)dz #0.

Mps1 nmokaszasn, TakuM 006pas3oM, 4To npocrpadcTtso K apocraTodHo st
pasJInYeHus JIoObIX IBYX HEeNpephIBHLIX dyHKmuiil).

6. Boccranosnenne dbysxuuu no npomssomHoit. duddpepen-
nYaJbHbIE YpaBHeHHA B KJjacce obobmiennnix dpyakmuit. Tud-
depeHImaNbLHbIE YDABHEHUsT — OJIHA M3 OCHOBHBIX obsractelt, roe npu-
MeHseTCsl Teopusi 0606mennbix dbyuxuutt. Umenno sanauu, ceasannbie
C YPABHEHUsIMU, B 3HAYUTEJILHON Mepe ¥ CTHMYJINPOBAJIM Pa3BUTHE STOH
Teopun. B OCHOBHOM OHa NPUMEHSETCs K YPABHEHUSIM B YACTHBIX IIPO-
W3BOJHBIX, KOTOpPbIE MBI 37eCh He paccmarpusBaeMm. OIHAKO MBI KOC-
HEMCS 371eCb HEKOTOPHIX NPOCTEUINX BONPOCOB, OTHOCSIUXCS K pele-
U0 (0ObIKHOBeHHbIX) nuddepeHIvabEbIX YpaBHenuii ¢ 0600IEeHHbIMN
dbyuxiusamn. Haunem ¢ npocrefimiero ypasHeHus1 BUIa

y' = f(z)
(f(z) — obobuiennast, unu «obbluHaA», GYHKLUMUS), T. €. C 33038491 O BOC~
cTanoBsieHnH hyHKHIHH No ee nponssonxoit. Haaxem co cayyasa f(z) = 0.

1} 910 yrBepMIeHUe MOYKHO PACUPOCTPAHUTE i HA (DYHKIMM, CYIECTBEHHO Gosee
obiue, YeM HeNnpepbIBHBIE, HO OJIS 3TOr0 HYXHO MOJIB30BATHCS MOHATHEM HHTErpPH-
pyemoctu no Jlebery, o 4em peuys Oyper mATH B cuaenywouwei riase.
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Teopema 1. TosbKO KOHCTAHTHI CJIYKAT peUICHUsAMH (B KJlacce
060bmeHHbIX (DyHKIHH) YpaBHEHHA

y =0. (9)

HdokazarenncrBo. Ypasuerue (9) o3HavaeT, 4TO
W', 9) =(y,-¢) =0 (10)

1151 6ol ocnosroH byuxkumn ¢ € K. Pacemorpum copoxynuocts K1)
TEX OCHOBHBIX (JPyHKIuMI, Kakgas M3 KOTOPbIX MOXET ObIThH mpencra-
BJIEHA KAK ITPOU3BOIHAS KAKOH-TO ocHOBHOM dyukuun. OUeBUnHO, 4TO
KW ecrs numeitnoe nognpocrpancrso K. Iomoxum ¢ (z) = —¢'(z);
byukmma @; npoberaer K| korma ¢ npoberaer K. Pasencrso (10)
onpenensier ¢pyuxmuonan y va K1),

BameTuM Tenepsb, 4To ocHoBHAA dyHK UM @ npunagrexur K (1) s rom
U TOJILKO TOM CJIY4ae, eCJin

[ elzyds =0, (11)

—0Q

xD
r.e. KU ecrs anpo dynxumonara / p(x) dz. HelicTBUTENBHO, ecn
— 00

p(z) = ¢’(x), To oo

[ o) do = p@)|=, = 0. (12)
Ob6paTHo, BEIpazKEHNE
b = [ e (13)

ectb Geckoneuno auddpepennupyeman byuxuua. Ecim (11) Beinonseno,
10 ¥(z) — dunutHan byuxuusa. Ee npoussonnas pasua p(z). B coor-
BETCTBUM C pesyJjbraramu 1. 6 § 1 mi. I s1106y10 ocHOBHYIO BDYHKIMIO
@ € K MOXHO NpeacTaBUTh B BULE

1
=1 +cpo, @1 €KDY,
rae g — (UKCHpOBAaHHAS OCHOBHAA (DYHKUNA, HE MPUHALICKAIAL
KW y yioBi1erBopsomas yeJaoBHO

70 wol{z)dx = 1.

~—00

,H.HSI 3TOr0 JOCTATOYHO NOJIOKHUTH

c= [ p@)ds, o) = ¢(a) - opola).
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Taxum obpasom, ecan 3anathk 3Hadenne (HYHKUMOHAJA Y HA OCHOB-
Ho#t byHruMU @o(z), TO TeM caMbM OH ByIeT ONHO3HAYHO ONPEIE/IeH
na sBcem K. [Honoxus (y, po) = @, nosydum

1.9) = W9) +clp) =a [ p@)de= [ apl(e)ds,

1. e. 006061eHHAsT PYHKLUS § €CTh IIOCTOSIHHAsA (, YTO M TpeboBaJIoCh
JIOKa3aTh.

Orcona cienyer, 4To ecu g aByX obobmeHHbIX dyHKUui f u g
BBITIOJTHEHO paBeHcTBO f' = ¢', 10 f — g = const.

PaccMmorpum Teneps ypapHeHHe
y' = f(z), (14)
rae f(x) — npoussosibHasA 0600mentas GyHKINSL.

Teopema 2. Ypasuernne (14) npu xaxaom f € K* umeer pewennue,
npuHagaexamee K*.

ITO peleHVEe eCTECTBEHHO HasBaTh nepeoobpasnoli obobiuenHoi
dyukuun f.
Hoxkaszarenbcrso. Ypasuenue (14) o3nadaer, 4To
W', o) =y, —¢) = (f,9) (15)

st Jioboft ocHoBHOM dyukuuu ¢ € K. DTO paBEeHCTBO Olpenesisier
3HaueHne (GbyHKIMOHAA § HA BCEX OCHOBHBIX pyHKIMaX @) u3z K(1):

W, 1) = (f, —/z v1(8) df)-

Ucnosnpsyem Tenepp nosiy4eHHOe BHIIIE IPENCTABIICHIE

=1+ cpo

anemenToB us K. Ilonoxus (y,pg) = 0, MBI NOOIPENEINM TEM CaMbIM
dyuxumonan y Ha Bcem K: nMeHHO,

W) =, ¢1) = (f, - /z<p1(€) d€)~

I1OT PYyHKUMOHA, KAK JIETKO TPOBEPHTh, JIMHEEH u HenpepbiBeH. Kpo-
Me TOro, OH yaoBJieTBOpsieT ypasHenuio (14). IlelicTBuresibHo, 11 BCA-
koro p € K

0'0) =, ~¢) = (£, [ S ©d) = (f.0)
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Urax, naa kaxpaoil obobuwennolt dynkuun f(z) cymecrByer peineHne
ypaABHEHUS )
y = f(=),

T. 8. Kaxaast o6obienHast pyHKIHsT HMeeT 11epsoobpasiylo. B cuiry Teo-
pempl 1 aTa neppoobpasuasn onpenenserca Gyakuued f(z) 0aHO3HAYHO
C TOYHOCTBIO [0 MOCTOSIHHOIO CJIATAEMOTO.

[Tosty YeHHBIE PE3YJILTATHI JIETKO NIEPEHOCATCS. HA CUCTEMBI JIMHeRHDLIX
ypaBHenull. OrpaHuyuMcs 34eCh COOTBETCTBYIOWMME (BOPMYJIBRPOBKA-
MU, OIyCKas HOKa3aTeJbCTBA.

PaccMoTpuM oiHOPOAHY 0 cucTeMy n nuHetnbix JuddepernraibHbIX
ypaBHeHUH ¢ 1 HeUSBECTHBIMM (DYHKUUAMM

vi = auw@ye, i=1,...,m, ) (16)
k=1

e a;, — decko”euno guddepennupyemore dyukivu. Takas cucrema
UMeeT HEKOTOPOE KOJIMIECTBO «KJIACCHUEeCKUX» pelesnit (T. e. pemenuii,
NPEeACTABAAIOMIX Co00# «0bbrunbIes, npudeM OGeckoHeuno muddepeH-
uupyembie GyHKIMY). MOXHO MOKA3aTh, YTO HUKAKKX HOBBIX pEIIeHUH
B KJ1acce 06o6mennbix GyHKumit cucrema (16) He umeer.

J1J1s1 HEOmHOPOAHON CUCTEMBI BUJIA

vi =Y auyi + fi (17)

k=1

rae f; — 0BOOIIeHHDIE, & G;; — «OObMHEbIEY HeckoHedyHo muddepeHun-
pyemble hyHKIHH, pelieHre CylecTByeT B Kiacce 0600ieHHbIX (HyHK-
UHR ¥ ONpeNesisiercss ¢ TOYHOCTBIO 10 [IPOU3BOJIBHOTO PELICHUs OIHO-
ponsoi cucremsr (16).

Ecsu B cucreme (17) HE TOJNBKO @4, HO U f; — «0OGbIYHBIE» DYHKINH,
TO BCe PEIleHUs 3TOH CHCTEMBI, cylecTByompe B K *, TakKe OKa3bIBa-
10TCA OOBIYHBIME (OYHKLHAMH.

7. HexoTopsie 0606mieansa. Boime Mbr paccMarpuBaiu 06001IeH-
Hble (DYHKIUHU «OJHOIO JeACTBUTEILHONO TIEPEMEHHOIO», T. €. 0000meH-
Hpte byukmyuy Ha npsimoit. MoxHo, Ha ocHOBe Tex ke unell, BBecTH
06061eHHEbIe (DYHKIMY HA OTPAHUYCHHOM MHOXKECTBE, CKaykeM, Ha OT-
pesKe MJIM OKPYKHOCTH, 06obuieHnble (BbyHKIIMH HECKOJIBKUX IePeMeH-
HbIX, 0006uIeHHbIE (DYHKIMU KOMILIEKCHOTO apryMenTa u T. 1. Hakomen,
¥ U1 00001eHHBIX DYHKIME Ha OpsiMOM TO onpesenesue, KOTOpoe Obi-
JIO JaHO BBINE, — JAJIEKO He eNUHCTBEHHO BO3MOxHOe. PaccMoTpum
BKPATUE HEKOTOPHIE U3 YKA3AHHBIX TUIIOB 00OBLIEHHbBIX DyHKIMH.
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a) PynKyUuY HECKOALKUT NEepeMERNHT. PACCMOTPUM B Ni-MEPHOM LPO-
CTpaHCTBe COBOKYNHOCTh, K™ dbynxkuutt ¢(zy,...,Z,), AMEOWAX YACT-
HBIe IJPOU3BOMHBIE BCEX MOPSIKOB M0 BCEM APIYMEHTaM, M TAKHUX, 4TO
KKAas U3 3TUX PyHKUME pABHA HYJIIO BHE HEKOTOPOrO NapaJliesieHu-
nena

a; <z; <b;, 1=1,...,n.
Cosokynuocts K™ npencrasisier cobofl JiMHefHOE NPOCTPAHCTBO
(¢ OObIYHBIMYM OnEpaLMAME CJOXKEHUsT (YHKOMA ¥ YMHOXKEHUS HX
HA 4KCJA), B KOTOPOM MOXKHO BBECTM CXOZMMOCTb CJeilylolmum obpa-
30M: ) — p, €CiIM CYMECTBYeT Takol napasuienenunen a; < ; < b
({ = 1,...,n), BHe KOTOpOro Kaxjaasi u3 GyHKuuil @p paBHa HYJIO,
a B 9TOM NapajuIeSIenuiee UMeeT MECTO PABHOMEDPHASL CXOOMMOCTD:

n
O vk 0y
Jro . 9zan 901 .. 0xon (Zai :T)’
i=1

AJ1A KaXX0ro (i)I/IKCI/IpOBaHHOI‘O Ha60pa 11eJIbIX HEOTPHUATEBHBIX YUCeJI
a1,...,0q.

Obobugennoti gynxyuell n nepemennsbs HazbiBaeTca J0GOH Henpe-
pBIBHLIN JuHelnbll dyHkuuonan Ha K. Beskasa «obpryHas» QyHKUus
n nepemennsix f(z), uaTerpupyemasn B 060l orparuyenuon obmacrtu
N-MEPHOI0 IIPOCTPAHCTBA, €CTh B TO XK€ BpeMa u 0000ueHHast BbyHKIHS.
3uavenusi orBevatoulero eft byHxunonasa onpenensaorcs GopmyIoh

(f,w):ff(z)w(z)dz, z=(T1,...,Tn), dz =dz;...dTy.

Kax u B caydae n = 1 pasjiMyHble HenpepbiBHble DYHKLMU OIPEOessi-
10T pasnuyabie PYHKUMOHAB (T. €. NPeACcTaBssioT cobolt passuyuble
obobuienHble hyHKUMH).

Jna o6obmenubix GpYHKUME N1 NIEPEMEHHBIX IOHATHSA [IPENE/ILHOTO
nepexona, NPOU3BOLHOR U T. . BBOMSATCH C INOMOLIBK) TEX XK€ METOAOB,
4TO ¥ B CJIy4ae 0JHOro nepementoro. Hampumep, yactusle 1ponsBoauble
0606menHoit hyukuun BBonsaTCcA hbopmyoi

(__‘r)_:ﬂz_)_, W(x)) - (—l)r(f(z) __M)
... 9z’ POt .0z )T
OTciofa BUAHO, 4TO KaxKAaa 00001eHHan QYHKUNA N NePEeMEHHbIX NMe-
€T JaCTHbIE HPOH3BOAHbBIE BCEX [OPAIKOB.

6) Komnaexchue obobuwennme Pynxyuu. Bospmem Teneps B xave-
cTBe OCHOBHBIX dyuxkuuil Geckonedno nudepeHnupyeMble GUHUTHBIC
¢dbynxumun Ha npaAMOM, IPUHAMAIONIME KOMIUIEKCHbIE 3Ha4YeHus. Jluneit-

Hble GYHKUMOHANB Ha npocrpanctse K Ttakux dbyHKuu#d ecrecTBenHo
Ha3BaTb XKOMNAEKCHHMU obobuwennsmu dynxyusmu. Hanomuum, uro
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B KOMILJIGKCHOM JIMHEHHOM NPOCTPaHCTBE CyIIEeCTBYIOT JUHEHHbe U CO-
npsokeHHo-snHeltnbe byuknuonadisl. Ilepsoie y10oB/1€TBOPAIOT yCITOBUIO
(a — uncio) (f, ap) = a(f,¢p), a Broprie — ycnosuro (f, ap) = a(f,¢).

Ecnu f(z) — obbrynast KOMIUIEKCHO3HAauHAst QYHKIMA HA MPAMOI,
TO eli MOXHO CONMOCTABUTH JIUHEHHbIH PyHKIHOHAT HA K JBYMsI CITOCO-~
bamu:

(foh = | @) elo)da, (181)

(fa <P)2

Il

[ f@) e da. (182)

Drott xe dyHruun f(z) MOKHO CONOCTABUTD [BA COLPSKEHHO-JHUHER-
HBIX (DYHKIMOHAIIA, & HMEHHO!

(£ = [ f)pe) ds, (185)

2(fr0) = | Fo) () da. (18,)

Bri60op onHol 13 9THX YeThIpex BO3MOXKHOCTEH 03HAYAET ONPEIC/ICHHBIR
CIIOcof BJIOXKEHHS MPOCTPAHCTBA «OOBIYHBIXY (GyHKIUE B MPOCTPAHCTBO
060bmwennsix dhyukuui. Onepauusi HAJ KOMILJIEKCHBIMU 000OUIEHHLIMH
GhYHKUMAME ONPENEeNsIeTCs] aHAJIOTHYHO TOMY, KaK 3TO ObLJIO OIMCAHO
Bblne a1 peficTBuTEeNbHBIX QYHKIUH.

B) Obobwennve dynxyuu na oxpyrcnocmu. MHOrma mosesHo pac-
cMmaTpuBars 0b600meHHbIe QYHKIUUH, 330aHHbIE HA HEKOTOPOM OTPAaHU-
YeHHOM MHOXKecTBe. B KadecTBe mnpocreiiiiero npumepa pacCMOTPHM
GhYHKIMN Ha OKPYKHOCTH. 32 MPOCTPAHCTBO OCHOBHbIX (bYHKIMH npu-
MeM COBOKYNHOCTb Beex OeckoHeuHo audpbepeHnupyemsix QyHKImit
Ha OKPYKHOCTH, OIIPEIEJIUB JJ1sl HUX OMEPANLMU CJIOKEHUS U YMHOMKEHUS
Ha 4ucsa obbruabM 06pasom. IMocsenoBatrensuocts dyukuul {o,(z)}
B 3TOM NPOCTPAHCTBE Mbl HA30BEM CXOASuIEHCs, ecau HJsi Kaxaoro
k = 0,1,2,... nocnenosarensuocTs npoussomHbix {pf(z)} cxonurca
Ha Bcell OKpyKHOCTH paBHOMEPHO. II0CKOJIBKY 31€Ch BCE MHOXKECTBO ap-
TYMEHTOB (OKPYKHOCTb) OTPAHHYEHO, YCJI0BHE (PMHUTHOCTY OCHOBHBIX
dyukupni aproMaTuyecku ornanaet. Jluuehnsie GyHKIHOHAIB HA 3TOM
MIPOCTPAHCTBE MBI HA30BEM 0000UeHH MU GYHKYUAMU HA OKPYHCHOCTIU.

Besikyio 06b1uHyIo PYHKUIHRIO HA OKPYXXHOCTH MOXKHO PACCMATPUBATH
KaK MepuoguvecKyo YHKUMIO, 33JaHHYI0 Ha Bceft npamoit. Ilepeno-
cs1 310 coobpaxeHne Ha 000DIIeHHBle (PYHKIIMY, MOXKHO CBA3ATH 0600~
ueHHble MYHKOMH HA OKPYXKHOCTH C NEePUOANIECKUMH OGOGIIEeHHBIMU
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dyukuuamu. IIpn stoM nepuoduyecxoli obobujernoti dynxyuet (c ne-
PHOIOM @) €CTECTBEHHO HA3BIBATH (PYHKIMOHA f, yIOBIETBOPAOUIMH

YCJIOBHIO
(f(x), p(z — a)) = (f(2), p(z))

J171a BCAKOM ocHOBHOM dbyHkumu . IIpuMepom nepuosryeckoit 06061uen-
HOM (bYHKIMI MOXET CIIyXKUTh (HyHKIMSA

o o0
Zcosnx:—%—wr Z &(z — 2kn),
n=1

k=—0o0
KOTOpas yXe YIOMUHAJIACH BbIIIE.

r) Apyeue ocrosnwe npocmpancmea. Mpl onpenenniyu Boime 0600-
meHHble GYHKOUYM Ha NpAMOH Kak JuHelHble (YHKIMOHAIBI HA TIPO-
crparcrBe K BHeckoneuno nuddepeHipyeMbix GUHATHBIX (hyHKIuH.
Onnaxo Taxkoi BEIGOp OCHOBHOTO MPOCTPAHCTBA — HE €QUHCTBEHHO BO3-
moxubiit. Hanpumep, BmecTo mpocrpancTBa GbusuTHBIX GyHKimi K
MOXKHO Gb1710 ObI B3ATh H0OJIee INUPOKOE NPOCTPAHCTBO BCeX DECKOHEYHO
mudgepeHumpyeMblx GYHKIME ¢(z) Ha npsiMoli, yOLIBAIOIMUX BMECTE
CO CBOMMU [POM3BOLNHBIMHU bbicTpee, 4eM Jiobas crenenb 1/|z|. Tounee
roBopsi, OyneMm CcYuTaTh, YTo ¢(T) NPUHALJIEKUT OCHOBHOMY NPOCTPAH-
CTBY, KOTOPOE MBI 0003HAYNM Soy, €CHN 1114 JTI00bIX (PUKCHPOBAHHBIX P,
g =0,1,2,... cymecrsyer Taxkas nocroannas Cp, (3aBucAmasn or p, ¢
u (), 9TO

|2Pp D (z)] < Cpy, —00 <z < 0. (19)
Cxomnmocts B Sy onpenensercs Takum o6pasoM: nocje0BaTe/IbHOCTD
{pn(z)} naspiBaercs cxomsweiics k (), ecym nns kaxkpgoro g=0,1,. ..
MIOC/IEI0BATE/ILHOCTD {cpw (z)} cxomurcsa paBHOMEPHO Ha J1i06OM KOHEU-
HOM MHTEDBAJIE M €CJId B HEPABEHCTBAX

2Pl (2)] < Cpq

nocrosnuble Cp, MOXKHO BHIODATH HE 3aBHCAIIAMU OT 7.
IIpu a1oM nosryyaercs 3anac 0606neHEbiX GYHKIUE HECKOOABKO 60~
Jlee y3kuit, 4eMm B ciaydae npocrpancrsa K. Hampumep, byHKImsA

f(z) = e

€CTh HenpepbiBHBIA JiMHeHHbI dyrkunonan va K, HO He HA Ss. Bbi-
60p Sow B KadecTBe OCHOBHOIO IIPOCTPAHCTBA yHOGEH, HANpHUMep, NpH
paccMoTpedun npeobpasosauns Pypbe 0600meHHbIX HYyHKIUH.

Boobuie, kax riokaszasio passutue Teopuu 06obuenHbix GhyHrunii, HeT
HEeOOXOAMMOCTH CBA3BIBATH ce0s Pa3 M HABCErHa KAKHUM-TO ONPELesIeH-
HbIM BbIOOPOM OCHOBHOTO NIPOCTPAHCTBA, A HEeSiecO0DPa3HO BAPBUPOBATH
€ro B 3aBMCHMOCTH OT PACCMATPUBAEMOro Kpyra 33/4a4. IIpu atom, onua-
KO, CYIIECTBEHHOE TpeDOBaHNE COCTOUT B TOM, YTODBI, C OJHOU CTOPOHDI,
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OCHOBHBIX (PyHKUME GbLIO «/IOCTATOYHO MHOTO» (ITOOBI ¢ UX NOMOIUBIO
MOXKHO ObLTO pa3smdarh «0bObiuHbE» (DYHKIMU, & TOYHEE, peryJisipHble
dYHKIMOHANBL), & ¢ ApYroil, — 4100bI 5TU OCHOBHBIC DYHKIMHI 00Nana-
JIM JIOCTATOYHOHN IJIAHKOCTHIO.

Yupaxuenue. IIposepbre, 4ro B npocrpaHcTBe So MOXHO BBECTH
CTPYKTYPY CYETHO-HOPMUPOBAHHOIO IPOCTPAHCTBA, IOJI0KUB, HANPHMEp,

lelle = S sup 11+ e ) ()],

p+q=n —oc<z< o0
0isp
0<i<q

K 4TO TOC/IeA0BATC/IbHOCTD, CXOQAILAACA B Soc B OIpeaeJICHHOM BbIIIE CMbI~
CJIe, CXOAHNTCA M B TONOJIOTHH, onpe,ueﬂﬁemoﬁ 3THMH HOPDMaMu.

§ 5. JIuneliunle ontepaTopbi

1. Oupeneneane u NpuMepsbl JHHelHBIX omepartopos. llycts
E v E) — papa nuHeliHbIX TONOJIOTMYECKNX TPOCTPaHCTBa. JIuHetdnbim
onepamopom, nehcreyiommM u3 F B Fy, HazpiBaeTcst oToOpakeHue

y:A$7 er? yEEl:
YAOBJIETBOPAIOMIEE YCIAOBHIO
Alazy + 8z9) = Az, + BAz,.

CosokynHocts D4 Bcex Tex ¢ € £, 1Jisi KOTOpBIX oTobOpazxkenne A onpe-
JIeJICHO, Ha3LIBACTICs obaacmyvio onpedesenus oneparopa A; Boobiue ro-
BOpsi, He npennosaraercs, yro Dy = E, ogHako Mbl Bcerga Oynem cyu-
Tath, 4To D4 ecTh JmHelHoe muoroobpasmne, T.e. ecqn &, y € Dy, 1O
az + Py € D npn Beex a, §.

Onepatop A HA3BIBACTCA HENPePLIEHBIM 8 Todke Tg € D 4, ecod st
moboit oxkpecTHocT! V' TOUKY Yo = AZp CYIIECTBYET TaKas OKPECTHOCTD
U Touxu zp, aro Az € V, kax tospko z € U N D 4. Oneparop A Hazbl-
BAETCs HENPEPBIGHHIM, €CJIU OH HENPEPbIBEH B KaxKIO# Touke T € Dy.

Korna £ n E; — HOpMUPOBaHHBLIE NPOCTPAHCTBA, 3TO ONpPEleIeHne
PaBHOCUJILHO cjlenyiouemy: omeparop A Ha3blBaeTCAa HenpepbIBHBIM,
ecau Ut noboro £ > 0 cymectsyer Takoe § > 0, 4TO M3 HEPABEHCTBA

' —z"|| <48, z',3"€Da

cenyer
HAz' — Az"|| <e.
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MuoxecTBO Tex £ € E, fJist Koropblx Az = 0, Ha3bIBACTCS S0POM JiM-
HeltHoro oneparopa A u obosznauaercs Ker A. Muoxectso tex y € Ey,
OISl KOTOpbIX ¥y = Az npu HekotropoMm T € D,4, HasbiBaerca o6pa3om
JiuHelHOro oneparopa A u obosnauaercs Im A. Kax sinpo, tak u obpas
JIMHEWHOro OIIepaTopa, sSIBJISIOTCS JuHelHbiMu MHOrooOpasusMu. Eciu
oneparop HemnpepsiseH u Dy = E, 1o Ker A siBnsierca noanpocrpaH-
CTBOM, T.e. 3aMKHYT. 410 xe xacaercs obpa3a HenpepLIBHOrO JinHeli-
HOI'O ONEPAaTOpa, TO OH He 00A3aTeNbHO ByneT noanpocTpaicrsoM B Fy,
naxe ecau Dy = E.

ITousarwe nunettHoro GyHKIUOHANA, BBEOEHHOE B HAYaJse 3TOH Iya-
BBI, €CTh YaCTHBIH Ciy4ait siunedHoro oneparopa. VMeHHO, nunedHbIl
GbyHKUMOHAT — 3TO JMHEHHBI! onepaTop, nepeBoAmMit JaHHOEe mpo-
cTpaHcTBo F B yuciosyio npsamyio R. Onpenenenus: nuuelinocts u He-
IPEPBIBHOCTH omneparopa mnepexogat npu E; = R B cooTsercrsyiomue
OIpenesieHus:, BBEIEHHbIE paHee N7 (YHKIHMOHAIIOB.

To4HO Tax e u psan AaJbHeRUX NOHATHH W (aKTOB, H3JATAEMBIX
HIDKe ISl JIMHEeHHBIX ONepaTopoB, npeacTaBisieT coboft 10BOJIBHO aB-
ToMaTnyeckoe obobIeHne pe3ysIbTATOB, yXKe H3J0XKeHHbIX B § 1 3Toli
IJIABBI IPHMEHHUTEIIbHO K JUHEeRHBIM (DYHKIHOHAIAM.

IIpumeps nuHeltHblx onmepaTtopos. 1. Ilycts E — smneit-
HOe TOHNOJIOruYecKoe upocTpancTso. Iloaoxum

Iz=x2 nnsascex z€ F.

Taxoit oneparop, nepeBofAumit Kaxk b} 3JIEMEHT POCTPAHCTBA B Ce-
651, HA3BIBAETCH EJUHUMHBIM OTIEPATNOPOM.

2. Ilycts E u E; — npou3BoJibHbIE JIMHeHHbIE TONIOJIOrHYECKUe Npo-
CTPaHCTBA M IyCTh

Orz=0 pgnasecex z€F

(3mecs O — nynesoit anement npoctpancrsa E)). Torna O naswisaercs
HYAEBBIM ONEPATNOPOM.
3. Obwutl eud aunelinozo onepamopa, NePecodaw,ezo KOHEMHOMED-

HOE MPOCMPAHCNEO 8 Konewnomeproe. Ilycts A — suueiinniit onepa-
10D, oTobpakaroumit n-MepHoe npocrpaHcTso R™ ¢ 6asucoMm ey, ... , e,
B m-MepHoe npocrpanctso R™ ¢ 6asucoMm fi, ..., fm. Eciu £ — opo-

u3BOJBHLIN BekTOop u3 R", TO

n
T = E Zi€4,
i=1

¥ B Ccuty JiuHeflHOCTH oneparopa A

Az = z": z;Ae;.
i=1
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Taxum obpaszom, oneparop A 3anaH, eCji U3BECTHO, BO 4TO OH IEpe-
BOAUT GA3NCHBIE BEKTOPHI €4, .. .,€en. PACCMOTPUM DA3JIOKEHUs] BEKTO-
poB Ae; 1o 6asucy fi,..., fim. Uveem

m
AC,’Z E akifk.
k=1

Orciona sicuo, 4ro oneparop A onpepenserca marpuuet xoadgduumen-
TOB ||ak;}|. O6pas npocrpanctsa R* B R™ npeacrasnsier cobolt muHeRnoe
HOZNPOCTPAHCTBO, PA3MEPHOCTH KOTOPOI'O PABHA, OYEBHJIHO, PAHTY MAaT-
puusl ||ag||, T-e. Bo BcsikoM cayvae ne npesocxomuT ni. OTMETHM, YTO
BCAKMHA JiMHEHHBIN oneparop, 3aJaHHbIL B KOHEYHOMEPHOM IIDOCTDAaH-
CTBE, aBTOMATHYECKU HEIPEePLIBEH.

4. PaccmorpumM runbbepToBo npocTpaHcTBO H u B HEM HEKOTOpoe
nonnpocrpancTso Hy. Pasnoxus H B npsMyo CyMMy NOQNPOCTPAHCTBA
H; 1 ero oproroHasIbHOrO AONOJIHEHUS, T.€. PEACTABUB Kaxblit 3se-
Ment h € H B Bune

h=h;+hs, hy €Hy, hslH,

nonoxuM Ph = hy. 9101 oneparop P eCTECTBEHHO HA3BATH ONEPAMOPOM
OPMOZOHAABHOZ0 NPOEKMUPOSaHuUA, WU opmonpoekmopom H wa Hi.
JIunelHOCTL ¥ HENPEPBIBHOCTL MPOBEpsIOTCA 6e3 Tpyaa.

5. Paccmorpum B npocTpaHCTBe HenpepblBHBIX (hYHKIME Ha OTpeskKe
[a, b] oneparop, onpeanesisiemMbrit hopMyoi

b
7:/1(3) = /K(S,t)(p(t)dt, (1)

rae K (s,t) — Hexoropas (bUKCHPOBAHHASA HENpPepblBHAA QYHKUMS IBYX
niepeMensbix. Pynkuus Y(s) HenpepsBHA IJisi Ji0b0H HENpepbIBHOM
dyuruua (t), Tak 9410 oneparop {1) HeHCTBUTEILHO NEPEBONUT IIPO-
CTPaHCTBO HernpepbiBHbIX GyHkuMit B cebsa. Ero nunettnocts oueBmaHa.
s Toro 4robbl rOBOPUTH O €r0 HENPEPBLIBHOCTH, HEOOXOOUMO npen-
BAPHUTEJILHO YKa3aTh, KaKas TONOJIOTHS PACCMATPUBAETCH B HAIIEM
[POCTPAHCTBE HeNnpepuIBHBIX (hyHKkuui. Yurartenio npennaraercst no-
Ka3aTb HENpPEepPbIBHOCTHL ONEPATOPa B CJIY4YasiX, KOr4a: a) pacCMaTpuBa-
ercs npocrpanctso Cla,d], T.e. IpOCTPaHCTBO HEeNpePLIBHBIX (pyHKIUHA
c wopmokt |j¢ll = max |p(t)|; 6) korna paccmarpusaercs Cala,b], T.e.

el = ([ @),

a
6. B ToM e npocTpaHCTBE HENPEPBIBHLIX QYHKUMY PACCMOTPHM Olle-

paTop
Y{t) = po(t)p(t),
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roe po(t) — dukcuposannas nenpepbisHas dyukuud. Jlunetinocrs sTo-
ro oneparopa o4esuHa. (JlokaxuTe €ro HeNnpepsLIBHOCTD IPH HOPMHPOB-
KaX, yKa3aHHbBIX B IPEABLIYIIEM NIPUMEpE. )

7. Onun w3 BaxkHeNMX NJ1A aHAN3A IPHMEPOB JIMHEHHBIX OneparTo-
poB — 310 oneparop auddepeHuupoBatus. KEro MOXXHO paccMarpusaTh
B Pa3JIM4HbIX NPOCTPAHCTBAX.

a) Paccmorpum npocTpaHeTBo HenpepoiBHbIX Gynkuuit Cla, b] u one-

arTo

P Df() = £1),

IefcTBy Uit B HeM. D10t onepatop (KOTOPBIR Mbl cunTaeM nelicTByo-
unm u3 Cla, b] onstrb-taxu B Cla, b]) onpenesieH, 04eBUIHO, HE Ha BCEM
NPOCTPAHCTBE HENMPEPLIBHBIX (DYHKUMU, 4 JMIub HA JUHEHHOM MHOTO-
obpasun dbyHKUMN, UMEIOUIMX HEIPEPHIBHYIO Ipou3BonHyw. Oneparop D
JIMHEEH, HO He HelpepbiBeH. DTO BIIHO, HAIIPUMED, U3 TOrO, YTO MOCJIe-
JIOBATENILHOCTH .
on(t) = ﬂ%ﬂé

cxopurcs X 0 (B merpuke Cla, b)), a nocsienoBaresbHOCTD

Dy, (t) = cosnt

HE CXOOUTCA.

6) Oneparop muddepesuupoBaHus MOXHO PACCMATPUBATL KAK OIe-
paTop, mefictytonuit us npoctpancrea C! Hempeprisro auddeperuu-
pyeMmbix ¢pyHKUEM# Ha [a,b] ¢ HOpMO#

lloll = max [o(t)] + max ¢’ (£)]
B npocrpancTso Cla, b]. B aToMm ciy4ae oneparop D nuneeH u Henpepbl-
Ben u oTobpaxaer cé C! na Bcé Cla, b].

B) Paccmorpenue oneparopa audQepeHIpOBaHIA KaK OIepaTropa,
neitctyiomero uz C' B Cla, b], He BnosnHe yno6HO, TAK KaK XOT# NIPH
BTOM Mbl ¥ NOJIYYaeM HEIPepbIBHBLI ONEPATOD, ONPENEesICHHbIH Ha BCeM
[IPOCTPAHCTRE, HO He K Juoboit dyrkuun uz C! MOXKHO NPHMEHNTH 3TOT
OrmepaTop ABaxkIbl. YaobHee pacCMaTpuBarh orneparop aud depenunpo-
Bauua B eme 6oJee Y3KOM IpocTpaHCTBe, yeM Cl) a umenno, B npo-
crpancree C° GeckoneuyHo nuddepeHuupyemMoix GyHKUuil Ha OTpeske
{a,b], B xOTOpOM TOMOMNOrNA 3a0a€TCA CHETHOR CcUCTEMOl HOPM

_ k
llolln = sup [p®)(1)].

0<kgn

a<t<h
Oneparop puddepeHIpPOBaHUsT [TEPEBOIUT BCE 3TO IPOCTPAHCTBO B Ce-
051, ¥, KaK JIEKO IIPOBEPHUTDH, HEIIPEPLIBEH HA HEM.

r) Beckoneuno nudepenuupyemple GyHKIMU COCTABJASIOT BEChbMA.

y3kuil xknacc. BoaMoxHOCTS paccMarpuBarths orneparop guddepeHuyupo-
BAHMSA B CYUIECTBEHHO 00Jiee IMHUPOKOM IPOCTPAHCTBE U BMECTE
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C TeM KaKk HeNpepBIBHBIH oneparop gawr 000dmeHHbEe (hyHK-
uud. B npenbinymem naparpade Mbl y:Ke TOBOPHIIM O TOM, KAK Olpe-
nensiercst nudpepennupoBanve 0600meH ELIX (pyHkuumii. Y3 cxasaHHoro
TaM fCHO, 4To nuddrepeBuupoBane eCTh JUHeRHbIH oneparop B npo-
cTpatcTBe 0606meHHbIX DYHKIUH, IPUTOM HENpPEepLIBHBIK B TOM CMBI-
¢Jie, YTO M3 CXONUMOCTU MOCJIENOBATETLHOCTH 0600mEeHHbIX (HyHKUnH
{fn(®)} ¥ f(t) cieayer cXOAMMOCTE NOCEIOBATE/ILHOCTH UX IPOH3BO/I-
HBIX K NPOM3BORHON 0600wenHol dyuxiuu f(t).

2. HenpepreiBHOCTs M orpanudeHHOCTH. Jluneitnbiil oneparop,
meitcreyromuft u3 £ 8 Ey, HA3BIBACTCA 02PAHUMEHHDIM, €CJTH OH OIpe-
IeJleH Ha BceM F M Kayk/[oe OrpaHuYeHHOe MHOXKCCTBO MEPEBOJUT CHO-
Ba B OorpaHudenHoe. Mexy OrpaHuYeHHOCThI) H HEIPEPBIBHOCTBIO JIH-
HelfHOro Oneparopa CyIecTBYeT TeCHAasi CBsI3b, & HIMEHHO, CIIPABEIJIMBbI
CJEIYIONIHE YTBEDK JCHU.

I. Beaxul nenpepuionidl aunelinndi onepamop ozpaHuren.

HelicrBurespho, nycts M C E — orpaHMYeHHOE MHOXKECTBO, & MHO-
xecteo AM C Ei ue orpanuyeno. Torga B E| Hallgercsa takas OKpecT-
HOCTH HyJist V, 4TO HU OOHO U3 MHOXKCCTB %AM He copepxurca B V. Ho
TOTJA CYUECTBYET Takas I[IOCJAEeN0BATEILHOCTh T, € M, 4TO HH OOVH
73 3JIEMEHTOB }—lA:}:n He NPHHANIEXKHT V, U MBI modyyaem !}, wro

%:cn — 0 B E, HO NOCJIEIOBATEIIBHOCTE {%Amn} He cxonutcsa x 0 B Fy;

3TO MPOTUBOPEYHUT HENpEphIBHOCTH oneparopa A.

II. Ecau A — oepanuvennndl aunetinud onepamop, deticmeyrougud
u3 E 8 By, u 6 npocmpancmee E sunoanena nepsast axcuoma cemmo-
cmu, mo onepemop A nenpepuieen.

Heticreurensro, eciin A He HenpepulBeH, TO HARETCH Takas OKpecT-
HocTe Hysis V' B E; m takas onpenenasiomas cucrema {U,} oxpectHO-
creft Hysa B E, arto Upyy C Up ¥ 1A KAXKIOTO 72 CyLIECTBYET TAaKOe
T, € ;IL-U,L, yro Az, ¢ nV. Hocaenosarenpuocts z, B F orpanndena
(n paxe crpemurca x 0), a NOCAEHOBATEILHOCTE AT, HE OrpaHMYEHa,
B F; (IIOCKOJBKY OHA HE CONEPKUTCH HU B OLHOM M3 MHOKecTB nV).
Wrax, ecsiu onepatop A He HemnpepbiBeH, a B E umeer Mecro repsas
aKCHOMa CYETHOCTH, TO A U He OrpaHuYeH.

Hame yreepxnenne qokazaHo.

Wrtax, das onepamopa, 3adennoz0 wa npocmpancmee ¢ nepeoti ax-
cuomott cuemmocmy (K KOTOPBIM, B HACTHOCTH, OTHOCATCSI BCE HODMU-
POBAHHBIE U CYETHO-HOPMHPOBAHHBIE TIPOCTPAHCTBA), 02DAHUNEHHOCTb
DAGHOCUADHE HETLPEPBIEHOCTIVY.

1)YCwm. ynpaxnenwe 1 s n. 1 § 5 ron. 111
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Bce oneparopsl, npusenenHsie B npumepax 1-6 B npensiaymeM TyHK-
Te, HENPEPbLIBHLL. B CUJ1y TOJBKO YTO JOKa3aHHOrO yTBepxaeHus I Bce
[IePEYHCIIEHHBIE TaM ONePATOPbl OIPAHYYEeHBbL.

Ecnu E u E; — HOPMHPOBAHHBIE IPOCTPAHCTBA, TO YCJIOBHE OrPaHu-
YEHHOCTH oneparopa A, neftcreyomero us E B Ey, moxso chopmynmupo-
BATh TaK: OMEpaTop A Ha3BIBAETCS 02PAHUMEHHBIM, €CJIN OH NePEBONUT
BCAKHI I1ap B OTPaHMYEHHOE MHOXECTBO. B cusy JmHe#tHOCTH A 3TO
yCJI0BHE MOXHO CHOPMYIUPOBATHL Tak: omeparop A orpanudeH, eciu
cymecTByeT Taxkas noctossnas C, 4ro niis Besikoro f € E

147N < CllSIl-

Haumenbinee u3 uucest C, yIOBAETBODPSIIOWINX 3TOMY HEPABEHCTBY, Ha-
3bIBaeTCA Hopmolt oneparopa A u obosnauaerca || Al

Teopema 1. s moboro orpaHH4eHHOro oneparopa A, nefcTBy-
OIIero U3 HOPMHPOBAHHOIO NPOCTPAHCTBA B HOPMHPOBAHHOE,

Al = sup 1] = sup 2l @

lzll<t

HokazaTennscTso. Beenem obosnadenue o = sup ||Az||. B cuny
llzll<t

AuHeKHOCTH A COpaBeliuBO PABEHCTBO

Az
a = sup ||Az|l = sup ”“ “”
(AR

IToaromy puist moboro aseMeHTa T

lAz||/llzll € o,
T.€
< afizll,
OTKYy[a CJIEAYET, U4TO
Al =infC € a

Ianee, nns moGoro € > 0 cymecTsyer Takoh asemenT . # 0, 4ro
a—e < |[Az|l/|l=.||

WUJim

(a —ellz: |l < [l Aze|| < Cliz|i.

TosTomy

—e <infC = ||4]),

M, B CUJIy IIPOM3BOJILHOCTH €, ¢ K [|4}]. CnenoBatensHo, [|4|| = a.
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3. CymMa ¥ npou3BeIeHMe OlepATOPOB.

Onpepnenienue 1. IIycrs A u B — npa svueiinbix onepatopa, jei-
CTBYIOIIMX U3 JimHeifHoro npocrpancrsa E B npocrpanctso £ . Haszosem
ux cymmoti A + B oneparop C, crapsiuuit B COOTBETCTBUE 3NEMEHTY
z € E anement

y= Az + Bz € E;.
On onpemenen Ha BCEeX 3JIEMEHTAX, NPUHAMIIEKAMMX HEPECEICHUIO
D 4 N Dg obsacrelt onpenesnenus onepatopos A u B.

Jlerko npoBeputh, uto C = A + B -— suneituniit oneparop, Henpe-
pbiBHBIY, ecsin A u B HenpepbIBHBL.

Ecnu E u By — HOpMUDOBaHHEBIE POCTPAHCTBA, & oneparopst A u B
OrpaHmyeHbl, T0 A + B Toxe orpaHudeH, npudem

1A+ Bl < {IAll + 1 BI}. (3)
HeiltcrBuTenbHO, OIS BCAKOLO T
I(A + B)z|| = |Az + Bzl < [|Az|[ + (|Bz|| < (1Al + [[BIDl=ll,
OoTKYIa u cuenyer (3).

Onpenenenune 2. [lycts A u B — JjiuHeliHbIE ONEPATOPHI, IPUYEM
A peifictyer u3 npocrpancrsa E B Ey, a B neticrsyer us E) B Es. Ilpo-
uzeedenuem B A oneparopos A u B naspiBaercs oneparop C, crapsiuii
B cooTBeTcTBUE sementy z € E anement z = B{Ax) us E;. O6nacrs
oupenenenns Do oneparopa C = BA cocrour usz tex £ € Dy, nns
kotopeix Az € Dpg. fcHo, yro oneparop BA nuxeen. OH HenpepbIBeH,
ecniu A u B HenpepbiBHEL

Ynpaxuenue. Jokasars, uro Dc — sunetinoe MmEOroobpasue, econ D g
¥ Dp nuneitusie maoroo6pasusa.

Ecnmu A u B — orpaHu4eHHBIE ONEPATOPH], NeHCTBYIOIME B HOPMU-
POBaHHBIX MPOCTPAHCTBAX, TO U oneparop BA orpaHuveH, npudeMm

IBA]| < |IBI[ - 1Al (4)
HelicTBuTebHO,
1B(Az)lf < {|BIf - [ A=(| < 1Bl - [|All - [l=[l, (5)

oTKyna caenyer (4).

CyMMa n npoussencHue Tpex u 60Jee Oneparopos ONpPeAesIsiOTCs Ho-
ciaenoBarenpHo. O0e 3TU ONepanyni ACCOMUaATHBHEL.

[Tpouspenenue kA oneparopa A Ha 4NCH0 k ONpeNeIseTcs Kak orne-
PaTop, KOTOPLIL 3/IEMEHTY T CTABUT B COCTBETCTBUE 3JIEMEHT KAT.
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Cosokynuocts L(E, E) Bcex HENnpepbIBHBIX JIMHEHHBIX ONEPATOPOB,
onpenenenHsix Ha Bcem E w orobpaxaiomux E B Fy (tne E u B, —
bHKCUpPOBaHHDBIE JIMHEHHBIE TONOJIOTHYCCKHUE IPOCTPAHCTBA), 06pasyer,
[10 OTHOIIEHMIO K BBE/ICHHBIM BBILIE ONIEPAINAM CITOXKEHNS 1 YMHOXKEHUA
Ha 4ucJa, JimHelinoe npocrparcTso. Ecnun E u By —— HOpMHDOBaHHbIE
npoctpaucTBa, 10 L(E, E}) — HOpMUPOBAHHOE HPOCTPAHCTBO (C TeM
ONIpesiesIeHHEM HOPMBI ONIEPATOPa, KOTOPOe ObLJIO IAHO BHIIE).

Yunpaxuenue. [Iycrs E — sopmupoBanHoe, a E; — nosinoe HOpME-

posanHoe npoctpancrea. Torga: a) mopmuposasnoe npocrpauctso L(E, E;)
o0

nonuo; 6) ecniu Ay € L(E,Fi) n Y |Ak]l < oo, To pan Y, A cxomures x
k=1

k=1
HexoTopomy oneparopy A € L(E,E1) n

Al = |32 4] < 32 14al (©)
k=1 k=1
4. O6parHbiii oneparop, obparumMocts. [Iycte A — oneparop,

neitcreyromuit us E B Ey, u D4 — obsaacts onpenesnedus, a Im A —
06pa3 3TOro OnepaTopa.

Onpenenenune 3. Oneparop A Ha3BIBAETCA 00PAMUMbBIM, €CJIH
onst soboro y € Im A ypaBuenne

Az =y
MMeeT eJIUHCTBEHHOE DeleHue.

Ecnu A obparum, 1o xaxmomy y € Im A MoxHO mocrasuib B CO-
OTBETCTBUE €IUHCTBEHHbIH ajieMeHT T € Dy, ABIAOWMUNICS pelIeHneM
ypaBHenusi Az = y. Oueparop, OCYIECTBAAIONINKE 9TO COOTBETCTBHE,
Ha3biBaeTca obpamusim K A u obosvavaerca AL,

Teopema 2. Omeparop A~!, obparuslii nunelinomy oneparopy A,
TaKXKe JIMTHEeH.

IokaszaTenbLCTBO. 3aMeTuM Mpexae Bcero, 4ro o6pas Im A one-
paropa A, T.e. D 4-1, ecTh fuHeltHOE MHOTOO6Gpasue. [Iycth y1, y2€Im A.
JLOCTATOYHO NIPOBEPUTH BLITOJTHEHUE PABEHCTBA

A7 oy + azy2) = s A7 yn + 4 AT . )
Iycrs Az = y3 u Azs = y2. B cuny smneiinoctu A umeem
Alarz + asx2) = ay1 + aoyo. (8)
Tlo onpenenenuio o6parHoOro oneparopa,

ATlyy =z, A7ly, =29,
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OTKYOa, YMHOXKas 9TU PABEHCTBA HAa (x; M (¥ COOTBETCTBEHHO M CKJIa-
AblBasd, IMMOJIYHYHUM

alA_lyl + agA_lyg = @1X] + @aZ7.

C apyroit croponel, u3 (8) u U3 onpenesneHns 0OPATHOIO ONEPaTOpA
caenyer, 4To )
a1z + asxa = A7 (g + aays),
YTO BMECTE C MPEJbIIYIIUM PABEHCTBOM J1AET

A Hany + aoys) = ar ATy 4+ ap AT Ny,

Teopema 3 (reopema Banaxa o6 o6parHoM oneparope).
Hycrs A — smmHe#HbIH OrpAHHYEHHBIH ONpPeaATOp, B3AUMHO OIHO3HAY-
HO orobpaxaromuii 6anaxoso npocrpancteo E Ha 6anaxoso npocrpan-
crpo E,. Torga obparssiit oneparop A~" orpannyen.

oA noxaszaTenbCTBA HYKHA CJEYOAA JeMMa.

Jlemwma. IIycrs M — Bcrogy njI0THOE MHOXECTBO B OAHAXOBOM ITPO-
crpaucrBe E. Torpa moboii HeHyeBoit ajtemMenT y € E MOXKHO pasJio-

JKHUTH B DS
y=y1+---+yn+...,

rae yx € M [lyel] < 3llyll/2%.

HoxasarTenbcTBO. DJEMEHTHI Y OYIEM CTPOUTD [OCJIC/I0BATE b=
HO: y1 BbIGEpeM Tak, yTobbI

lly —yull < liwll/2. (9)

970 BO3MOXKHO, TAK KaK HepaseHcTBO (9) onpenessier cdepy paguyca
lyll/2 ¢ uentpom B TOUKE Y, BHYTPH KOTOPOH HOJIKEH HAHTHCH 3JIe-
meHT w3 M (M Bcony miorao B E). Beibepem y2 € M rak, 9T06bI
lly — y1 — va2ll < |lyil/4, y3 — 7ax, urobsr |ly —y1 — y2 — ys|| < |[yll/8
i BOOGILE ¥y BhIBEPEM TakK, 9TolHI ||y —y1 — -+ — yn|| < ||y]i/2". Takoti
BbIOOD BCErTa BO3MOXKEH, Tak Kak M sciony niotHo B F. B cuny Buibopa
JIEMEHTOB Yj

n
Hy—z‘yku — 0 npu n— oo,

00
T.€. Pl 9. yr cxomurca K y. OueHuM HOPMBI BJIEMEHTOB Yy
k=1

Wyl = llys =y +yll < Hlvys —yll + [yl < 3llyli/2,
M2l = lye + 01—y +y =yl <y — v — vall +lly — 3l < 3lyil/4
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Haxonern,
lynll =llun + yno1+- - +y1 —y+y—y1 — - — ynll <

ly—w— =yl +lly —y1 — - — yn-all < 3llyli/27
JlemMa pokasana.

Hokasarenscrso teopemn 3. B npocrpancree E; paccmo-
TPUM MHOXKECTBO M} — COBOKYIIHOCTBH T€X ¥, /LISl KOTOPBIX BBIICJIHSA-
ercs mepaseHcTBO ||A7ty|| < k|ly||. Beaxuit ssiement npocrpancrsa Ey

oo

nonajuaer B Hekoropoe My, T.e. By = |} M. Ilo teopeme Bapa (re-
k=1

opema 2 w3 0. 3 § 3 . II), xora 6ur onHO U3 MHOXKeCTB My, ckaxeM,
M, nnorso B HekoTopom mape B. Buytpu wapa B BoibepeM mapoBo#
ciaolt P ¢ uentpom B TOouke uz M,; ciott P — 3TO COBOKYIIHOCTL TO-
4eK z, JUIsi KOTOPBIX ClipaBenuBo HepaseHcTso 3 < ||z — yof| < @, toe
0<B<a,y € M,.

Ilepenecs cnoit P rak, 4ro6bl €ro HEeHTP MONAJ B HAY3JI0 KOODIUHAT,
HosTy4uM mapoBo# citot Py = {z:0 < 8 < ||zl| < a}.

ITokaxem, uro B Py niorHo Hekoropoe MuHOXkecTBO Mpy. Ilycrs
ze€PNM,;tormaz—y € Fyu

A7z~ yo)ll < A7 2l + [[ A7 yoll < nlllzll + llol)) <
< nllz = woll + 2golD) = nlz = yoll (1 + 2L ) <
< nllz — goll(1 + 2llwoll/B).  (10)
Bemuwauna n(1 + 2||yoll/B) ue sasucur or 2. Hosoxum!)
N =1+n[1+2|lyll/8]-

Torna B custy (10) z—yo € My, a us Toro, yro M, niorso B P, cienyer,
qyro My nmnortHo B Py.

PaccMorpiM npousBOJILHBIN HeHyJs1eBoOit asiemMent y u3 FE;. Bcernma
MOXKHO nono6parh A Tak, 4rodsl 6610 3 < ||Ay]| < @, T.e. Ay € Py. Tax
kaK My niioTHO B Py, MOXXHO NOCTPOUTD MOCJICAOBATENILHOCTD U, € My,
cxomsuyocs K Ay. Torma nocienoBaresisHOCTD %yk cxonurcs X y. Oue-

BHIHO, YTO €CJIU Yy, € My, TO M %\—yk € My upu obom aeficTBrTEIEHOM

A # 0; Takum oBpasoM, My niorso B E; / {0}, a notomy u B Ej.
PaccMoTpuM HeHyJeBoi ajieMeHT y € Ej; 1o Joxa3anHOH JieMMe ero
MOXKHO Pa3JIOXKUTH B PAJL [0 3jemMeHTaMm u3 My:

y=m+---+yg+...,
npuyen |Jyel] < 3[lyll/2*.

1} Ckobxu | ] 03HATAIOT HesIyI0 9aCTh TMCJIA.
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Paccmotpum B npocrpanctse E psin, cocTaBiieHHLIH M3 nmpoobpas3os
3JIGMEHTOB ¥y, T. €. 2JIeMenToB T = A7 ly;.

DTOT PsAA CXOAMUTCA K HEKOTOPOMY 3JIEMEHTY I, TaK KaK UMeeT MeCTO
HEPABEHCTBO

ekl = 1A yell < Nllyell < 3N1lyll/2%;

llzll < D llzell < 3Nyl D 55 = 3Njull-
k=1 k=1

=)
B cumy cxomumoctu psana Z L, ¥ HENPEPLIBHOCTH omeparopa A
n=1
MOXKHO ITPUMEHUTDH A nounesno x 9TOMY pPAAy. HOJIy‘{I/IM

1P 3TOM

Az = Axy + Azo+ - =y +y2 + - =y,
orkyna z = A~'y. Kpome Toro,
Ayl = ll=ll < 3Ny,

1 Tak Kak oueHka BepHa s snoboro y # 0, To onepatop A~! orpanu-
“eH.

IIpuBenemM HeKOTOpPbIE BaXKHbIE CJIEACTBHUs 3TOH Teopemsl. Ilpexne
BCEro JaliuM ee ectecTBentoe obobmenue Ha cay4yail, korma orobpaxe-
HHe A He B3aUMHO OZHO3HAYHO.

Canencrsue 1 (Teopema o6 oTkpbiToM 0TOOpakenun). Jlunetinoe
HenpepsiBHOE oTobpaxenne A 6araxosa npocrpanctsa E na (Bcé) 6a-
HaXO0BO OPOCTPAHCTBO F OTKDBITO.

710 BLITEKAET U3 JOKa3aHHo’ TeopeMbl 1 CJIGIXleHleﬁ JICMMBI.

Jlemma. IIycrp E — 6anaxoso npocrpanctBo n L — nexoropoe
ero samkHyroe nomanpoctpasHcTso. Orobpaxkenne B npocrpancrsa B
Ha pakTop-npocTpancTeo E /L, cTapsauee B COOTBETCTBHE KaXKJIOMY
z € F Knacc CMEXHOCTH, CONEpXKAIHIT T, OTKPBITO.

HeiicteurensHo, nycts Z = E/L, a G — OTKpbITOE MHOXECTBO B F 1
I' = BG. Hycrs zp € T'. Torna nalinercs asieMenT g, NpUHAAIEKAMIMEH
B~1z,NG. Mlycrs Teneps U (z¢) — £-OKpeCTHOCTh TOYKH Iy, UETUKOM
nexauwast B G, M 0yCTh 2 — NPOU3BOJIBHBIH 3JIEMEHT £-OKPECTHOCTH TOY-~
Ku zg € T, 1.e. ||z — z0]| < &. B coorBercrBuy ¢ onpenesieHreM HOPMbI
B GHaxk TOp-NPOCTPAHCTBE 3TO O3HAYAET CYIWECTBOBAHUE TAKOIO 3JIEMEHTA
€ BTz, ur0 ||z~ 20} < €, T.0. 7 € U(xp) C G. Hotorna z € BG =T,
T.€. E-0KPECTHOCTb TOUKH Zp coaepxutca B ['. CnenosarensHo, I' oTkpoi-
To. JleMMma gokasaHa.
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IIpencrasus orobpaxenne A upocrpancrea F na E)} xaxk cymeprio-
3unuo orobpaxenust B upocrpaucrsa E va E/Ker A = Z (orkpsiroro
B CHJIY JIEMMBI) W B3aUMHO OJHO3HAYHOro oTobpaxenusi C npocTpan-
crBa Z Ha E; (OTKPBITOro B CHJIy TEOpeMBI 3), OJIy4YaeM, 4To A OTKPHI-
TO.

Cunencrsue 2 (siemma o tpoiike ). Ilycrs E, E,, Ey — 6anaxossl
npocrpancrBa u A, B — HenpepsiBHbIe JiHHEHHBIe oiepaTops u3 E B Fy
u uz E B By coorBercrsenno, npudem B orobpaxaer E na Bce Ey (T. €.
Im B = E,). Ecstn npu arom

Ker A D Ker B, (11)

TO CyHeCTBYeT TAKOH HenpepbiBHbIH JjuneiHbl oneparop C', orobpa-
xapomnit By B By, wto A = CB.

CumBostriecku 310 yno6Ho n306pasuTh Takol cxeMoit:
B

Ker B y B y By

N I i€
A

Ker A y F > FE

JelfcTBUTENILHO, PACCMOTPUM IJIsi KAXKIOro sJieMeHTa z € Fa ero
nosnbifl npoobpas B~z € E. U3 ycenosus (11) crenyet, 9To Bee 3/1eMeH-
THI T, IpUHaAAexamue B~ z, nepesogsTcst oneparopoM A B OIHH M TOT
JKE JIEMEHT ¥f. DTOT 3JIEMEHT ¥ MBI ¥ NOCTABUM B COOTBETCTBUE 3JIEMEH-
1y z. Ilostyuennsnrit oneparop C orobpaxaer Es B E n, 0ueBHIHO, JIMHe-
en. On HenpepbiBeH (a CiEIOBATENbHO, B orpanuden). [leficteuresnsuo,
ecsn G — OTKpBITOE MHOXKeCTBO B F, TO ero noswbrt mpoobpas C~1G
npu orobpaxenuu C Moxer ObiTh 3amucan xaxk B(A7!G). Ho A™'G
OTKPBITO B CUJIy HEIPepBIBHOCTH oneparopa A, a Torma u B(A™1G) o1-
KPBITO B CHJIY CJIENCTBUA 1.

Ynpaxueunusn 1. Ilycrs E, F) — HOpMUPOBAHHLIE IPOCTPAHCTBA; JIU-
HeltHpll omeparop A, meilctByromuit u3 E B Fi, ¢ o6sracTpio OnpeesIeHns
Das C E, npencrapnstomeit coboif JimHe#inoe MmHOrootpasme, Ha3blBaeTCs
3AMEHYMbBM, €CJTH M3 YCJIOBHU Tn € Da, Tn — z, Az, — y wrenyer, 4To
z € Ds u Az = y. IIpoBepnTe, 4TO BCAKHY OrpAHMYEHHBIH OIEPATOP 3aMKHYT.

2. Paccmotpum npsimoe npoussegenue E x E; npocrpancrs F u Fi, T.e.
JuHellHOe HOPMMPOBAHHOE NPOCTPAHCTBO, COCTOSLICE H3 BCEBO3MOXHBIX Hap
[z,y), ¢ € E, y € E1, ¢ ropmoit |[[z,y]ll = llzll +lylls (-l = |l -l —
Hopmel B E, E1 coorsercteenno). Oneparopy A MOXHO CONOCTaBUTh MHOXKeE-
ctBo Ga = {[z,yl,z € Da,y = Az} C E x E;, Ha3pIBaeMoOe €ro zpa@uxom.
IIposepwte, yTo G a4 — sunelinoe muorocobpasue B E X E}, 3aMKHYTOE TOrIa
M TOJIBKO TOrJa, Xorga omeparop A zamxsyt. Jokaxkure, uro ecau E, B —
fanazoss. npocmpancmea, a onepamop A onpedenen na ecem E u samxnym,
mo on ozpanusen (Teopema Bamaxa o samkuyTOM rpadmuxe).
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Yxasarue. IIpumennre Teopemy 3 x oneparopy P: [z, Az] — z, melicTByio-
memy u3 G4 B E.

3. ITlycts E u E; — nosiuble CY4@THO-HOPMUPOBAHHBLIE IIPOCTPAHCTBa. Lo-
KaxKHTe, 9YTO ecju A — HenpepuBHBIH JiMHedHbIl oneparop, B3aMMHO OIHO-
sHauno orobpaxamwmwuit F na E1, To 0bparssii oneparop A”! menpepnisen.
CdopmynupyiTe 1 mokaxuTe TEOPEMYy O 3AMKHYTOM rpachuke UIsL CUeTHO-
HOPMHPOBAHHBIX IPOCTPAHCTE.

Paccmorpum muoxectso L(F, Ey) orpaHvveHHbIX JMHEHHBIX onepa-
TOpoB A, orobpazkaniux HanaxoBo NpocTpancTso F B HaHAXOBO npo-
cTpatcTBO Ep. 910 — GaHax0BO NPOCTPAHCTRO. Bhlie/1uM B HEM MHOKe-
ctBo GL(E, Ey) oneparopos, orobpaxawmux F Ha Bce F M UMeOWX
orpannvennslii obparustii. 910 MHO)KecTBO OoTKpbLITO B L(E, E7). UMen-
HO, COPABEAJIMBA CJIAYIONAA TeopeMa.

Teopema 4. Ilycrs Ag€GL(E, Ey) n nycrs AA — OPOH3BOJILHBIIH
oneparop 3 L(E, E,) raxo#, uto ||AA| < 1/||A; |- Toraa oneparop
(Ag +AA)~! cymecrsyer n orpanuyen, T.e. A = Ag+AA € GL(E, Ey).

HoxazaTtenbcTBo. OukcupyeM NMpousBOJILHBIM asieMenT y € I
1 paccMoTpuM otobpaxkenue B npocrpaHcrsa E B ceba, onpenesnsiemoe
dopmytoit
Bz = Aj'y — AgTAAxz.
U3 yeaosus ||AA|| < ||45 ||~ enenayer, uto otoSpaskenne B cxumMaio-
mee. Tak kak EF mosHo, TO CymECTBYeT €NMHCTBEIHAS HENONBHXKHAS
TOYKA & oTobpakenust B:

r =Bz = A51y~ Ag'AAx,

OTKYA
Az = Apx + AAz = y.

Ecim Az’ = y, To =’ - Toxe HEnOmBUMKHAA TOYKA oTOGpaxkenna B, Tak
yro ' = z. Taxnm obpasom, nnsa Beaxkoro y € Fp ypasHerue Az = y
uMeer B F eNUHCTBEHHOE pelleHue, T.e. oueparop A obsiamaer obpar-
ubiM A~!, onpenenennbiM Ha Bcem Fy. Tlo Teopeme 3 omepatop A~}

Orpa’uveH, 4To U TpebOBaJIOCh JOKA3aTh.

Teopema 5. IIycrs E — 6anaxoBo npocrpancrso, I — rtoxae-
crBeHHbIH oneparop B E| a A — rakolt orpaHMYeHHLIH JIHHEHHBIH oniepa-
Top, orobpaxatommii E B ceba, uro ||A}| < 1. Toraa oneparop (I — A)™1
CYIIECTBY€ET, OPPAHMYCH H HIPEACTABISIETCS B BHIIE

(I-A)1t :iAk. (12)
k=0
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IJokasarensctro. CymecTBoBaHNe ¥ OrPaHMYEHHOCThL ONEPATO-
pa (I — A)~! Boitexaer u3 Teopembl 4 (BIpOYEM, 3TO CJEAYET TAKXKe
U U3 [PUBOJIMMOIO HUXKE PACCYKICHHA).

(o0}

o0
Tak xax [|Al] < 1, 0 Y ||4*]| < 3 |lA[|¥ < oo. Hpocrpancrso E
k=0 k=0

oo
TIOJIHO, TO3TOMY U3 cxomumocTd psza Y. ||A¥|| sertekaer, uro cymma
k=0

oC

paga Y, A* npencraBnsier cobott OrpaHMyeHHbI JuHEelHbI onepaTop.
k=0

s soboro n umeem

n n
(I—A)Y AR =D AMI - A) =1 - A",
k=0 k=0
IIepexoiIs K MPEesTy K i — 00 M yquThiBasd, 9To ||A™H || < |47 —
— 0, mostyyaem

(I—A)iA’“ :iA’“(I—A):I,

k=0 k=0
OTKYyOa oo
(I-A)" =34k
k=0

HTO U Tp€6OBa,JIOCb JOKA3aTh.

Vnpaxuenune. Ilycrs A — orpauudenHsiii JiMHEeRHBIH omeparop, OTO-
Gpaxatonuit 6anaxoso npocrpanctso F Ha 6anaxoso npocrpancteo Ep. Ho-
KaXHTe, 4T0 CYIECTBYeT Takasa mocTosnHas a > 0, uro ecou B € L(E, E1)
u ||A — B|| < a, To B orobpaxaer E na sce E; (Banax).

5. ComnpspxkeHHble onepaTopbl. PaccMOTPUM HENpEpbIBHBIR JIU-
Heltubllt oneparop y = Az, orobpaxkawmuil uHeRHOE TONOJIOIMYECKOe
npocrpancTteo E B takoe xe npocrpanctso E;. Ilycrs ¢ — JmmnHelinplit
¢dbyHxuuoHas, onpegesnenssit Ha Fy, T.e. ¢ € Ef. Ilpumennm dyHk-
LMOHAJI g K SJIEMEHTY y = Ax; Kak Jierko nposeputs, g(Az) ects He-
npepblBHbIf auHeltHbill hyHKuroHa, onpenenedtubii Ha F; obo3uadnm
ero f. OyHKIMOHAJ f €CTh, TAKUM 00pa30M, 3JIEMEHT NPOCTPAHCTBA 7.
Kaxaomy dbysxumonany g € £} Mbl OCTaBU/IM B COOTBETCTBUE (PYHK-
umoHast f € E*, T e. nonyunsm HEKOTOPbI!l oneparop, orTobpazkaromuit
E} B E*. 910T 0nepaTtop HasbIBAETCs conpaxceRhbim K oneparopy A
u obosznagaercs A*.

O603Ha4nB 3HaveHue (QYHKIUMOHANA f HA IJIEMEHTE I CHMBOJIOM
(f,z), monyumum, uro (g, Az) = (f,z), wu

(9, Az) = (A" g, 7).

970 COOTHOMEHNE MOXKHO NPUHATH 33 OIPEIESIeHUE CONPSLKEHHOTO

oneparopa.
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INpumep. Conpascennvili onepamop 6 KOHEUHOMEDPHOM NPOCINPAH-
cmee. Ilycts pelicTBuTensHoOe n-mepHoe npocrpancTso R orobpaxka-
eTcs B mpocTpancTBo R™ (m-mepuoe) oneparopoM A u nycts |lag;|| —
MaTPHUI@A 3TOrO OIIepaTopa.

Orobpaxkenue y = Az MOXHO 3alUCATh B BUIE CUCTEMBl DABEHCTB

n
Yi = Za,—jzj, i=1,...,m,
i=1
a dynknuonan f(x) — B BuNE

flz) = fiz;.

i=1

Y3 paBencTBa

fl@)=g(Az) = giyi=D_ D giaz; = Y T; Y _ gii
=1

i=1 j=1 i=1 i=1

m
noJjiyuum, 9ro f; = > g;a;;. Tak xak f = A*g, orcioga ciegyer, 4T0
=1
onepaTop A* 3anaercsi MaTpuLei, TPAHCIIOHMPOBAHHOH M0 OTHOIIEHUIO
K MaTpuiie oneparopa A.

Citenyromue CBOHCTBA CONPSRKEHHBIX OIEPATOPOB BLITEKAIOT CPasy
I3 ONpPEeAe/ICHHUs.

1. Onepatop A* JsiuHeeH.

2. (A+ B)* = A* + B*.

3. Econ k — uucuio, to (kA)* = kA*.

Ecnn A — nenpepoisubiit onepatop us E 8 Ey, 10 A* ecTb Hempepsbis-
Hbli oneparop u3 (E},b) B (E*,b) (nposepsre aro!). Eciu E u £, —
6aHaxoBbl IPOCTPAHCTBA, TO 3TO YTBEPKIEHUE MOMKET OBITH YTOYHENO
cHenyrmuM obpasom:

Teopema 6. Ecmu A — orpasuveHHDIH JIMHEHHbBI OIEpaTOp, OTO-
6paxcaromuti 6anaxoso npocrpanctso E B 6anaxoso npocrpancrso E,

TO
A" = [All.

HdoxasarenbcTso. B cuny csoficts HOpMb! Oneparopa uMeeM
(A%, z)| = |(g, Az)| < llgli - 1|All - [l
orryna {|A*gll < ||All - llgll; cnenosarensuo,

LA™ < AL (13)
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Iycter x € E u Az # 0; uojoxum yo = ”—ﬁfn € Ei; o9eBHOHO, 9TO

llyo|l = 1. ITo cnencrBuio uz reopemnl Xana—Banaxa cymecrsyer takoit
Pymemonan g, wro llgl = 1 u (g,50) = 1, m.e. (g, Az) = ||As}l. U
COOTHOIIEeHHU

lAz]| = (g, Az) = |(A%g, z)| <A gll-ll=l] < IA™]]-lgl-[lell = (LA™ - ll=|
nonyvaeM ||A|| < ||A*|], aro BmecTe ¢ HepasencTBoMm (13) naer
lA™| = [IA]l-
Teopema nokaszana.
Yupaxuenue. Ilycrs £ u E; — peduiexcustble 6aHAX0BBI IPOCTPAH-

crBa u A € L(E, E,). Joxaxure, yto A*" = A.

Curenyiomee yTBEpXKIACHIE IPEACTABIAET CODOH ele OJHO [T0JE3HOE
cAeAcTBUE TeopeMbl Banaxa o6 obparHOM oneparope.

Jlemma (06 annyssitope siapa oneparopa). Ilycrs A — Henpepsis-
HBIH aHHeHbI oueparop, orobpaxaouri B Ha Bee By, rne B, By —
baraxoBbl npocrpancrea. Toraga

(Ker A)t =TIm A*. (14)
JeltcTBUTE N IbHO, IPOBEPUM CHAYAJIA BKJIIOUEHUE
(Ker A)* D Im A*. (15)

Ecim f € Im A*, to cywmecrsyer rakoii ssnement g € EY, uto f = A*g,
u 1711 Beex ¢ € Ker A nmeem:

(f,z) = (A*g,x) = (g, Az) =0, me. fe€ (KerA)t.
Hoxaxem rerepb 06paTHOE BKJHOYEHKE:
(Ker A)* C Im A*. (16)
Iycrs f € (Ker A)*. Torma ais oTobpasxenuit
fiE->R u A:FE— FE
BBIIIOJIIEHBI YCJIOBUsL JieMMBl O Tpolike (caencrsue 2). Ilostomy cyme-

cTByeT Takoil asement g € Ef, uro (f,z) = (g, Az), ne. f = A*g. Tem
cambIM BrJOuenne (16), a sHaqut, n pasencrno (14) goxasaHbl.

6. ConpsakeHHBIH omepaTop B €BKJHMIOBOM MPOCTPAHCTBE.
CamoconpspkeHHble oneparopsl. PaceMmorpum cnyuait, korma A —
OrpaHuYeHHbIH oneparop B ruanbeproBoM npocrpancrse H (nelicrsu-
TenbHOM miM KoMILIekcHoM). CornacHo teopeme 06 ofuieM BHE M-
HEWHOTO HENpPEpBIBHOTO (PYHKUHOHAJIA B T'MJIBOEPTOBOM IPOCTPAHCTBE
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O0TOOpaKeHUe T, CONOCTABNANIEee KaxIoMy ¥y € H nuneituntit dyHk-
LMOHAJT
(ry)(z) = (z,y),
ecTb n30MopduaM (MK conpspKeHHbH n3oMopdnam, ecan H koMmekc-
HO) nmpoctpancTsa H Ha Bce compsixennoe npocrpaucrso H*. Iycre
A* -— oneparop, conpsxenHblil oneparopy A. fcHo, yro orobpaxeHnue
A* =114 npeacranisier coboil orpanndennsiil uHeltEblil ontepaTop,
Jgeficreyrownii B I1; jerko BugeTh, 9TO AJs Jebeix r.y €
(Az,y) = (z, A™y).

Tak kax ||A*]] = ||4|], & orobpamkenua © n 7~
LA = (|4l

Bce ckasannoe cipaBeunBo, pa3yMCeTCs, M AN KOHeYHOMe P HO-
ro EBKJIMZOBA MPOCTPAHCTBA, AeHCTBHTEILHOIO HJIH KOMIIJICKCHOTO.

IIpumem ciienymomee corsamenne. Ecau R — eBKJIMIOBO MPOCTPaH-
cTBO (KOHEYHOH Miu HECKOHEYHOU Pa3sMEPHOCTH), TO OMEPATOPOM, CO-
npAdcenHuM K neficreyonemy B R oneparopy A, Mbl Ha30BEM oOrpe-
JEJICHHBI BBILIE OIEPATOD ,I*’ JeHCTBYIOMHMI B TOM XK€ HpOCTpail-
cree R.

Clrienyer OgYepPKHY Th, YTO 9T0 ONPENEJICHUE OTJHYACTCH OT Ol-
DPEeNeSIeHNA CONPIKCHHOIO OIEPATOPA B MPOKU3BOJILHOM OAHAXOBOM IIPO-
crpancTee E| comiacno KOTOpOMY CONPSDKEHHBIN oneparop A* meticTBy-
eT B COMpsKeHHOM upocTpaHcTee E*. Mnorna oneparop ‘Z*, B OTJIMYHE
oT A¥*, HA3LIBAKOT 3PMUTIOBO-CONPANCEHHbM. TTODBI HE YCJIOKHITE TEp-
MHUHOJIOTUM U 0D03HAYeHu, Mbl 6ynem mucats A* BMecTo A*u rOBOPHUTDH
O CONPsIAECHHOM OIIepaTope, IIOMHA, OMHAKO, YTO B €BKJIUIOBOM CJIydae
CONPAKEHHLIH ON1epaTop BCEraa MOHUMACTCA B CMbBICIIC, YKA3AHHOM
B 9TOM IYHKTE.

fcHO, 9TO B eBKJIMAOBOM NPOCTPAHCTBE K oneparop, CONpsiKeH-
HBIH K A, MOXKHO ONPENESIUTE KaK TAKOM OIepaTop, KOTOPBIR IIpH BCex
z,y € R ynosjserBopsieT paBeHcTBY

4 s e *r
(Ax,y) = (x, A%y).
IMockombky oneparopnl A u A* nelicrByior Tenepn B OMHOM U TOM XKe
ITPOCTPAHCTBE, BO3MOXIO paBeHcTBO A = A*. BhiuenuM BaK bl Kirace
ONIEPATCPOB B €BKJINIA0BOM (B 4aCTHOCTH, FUIILOEPTOBOM ) IIPOCTPAHCTBE.

! H30METPpUYHbBI, TO

Onpenenenue 4. OrpannyeHunlil JHAEHHBI onepaTop A, meii-
CTBYIOIIH B €BKJIHIOBOM NPOCTPAHCTBE A, HA3LIBAETCA COMOCONPAHCEH-
HouM, eciin A = A*, T.e. ccnu

(Az,y) = (=, Ay)

nJist Bcex x,y € R.
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OrMerumM crnepyiomee BaxHoe CBOHCTBO omepartopa A*, conpsikeH-
Horo K oneparopy A. [lonnpocrpanctso R; eBksnaoBa npoctpascTrsa R
Ha3bIBAETCHA UHBAPUAHINHLLM OTHOCUTEJILHO onleparopa A, ecau u3 € Ry
poitexaer Az € R;. Ecau nodnpocmpancmeo Ry unsapuanmmo ommocu-
meavno A, mo ezo opmozonasvroe donoinenue Ri uneapuanmmo om-
nocumeavno A*. HefictButenbho, eciu y € Ri, 10 nns scex £ € Ry
nMeeM

(z7 A*y) = (Aw, y) = 07
nockonbky Az € R;. B wacrnocty, ecin A — caMOCONPsKEeHHbIR one-
paTop, TO OPTOrOHAJIBHOE IONOJIHEHME K JII0OOMY €ro WHBApHAHTHOMY
NOANPOCTPAHCTBY CAMO MHBAPMAHTHO OTHOCUTENBLHO A.

Yupaxueunue. [Jokaxure, 4ro eciu A u B — orpanuveHHbIe JinHeHbIE
ONEPATOPBI B €BKJIMI0BOM NIPOCTPAHCTBE, TO CIPABENJIUBH PABEHCTBA:

(aA +BB)* =aA* + 3B,
(AB)" = B" A",
(A")" =4,
I" =1 (I — egunu4HBI# ONEpPaTOD).

7. CniexTp omepaTtopa. PesosbeenTa !). Bpsan im MoxHO yrasaTs
HoJiee BaXKHOE NMOHATHE B TEOPUU OTIEPATOPOB, YEM IIOHSTUE CIEKTPA.
HanomuuM npexne 370 NOHSATHE [1J1s KOHEYHOMEPHOTO CJlydas.

Iyctp A — nunefinsiit oneparop B n-mepHom npocrpanctse C*. Huc-
JIO A HA3BIBAETCA COOCMEEHHMM FHANEHUEM OTIEPATODA A, et ypaBHe-
HUE

Az = Az
HMeeT HeHyJieBble pemenusi. COBOKYIIHOCTh BCEX CODCTBEHHBIX 3Ha4YeHn
HA3bIBAETCA CNEeXmpom oneparopa A, a BCe OCTajIbHbIE 3HAYEHUA A —
peeyanpruwmu. Vnade roBopsi, A ecTb peryJispHas TOUKa, €CJIH orepa-
top A — Al o6parum. Ilpu atom (A — AI)~! onpenenen na sBcem C" u,
KaK M BCAKHMHA Oneparop B KOHEYHOMEPHOM HPOCTPAHCTBE, OIPAHMYEH.
UTak, B KOHETHOMEPHOM TPOCTPAHCTBE CYWECTBYIOT JiB€ BO3MOXHOCTH:

1) ypasrenme Ar = AT umeer HEHyJIeBOE DEIIEHUE, T.e. A eCTh cob-
cTBenHoe 3uavenne qsa A; oneparop (A — M)~ npu aTom He cymecT-
BYET,

2) cymecTByer orpanunuennbit oneparop (A — AI)™!, onpenenennbiit
HA BCEM NPOCTPAHCTBE, T.€. A €CTh PEryJIspHAA TOYKA.

1Y Berony, roe peys uaeT o CoeKTpe OnepaTopa, MbI CHUTaeM, 9TO onepatop geft-
CTBYET B KOMIMJIEKCHOM NIPOCTPAHCTBE.
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Ho ecoim A -— onepatop, 3aJaHHbBI} B HECKOHEIHOMEPHOM IPOCTPAH-
ctBe E, TO MMEETCH €IIe H TPeTbs BO3MOKHOCTh, & KMEHHO:

3) oneparop (A — AI)~! cymecTsyer, T. e. ypasrenue Az = Az umeer
JIMIIb HYJIEBOE PELICHME, HO STOT OIlepaTop onpenesen He Ha BceM E (u,
BO3MOXHO, HEOIDAHHYEH).

Brenem ciienyouyo TepMUHOIOTHIO. THCI0 A Mbl HA30BEM pezyaap-
oM 171 onepartopa A, AeficTByomero B (KOMILTEKCHOM) BaHAaXOBOM
npocrpancree I, eciu oneparop Ry = (A— M) ™!, naspipaeMplit pesoas-
eenmoti onepatopa A, onpedeaen na 6cem E u, caedosamenvro (Teope-
ma 3), ozpanuyen. COBOKYNHOCTD BCEX OCTAJILHBIX 3HAYEHHN A HA3BIBA-
ercs cnexmpom oneparopa A. CoekTpy UpHHAILIEKAT BCe CODCTBEHHBIE
sHadeHus oneparopa A, tak kax ecau (4 — Al)z = 0 npu HeKoTOpOM
z # 0, 10 (A — A)7! me cymectsyer. X COBOKYITHOCTb HA3BIBAETC
moxeynsim crexmpom. OCTanbHASL 9aCTh CHEKTPa, T.€. COBOKYNHOCTH
Tex A, oA koropsix (A—AI) 7! cymectyer, Ho onpenesien He Ha Beem E,
Ha3bIBAETCS Henpepuighbim cnexmponm. VTak, Kaxaoe 3HAYCHUE SIBJISET-
cA ULt OHEepaTropa A UJu peryJjisspHbIM WU CODCTBEHHLIM 3HAYEHMEM,
HJIM TOYKOH HENpEepBIBHOIO CHEKTPa. BO3ZMOXHOCTD HAJIMHYHUA Y onepa-
TOpA HENPEPBIBHOIO CIIEKTPA ~— CYHIECTBEHHOE OTJIMYME TEOPHU Olepa-
TOPOB B BECKOHEYHOMEPHOM IIPOCTPAHCTBE 0T KOHEYHOMEPHOrO CJYYasi.

IIycte A — orpanuvennbill oneparop, mclicrByromuti B 6aHax0BOM
npocrpascree E. Ecnu Touka A perynspua, T.e. onepatop (4 — AI)~!
onpenesieH Ha BceM F W OrpaHHYeH, TO [IPH IOCTATOYHO MAJIOM § ofe-
parop (A — (X + 8)I)™! Toxe onpemenen ma Bcem E u orpanuydes
(Teopema 4), T.e. Toura A + & Toxke perynapna. Takum obpasom, pe-
2ysapHble oYKy ofpasyrom omxpuimoe muoxcecmeo. CIeIoBATENbHO,
CIIEKTD, T. €. JOUOJIHEHHE BTOTO MHOXKECTBA, —— 3AMKHYMOE MHONCECTNEO.

Teopema 7. Eciin A — orpauuvensbli gunelneii oneparop B ba~
naxosom npocrpasrcrse E u |A| > ||A]|, ro A — perymapras totka.

HoxkaszaTtenbcrBo. Tak Kax, 04eBUIHO,
A=Al =-A(1-14),

TO

~1 Xk
=t (-2) =S4

Iipn ||A|| < |A| 50T psax CXOAUTCS M 3212€T ONPEIC/ICHHLIN Ha BeceM K
orpannueHHsiit oneparop (Teopema 5). Unade rosops, cnexmp onepamo-
pa A codepacumen 6 xpyee paduyca ||A]| ¢ nentpom B Hyse.
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Ilpumeps. 1. B mpocrpancrse Cla,b] pacemorpum oneparop A,
onpejiensiembrit popmysioit

Az(t) = tz(t). (17)

Torma
(A= ADz(t) = (t — N)z(t).

Oneparop (17) obparum npu jnoboM A, Tak Kak U3 PaBEHCTBA
(t—Nz(t)=0

cresyer, 9T0 HenpepbiBHast GyHKIUA z(t) TOXKAECTBEHHO PABHA HYJIIO.
Onmako mpu A € [a, b] o6parnbiii oneparop, 3agasaeMbiit hopmysioii

(A=) a(t) = A5 ()

onpenened He Ha BceM Cla, b} u neorpannyen. (Jokaxure sro!) Takum
obpasoM, cnekTp oneparopa (17) npencrasnser coboit orpesok [a, b,
npudeM COOCTBEHHBIE 3HAYEHUsI OTCYTCTIBYIOT, T.€. HMEeICs JIMIUbL He-
NpEePLIBHBLL CIEKTP.

2. Paccmorpum B npocrpancrse o oneparop A, onpenesiseMsrii cie-
OYyOIUM 00pasoM:

A (z1,22,...) = (0,21,22,...). (18)

ITtoTr oneparop He uMmeer cobcTBeHnbIX 3Hadenmi. ([lokaxwure 3TO!)
Oneparop A~! orpauuuen, Ho onpenesieH B I, NHIIbL HA TOAIPOCTPAH-
crBe z; = 0, 1.e. A = 0 ecTb TOUKA CIEKTpPa ONEPATOPA.

Vunpaxuenusa Conepxur jiu cnektp oneparopa (18) xkaxue-smbo Touku,
kpome A = 07

Bamevannsa (1) Beakuit orpaunycsuniil JmHelHBIN oneparop, onpene-
JIeHHBIH B KOMILJIEKCHOM GaHaXOBOM IPOCTPAHCTBE, MMEIOIIEM XO0Ts OB OOUH
OTJIMYHBIA 0T HYJISI 3JIeMeHT, uMeeT HenycTol cuektp. CyuiecTsyior oneparo-
PBI, Y KOTOPBIX CIEKTD COCTOHT U3 EIMHCTBEHHON TOYKH (HATPHUMED, OepaTop
YMHOXEHHUs HA YUCJTI0).

(2) Teopema 7 moxer OpITh yTOuHeHa CiaeayomuM obpasom. Hycrs

r= i A

(MOXHO 10Ka3aTh, YTO ITOT UPELEJ CYUECTBYET IJIs JIIOGOr0o OrPaHNIEHHOTO
oneparopa A), TOIIA CREKMP ONEPANOPe A YEAUKOM ACHCUM 6 KpYy2e paduy-
Ca T € Yyernmpom 6 Hyse. BesiuduHa 7 HABBIBAETCH CREKMPAALHLIM PAJUYCoM
oneparopa A.

(3) Pesosbeentapie oneparopsr R, u Ry, orBeqaromue To4KaM i 1 A, 1e-
PECTAHOBOYHBI MEXAY COOOH M YIOBJETBOPSIOT COOTHOUICHIIO

R, — Rx= (u— AR,R,
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KOTOPOE JIETKO NPOBEPHThH, YMHOXHB 00C YaCTH 3TOT0 PABEHCTBA HA

(A — AD(A— puI).
Orcoaa BLITEKAELT, YTO CCJIM Ag ~~ PEryJsapHasi TOYKa JjIst A, To npousBogHas
or Ry mo A npu A = Ao, T. €. npenes

. Ragaax — By
Alilgo AX

. 2
{B CMBICJIC CXOAMMOCTH IIO ONEPATOPHOIl HOPME) CYmecTByeT, H papHa Rj .

Yopaxueuue. [Iycrs A -— orpanudennniii caMoconpsikeHHbL oneparop
B KOMILIEKCHOM I'uiibbeprosoM npocrpancree H. lokaxure, 4T0 €ro CliekTp
€CTh 3aMKHYTOE OFPAHMYEHHOEe IIOJMHOXKECTBO HeicTBHTesIbHOM oCcH.

§ 6. KomnakTHble onmepaTopsl

1. Oupenesierue 1 NpUMephbl KOMIIAKTHBIX oneparopoB. B or-
JIUYMe OT JIUHEHHDIX OTIEPATOPOB B KOHCYHOMEPHBIX NIPOCTPAHCTRAX, JJ1
KOTOPBIX UMEETCsI HCHEPIILIBAIOIHEE OTMCAHUE, N3YYEeHHE TPON3BOJILHBIX
JuHEeHHBIX onepaTopos B GECKOHEYHOMEPHBIX NPOCTPAHCTBAX NpEencTa-
BJseT cobOll BechbMa CJIOXKHYIO 1, IO CYIIECTBY, HEODO3PHUMYIO 337aMy.
OnHako HEKOTOpPBIE BAKHBIE KJACCHI TAKMX ONEPATOPOB MOryT ObITh
onucanbl nosiHocThio. Cpeny HUX OOMH U3 BakHelmux obpasyoT Tak
Ha3bIBAGMBEIE KOMIIAKTHBIE ONEparopbl. ITU ONEPATOPBI, C OJHOH
CTODOHBI, BJIN3KH O CBOMM CBOHCTBAM K KOHEWHOMEPHUM (T. €. OFpaHu-
YEeHHBIM ONEPATOPaM, NEPeBOIAIIMM AAHHOE NPOCTPAHCTBO B KOHEYHO-
MEpPHOE) M HONYCKAIOT AOCTATOMHO JETAJILHOE ONMHCANUue, a, ¢ APYTOH,
UI'PAIOT BAXKIIYIO POJIb B PA3JIMYHBLIX IPUJIOKEHHSIX, B IIEPBYIO OUepelb
B TEOPHHN HHTCrPAJILHBIX ypaBHeHU#, koTophiM byner nocesmena 1. IX.

Onpenenenne 1. Oneparop A, orobpaxkawuimii 6aHaAX0BO MPO-
cTpancTBo I B ceba (mau apyroe banaxoso npocrpanctso Ey), Hasbisa-
€TCA KOMNAKMHbIM, UIH GNOAHE HENPEPHIGHbBIM, €CJTM OH KazKJ0e orpa-
HUYCHHOE MHOMKECTBO MEPEBOJMT B NPEAKOMIIAKTHOE.

B xoHeYHOMEpPHOM HOPMHUPOBAHHOM HPOCTPAHCTBE BCAKNH TuHEHbII
ONEpPaTOp KOMIAKTEH, NOCKOJBKY OH NePEeBONUT JIIo00e OrpaHHYEHHOe
MHOK€CTBO B OTPAHMYEHHOE, 8 B KOHEYHOMEPHOM IIPOCTPAHCTBE BCAKOE
OrPAHNYICHHOE MHOXECTBO KOMIAKTHO.

B BeckoHe4yHOMEPHOM HPOCTPAHCTBE KOMIAKTHOCTE OIIEPATOPA €CTh
TpeboBaHUe CYUIECTBEHHO DOJIee CUJIBHOE, YeM I[POCTO €ro Helpepbis-
HOCTb (T.e. orpangueHHocTsb). Haupumep, enmuuuanbiil oneparop B riib-
fepTOBOM NPOCTPAHCTBE HENPEPBIBEH, HO OTHIONL He KoMmakTed. (Ilo-
Ka)KHTE 9TO HE3ABHCHMO OT PaCcCMaTpPUBAEMOTO HUKe npumepa 1.)

9—1324
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PaccmoTrpum Hekoropbie npumepst.

1. lIycte I — enuauyubii oneparop B 6aHaxoBoMm npoctpaHcTse E.
[ToxaxkeMm, yro ecsiu E 6eCKOHEYHOMEPHO, TO oneparop I He KOMIIAKTeH.
718 9T0ro mocTarovHo, OYEBUIHO, CKA3aTh, YTO €IMHUYHBIL map B K
(xoTopsbiit, pazymeercs, nepeBoauTCa oneparopoM I B cebs) He npeaKoM-
MaKTEeH. ITO B CBOK 0YEPEib BITEKACT U3 CJEAYyIOmeld JeMMbl, KOTOpast
MOHaAObUTCsT HAM U B J1aJibHERIneM.

Jlemma 1. Ilycts z1, T3,... —— JIMHEHHO HE33BHCHMbBIE BEKTO-
Pbl B HODMHPOBaHHOM npocrpaHcrse E u mycrs E, — noanpocrpaH-
CTBO, HOPOXIAEHHOE BEKTOPAMH I1,...,ZLy. 1O0aa CymecrByer Nnocje-
JOBATEJILHOCTE BEKTOPOB Yj, Y2, .., YAOBJIETBODAIOWIAA CJICHYIOIHM
VCJIOBHSIM:

Dllynll=1; 2)yn € En;  3) p(yn, En-1) > 1/2,
rae p(yn, Bn—1) — paccrogrue BekTopa y, or E,_1, T €.

inf —z|l.
zelg"_lllyn z||

HdokasaTenbcrBo. HJelcTBUTENBHO, TAK KAK BEKTOPBI L1, L2, . ..
JIMHEHO HE3aBUCHMBIL, TO Zn ¢ En_1 U p(@q, Fn_1) = a > 0. Ilycrs
z* — Ttako#t BexTop u3 F,_1, uto ||z, — z*|| < 2c. Torma, HOCKOJIbBKY
a = p(zn, En—1) = p(zn ~ 2%, Epn-1), BEKTOP

In —x*

Y = e — 7]

yIOBJIETBOPSIET BCeM ycCJoBusiM 1)-3). 3a y; IpH 3TOM MOXKHO B3AThb

z1/||z1]-
JlemMa mokasaHa.

Ilonp3yacek 210l JieMMOl, B €IMHAYHOM HIAPE BCAKOTO DECKOHEYHO-
MEPHOTG HOPMHPOBAHHOTO NPOCTPAHCTBA MOMKHO MMOCTPOUTD MOCIIENOBA-
TEJILHOCTH BEKTOPOB {Yn }, 17151 KOTOPOR p(Ym, Yn) > 1/2, m # n. Hcuo,
YTO TaKas NOCJIEIOBATEIBHOCTb HE MOKET COIEP!KaTh HUKAKOH CXomusi-
welcsa NONOCTIENOBATENLHOCTH. A 3TO M 03HAYAET OTCYTCTBHE IIDENn-
KOMITAK THOCTH.

2. llycts A — HenpepbIBHBIH TuHElHBIY OnepaTop, nepepogAmuil 6a-
HAXOBO NPOCTPAHCTBO F B HEKOTOPOE €ro KOHEYHOMEPHOE IOAIPOCTPaH-
crpo. Takoit oneparop KOMIAKTEH, MOCKOJBKY OH IEPEBOIMT BCIAKOE
OrpaHUYeHHOe MOAMHOXKecTBO M C F B OrpaHHYeHHOE NOOMHOXECTBO
KOHEYHOMEPHOI'O IPOCTPAHCTBA, T. €. B IPEIKOMIIAKTHOE MHOXKECTBO.

B gactHOCTH, B r156€PTOBOM MPOCTPAHCTBE ONEPATOP OPTOrOHAIIb-
HOTO NMPOEKTUPOBAHUSA HA NONIPOCTPAHCTBO KOMIIAKTEH B TOM U TOJIBKO
TOM CJlydae, eCJIH 3TO HOAIPOCTPAHCTBO UMEET KOHEYHYIO Pa3MEPHOCTb.
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3. PaccmoTpuM B nmpoctpaHcTse lp onepatop A, onpenerneHHbl# ce-
AyIoImM 00pazoM: ecsid T = {(T1,...,Zn,...), TO

Am:(zl,%zg,...,z%xm...). (1)

D101 omeparop KoMmnakTeH. efcTBUTEIbHO, IOCKOJILKY BCSIKOE Orpa-
HUYEHHOE MHOXKECTBO U3 la COAEPKUTCI B HEKOTOPOM LIAPE 3TOro Mpo-
CTPAHCTBA, JOCTATOYHO AOKA3aTh, YTO 0Opashl WAPOB NPEIKOMIAKTHLI,
a B cuay JiMHeHHOCTH oneparopa JOCTATOYHO POBEPHTH 9TO AJIs eOu-
Hu4Horo mwapa. Ho oneparop (1) nepesoaur enuanysbii ap npocTpas-
cTBa I3 B MHOXKECTBO TOYEK, COLEPIKAIIEECs B OCHOBHOM NApaJLiesIenu-
nene {cM. wi 11, § 7, n. 1). CaenosaresnbHo, 370 MHOXKECTBO BIIOJIHE
OTPAHUYEHO, & 3HAYMT, U HPEIKOMIAKTHO.

Ynpaxuenue. [lycrs Az = (a1T1,...,8aTn,...); IPH KAKHX yCJIOBUAX
Ha [0CJIE0BATEABHOCTD uuces {an } 3TOT omeparop B [; xoMnakten?

4. B npocrpaucrse Henpepbisubix dbyukuuit Cla,b] Baxusilt xaacc
KOMINAKTHBIX OIEPATOPOB 00pa3yioT ONEPaTOphl, PE/ICTABUMBIE B BHIIE

b
Az = y(s) = / K(s,t)z(t) dt. (2)

IMokaxkeM CNpaBeIMBOCTD CJICNYIOIIErO yTBEDXKICHUS: €cau (PyHk-
yus K(s,t) ozpanunena na xeadpame a < s < b, a <t < b u ece ee
MOUKU PASPHLEA AEHCATN HA KOHELHOM YUCAE KPUBHIT

t:@k(s)> k=1,...,n,

20e pr — Henpepughbie Pynryuu, mo dopmyaa (2) onpedeasem 6 npo-
emparncmee Cla, b] xomnaxmuwtl onepamop.

HelicrBuTesibHO, 3aMeTUM, TIPEAKIE BCErO, 9TO B YKA3AHHBIX YCJIOBHAX
unrerpai (2) cymecrsyer ms r060ro s u3 orpeska [a, b, T.e. dyHk-
uusa y(s) onpeaenena. Hdanee, nycThb

M= sup |K(s,t)]

agls,t<bh
U OyCThb G — MHOXKECTBO Tex TO4YeK (S, t), JJIs1 KOTOPBIX XOTs ObI IpHU
onuoM k = 1, ..., N BbIIOJIHAETCA HEPABEHCTBO

It~ ex ()] < 13375

Canenom G(s) 9TOro MHOXECTBa Ha KAXKIAOU npaMoit s = const CIyXUT
o beNMHe e HHTEPBAJIOB

Gs)= U {t: 1t - oa()] < 5575 }-

k=1
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IIycrs F -- monosinenue mHOxkecrsBa G oo xpaapara a < 8, t < b. Tak
Kak F komnakTHO, a byuxkuusa K (s,t) nenpepsisaa Ha F', 10 cymecrsyer
Takoe & > 0, 4ro

! ' _ " H £
|K(s',t") — K(s",t")] < 3G —a)
Juist Juobeix touek (s',t'), (s”,t") us F, ynoB/IeTBOpsOWAX yCIIOBHIO
[s" —s"| + 1t —#'| <4 (3)

Ouenum Teneps pasnocts y(s') —y(s") B npeanosioxenun, yro |s' —s"| <
< 4. Umeem

b
ly(s") —y(s") < [IK(s' 1) = K(s", )|z (t)] dt;

7151 OUEHKH CTOSIIEro COPaBa MHTErpasa pasobbeM NpoMexKyTOK HHTe-
rpupoBatus [a, b] na obbemuuenne marepsasos G(s') U G(s"), koTopoe
obo3HauuM P, n ocrasibHyI0 4acTh oTpesKa [a, b], koTopyio obosnagum Q.
3amerus, uTo P ecrb 06beauHEeHNE MHTEPBAJIOB, CYMMADHAS JJIHHA KO-
TOPBIX HE npesocxoaut €/(3M), nonyuaem

[ 1Kt = K(s", D) |z(0)| dt < 2]
F.

Wuterpan mo (J NONyCKaET, OUEBUTHO, OLEHKY
[ K t) — k(s", )| |z(t)] dt < §llzll.
Q

Taxum obpazom,
ly(s") — y(s")| <ellzll. (4)
Hepasenicrso (4) nokaspisaet, 9410 GyHkuust y(s) HeNpepbIBHA, T.e.
dbopmyia (2) nefCTBATEILHO ONPENEIAeT OIepaTOp, ePEeBOIsIINA [1PO-
crpanctBo Cla, bl B ceba. Iasee, H3 TOro )Ke HEPABEHCTBA BHIHO, 4TO
ecnu {z(t)} — orpanndennoe muoxkectso B Cla,b], To coorBercTByIO-
mee MaOxecTBo {y(s)} pasHOCTenenHo Henpepwisro. Haxoder, ecsn
llzll < C, To

b
lyll = sup ly(s)| < sup [ |K (s, )] e (t)| dt < M(b— a)x]l.

Takum o6pazom, orieparop (2) epeBOIUT BCAKOE OIPAHHYEHHOE MHO-
xkectBo u3 Cfa,b] B MHO)ecTBO dyHKIHIt, PABHOMEDHO OIPAHUYEHHOE
U PABHOCTEINEHHO HEIIPEPBIBHOE, T. €. NPEIKOMIAKTHOE.

4a. Pacnosioxenue to4yex paspbiBa dbyuxuun K(s,1) Ha KOHCUHOM
YUCJIE KPUBBIX, EPECEKAIOLINX IPAMBIE § = COnSt JIMIIb B OQHOI TOUKeE,
cymecrsenso. [Tycrs, Hanpumep,

1 < 1/2,
K(s.t) = { ape s /

0 nopms>1/2;
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oneparop (2) ¢ TakuM sIpoM, 3ajaHHbIM Ha KBagpare 0 £ s, t < 1
H UMEIOLIMM TOYKAMH Pa3pbiBa Bech oTpe3ok s = 1/2, 0 <t < 1, nepe-
BosutT byrxuuo {t) = 1 B paspoiBiyio (DYyHKUIHIO.

46. Ecsin nmonoxutsh K(s,t) = 0 npu ¢ > s, To oueparop (2) npumer
BUJL

v(s) = [ K(s,0a(0) dt 5)

Bynmem cumrarb, yro ¢ynxkiuus K(s,t) HeupepsiBua npu £ < §; TOTIa
3 CKAa3aHHOrO B mpuMepe 4 cJjenyer, 4To oneparop (5) BIOJIHE Heupe-
peises B Cla, b].

DTOT ONepaTOp HA3BLIBACTCA onepamopom muna Boavmeppal).

3ameuanune. Ilpnm npuusaTOM HAMU ONPENEsIEHHA KOMIAKTHOLO
OTIepATOPA MOXKET OKA3aThCHA, 4TO 00pa3 3aMKHYTOr0 eAMHHYHOIO mapa
HEKOMIAKTEH (XOTHA OH NPEAKOMIakTeH). JJeACTBUTENBHO, PACCMOTPIM
B npocrpanctse C[—1, 1] oneparop unTerpupoBaHus
s
Jz(s) = [ =(t)dt;

-1

[0 AOKA3aHHOMY Bblliie, J — BoJHe HempepbiBHbI# oneparop 8 C[—1, 1].

Homoxum
0, ecm —1LtL0,

Tp(t) =< nt, ecm 0<t<1/n,
1, ecml/n<t<gl.

Torna z, € C[-1,1], ||zp]l = 1 iz Beex n u
0, eciu —1<t<K0,
Yn(t) = Jz,(t) = ¢ nt?/2, eciim 0 <t < 1/n,

t—1/(2n), ecm 1/n <t <1
SICHO, 4TO MOCIIEIOBATENILHOCT Yy, cxomurest B C{—1,1] k dyHKuMH

0, ecotu —1<t<0,
y(t) =

t, ectu0<t<gl,
KOTOpas He ABAsAeTCsA 0bpasom (npu orobpaxkenun J) HUKako ¢pyHKIMU
u3 C[—1, 1], nubo dbyukuns y'(t) paspoiHa.
OnHaKo MOKHO JOKA3aTh, YTO €CJIM TPOCTPAHCTBO pedriekcuBHo (Ha-
npuMep, THILOEPTOBO), TO 06pa3 3AMKHYTOrO €IWHWYHOILO INapa IpH
KOMIIAKTHOM JIMHEHHOM OTOODAXKE€HUH KOMITAKTEH.

1) Buro BostbTeppa — uTasibaHCcKuH MaTeMaTHK, aBTOp psiia pabor mo dymHkiu-
OHANILHOMY AHAJIM3Y M MHTErpaJjibHbIM YyDaBHEHUAM.
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2. OcHoBHBIE CBOHCTBAa KOMIAKTHBIX OIIEPaTOpPOB.

Teopema 1. Ecim {A,,} — moc/1eqoBaTesIbHOCTE KOMIAK THBIX OITE-
paropoB B 6aHaX0BOM OPOCTPAHCTBE E, CXOAAIIAICS 10 HOPpME K HEKO-
TOpOMy oneparopy A, To omeparop A TOXe KOMIIAKTEH.

HokaszartenbcrBo. s yCTAHOBJIEHUsST KOMITAKTHOCTU ONEPATO-
pa A [OCTATOYHO MOKA3aTh, YTO, KaKoBa Obl HM Oblja OrpaHHYeHHAR
ITOCJIEOBATEJIBHOCTD X1, ..., Tn,.-. SJEMEHTOB u3 F, U3 mociaesoBa-
TenpHOCTH {AZ,} MOXHO BBIIESMTH CXOIANLYIOCA IOMIOC/IENOBATE b
HOCTb.

Tak Kax oneparop A; KOMIIAKTEH, TO U3 NOCAEN0BATENbHOCTH { A12,, }
MOXXHO BBIOpATH CXOAAUIYIOCS NONNOCAENOBATENILHOCTD. ITycTh

:rgl),...,mg),... (6)

1
— TaKasi IOANOCIIEN0BATEILHOCTD, 4T { A; B )} cxoputcs. PaccmoTrpnm
1
Tenepb NOCIEIOBATELHOCTD {Agxg )}. 13 nee onATb-TAKM MOXHO BbI-

6pa’I‘b CXOOAINYIOCsA 110AN0CIEN0BATC/IBHOCTD. HyCTI)

MO

— Takas Ho, (3] 3 (6 Agz® -
[IIIOCJIEN0OBATEIILHOCT, Boibpannas u3 (6), uro {Azxy,’ } cxo

2
purcst. Ilpu atom, ogeBuuno, {A, zsl ) } Toxe cxopurcs. Paccyxnast ana-

2
JIOTHYHO, BBIOEpEM M3 IOCJIEN0BATEILHOCTH {xﬁl )} TaKyi0 NOANOCIIEHO-

BaTe€JILHOCTDH
x(s) 23
AR A S SO

9TO {A3$$L3)} CXOOUTCA U T. 1. Bo3bMeM 3areM AMArCHAJILHYIO IOCJIeR0-
BATEJIbHOCTh
zgl),...,m%"),...

Kaxpplit us oneparopos Ap, ..., Ay, ... NEPEBOIUT €€ B CXOISILYIOCH.
ITokaxkem, 4TO U oneparop A TOxke NEPEBONUT ee B CXOOAmycs. Tem
caMbIM KOMOAKTHOCTb A Oymer ycranosieHa. Tak Kak npoCcTpasHcTso E
[OJIHO, TO IOCTATOYHO NTOKA3aTh, YTO {Ax&")} — JysgaMenTanbHAsA 10~
CJIeI0BaTeIbHOCTD. ViMeem

142{ — AzG| < (|42 ~ Az(]|+
+ 1 Akzl = Azl + (| Apal — Az (7)
Hycrs |[z,]|| € C; Buibepem cravana k tak, uro [|A— Al < /(3C), ano-

TOoM BhibepeM Takoe N, 4To0b! 1ipu BCex N > N u m > N BBITOJIHAIOCH

HEPABEHCTBO
Az — Apai| < /3
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(3TO BO3MOXKHO, TAK KAK NOCJIEI0BATEIIBHOCTE {Akmsl")} cxomurest). [Tpu
3TUX yCII0BUAX 13 (7) noJsiyvaeM, 9To

142 - 42| < e

JU1sT BCEX NOCTATOYHO OOJIBLINX 7L U M.
TeopeMma noxasana.

Jlerko nposepuTs, 4TO JIMHeHHasd KOMOMHAIMS KOMOAKTHBIX OMepa-
topos kommakTHa. Cnenosarensto, B npocrpancrse L(E, E) Bcex orpa-
HUYEHHBIX JIMHEHHBIX ONEpaATOpPOB, ONPEAESIEHHbIX HA F, KOMIaKTHBIE
OnepaTopsl 06pa3yioT 3aMKHYTOE JIMHEIHOe NOAIIPOCTPAHCTBO.

[MocmoTpum Teneph, Gyner JM COBOKYMHOCTH KOMIIAKTHBIX OIlepa-
TOPOB 3aMKHYTa, OTHOCUTEJIBHO Oll€palMU IIEPEMHOXKEHUS ONepaTOpPOB.
Ha camom nene smecs crupaBenJiMBo [axke CyIeCTBEHHO Dosee CHIIBHOE
yTBEpXKICHUE.

Teopema 2. Ecim A — xommakTHbI oneparop, a B — orpann-
JeHHbIH, TO oneparopsl AB u BA KOMIAKTHBL

Hokazartesnscreo. Eciu muoxectrBo M C FE orpaHudeHo, 1o
BM toxe orpannueno. CaenosaresibHo, ABM mpenxoMOakTHO, a 3TO
u o3HavaeT, 4to oneparop AB xomnaxrteHn. dasee, eciiu M orpanunteno,
10 AM NpeaKOMIakTHO, a TOLAa, B CHJIYy HENpepbiBHOCTH B, MHOXKe-
¢80 BAM TOXeE NPEIKOMIIAKTHO, T.e. oneparop BA komnakrtes.

TeopeMa noxasasa.

Cnencrsue. B 6eckoneynomepHoMm npocrpancTse E koMrakTHbIH
oneparop He MOXET HMEeTh OTDAHHYEHHOIrO 00paTHOIO.

HeiicTBuTensHo, nHade equauyabni oneparop I = A~ A 6611 661 KOM-
nakred B E, 4To HeBO3MOXHO (cM. npumep 1).

3aMmeganne. Teopema 2 MOKa3bIBAET, YTO KOMIIAKTHBIC ONIEPATOPHI
06pa3yioT B KoJblie BeexX orpanudennbix omneparopos L(E, E) apycro-
pounuit umeamn!).

Teopema 3. Oueparop, coOpspKeHHbIH KOMIIAKTHOMY, KOMITAKTEH.

HoxasartenbcrBo. [Iycrs A — koMmMnakTHBIA oneparop B Hana-
xosoM mnpocrpancree E. ITokaxkem, 4ro conpspxenssifi oneparop A*,
Ieiicteyomuit 8 E*, nepeBoIuT KaXK/0€ OTPAHUYEHHOE NOIMHOXKECTBO
n3 E* B mpenxomnaxtroe. IIoCKONIBKY BCAKOE OIDAHMYEHHOE MOJIMHO-
2KeCTBO HOPMHUPOBAHHOIO IPOCTPAHCTBA COAEPXKUTCA B HEKOTOPOM IAPE,

1Y Hdeanrom (1ByCTOPOHHUM) B HEKOTOPOM KOJIbIE R HA3HIBAETCA TaK0e TMOIKOb-
mw Y, uroecrmaecl, re R, roar e Unraeil
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JOCTATOYHO [TOKA3ATE, YTO A* NepeBONT KaXKIbIH AP B IPEIKOMIIAKT-
HOE MHOXeCTBO. B cuity nmneiinocTH oneparopa A* IOCTATOYHO TIOK&-
3aTh, 4TO 00pa3 A*S* 3aMKHyTOro enwHU4HOIO wapa S* C E* npen-
KOMII2KTEH.

Bynem paccmarpusarh anemenTsl U3 E* kak QYHKUMM HE Ha BCEM
npocrpancrse E, a ymnb Ha komnaxTe AS — 3amblkanuu o6pasa emu-
HUYHOrO Iapa npu orobpaxenun A. Ilpu stom muHoxkectBOo ¢ byHk-
i, oTBevaomux GpyHKunoHanam u3 S*, Oyaer paBHOMEPHO OrpaHuye-
HO ¥ paBHOCTENEHHO HenpephiBHO. HeficTBuresibHo, ecn ||| < 1, To

sup |p(z)| = sup |p(z)] < ||l sup |[Az|| < ||A]],
zCAS z€AS z€S

le(z") — (@) <ol - ll2" = 2"|| < flz’ — 2"|l.

C.ne,uosaTeano, 3TO MHOXeCTBO ¢ NPpEegKOMIAKTHO B IIPDOCTPAaHCTBE

C[AS] (B cuny Teopems! Apuena). Ho Muoxectso & ¢ merpuxolt, unmy-
LUPOBAHHON 06b19HOM MEeTPUKOH IPOCTPAHCTBA HENPEPBIBHBIX MYHKIMT

C[AS], nsomerpruno MEOXKeCTBY A*S* (¢ MeTpuKOH, MHAYUHPOBAHHOK
HOpMmo# nipoctpancTea E*). Hefictsurensho, ecnu ¢1, g2 € S*, 10

|A*g1 — A% gl = Slelg|(A*91 —A%gy,z)| =

= sup |(g1 — 92, Az)| = sup |(g1 — g2, 2)| =
zeS z€ AS
= sup |(g1 — 92, 2)| = p(g1, g2)-
z€AS

Tockonpky @ npenkxOMIaxkTHO, TO OHO BIOJIHE OIPAHUYEHO; CJIEN0Ba-
TEJILHO, BIOJIHE OTPAHUYEHO W U30METPUYHOE €My MHOXKecTBO A*S*.
TToatomy A*S™* npenkoMnaxkTao B E*.

Teopema mokazana.

3amevanne. Herpynno nposepurs, uro MHOXecTBO ® 3aMKHY-
To B C[AS], Tax 49TO OHO KOMIAKTHO, MO3TOMY KOMIAKTHO W MHOXe-
ctBO A*S*, x0TA (Kax 9TO BUIHO U3 3aMeqaHust B 1. 1) o6pas 3aMKHYTOro
EIMHUYHOrO apa IPU [IPOM3BOJILHOM BIIOJIHE HEIPEPLIBHOM OTOOpaKe-
HUM MOXKET He 6bITh KoMnakToM. CUTyauust B TOJLKO YTO JNOKA3AHHON
TeopeMe OTJIMYAETCs OT Ofwell TeM, YTO 3aMKHYTHifl €IUHMYHBIA map
S* B E* xomnakTen B *-ciaboft Tononornu npocrpancrea £* (cMm. Teo-
pemy 5 § 3). Orcioga u cenyer KOMOAKTHOCTH (B METPUKE NPOCTPAH-
crBa E*) obpasa mMuoxecTpa S* s Jr060ro KOMIAKTHOTO ONEPATOPA.

Yuopaxuenuns 1. [Iycrs A — orpanudenubiit tuneitubiit oneparop B 6a-
HAXOBOM mpocrpaHcTee. J[oKaxuTe, 4TO eCyM oneparop A" KOMIAxTeH, TO
1 A XKOMIaKTeH.
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2. Just Toro utobbr nuHeRHsId onmeparop A B ruisbepToBOM NPOCTPAHCTBE
H 6bl1 XOMIAKTeH, HEOOXOAUMO H JOCTATOUHO, YTOOBI (3PMUTOBO) CONPHKEH-
HBEIA K HeMy oneparop A" BbLI KOMIAKTEH.

3. CobcTBeHHbIE 3HAYEHHMS KOMIIAKTHOTO oIlleparopa.

Teopema 4. Besakuit komnakTHell oneparop A B 6aHAXOBOM IpO-
crpaxcrse E umeer npu mobom § > 0 j1uinn KOHeYHOE YHCJIO JIHHEHHO
HE3aBHCHMBIX COOCTBEHHBIX BEKTODOB, OTBEHAIOIHX COOCTBEHHBIM 3HAa-
YEHHSIM, IO MOIYJIIO IPEBOCXOIASIIIHM §.

HokasatenncTBo. [Iycth Ay,..., Ay, ... Kakaz-1ub0 OC/1IE10BA~
TEJIbHOCTh COBCTBEHHbBIX 3HadeHui onepaTopa A (pas/in4HbIX Wi ¢ [00-
BTOPEHMAMHU) TaKUX, 910 |A,| > 6; Z1,..., Tp,... — OTBEYAOIAA UM

[IOCNEIOBATEIBHOCTH CODCTBEHHBIX BEKTOPOB, U MIYCTh 3TH BEKTOPDI JIH-
HeHO He3aBHCHMBI.

Bocnonbayemest siemmoit 1 (1. 1) 1 mocTpouM Takyio HOCICHOBATE b
HOCTb BEKTOPOB Y1, ..., Yn,- - -, YTO

) yn € En, 2) flynll = 1
3) p(yn, En-1) = xeigf 1 lyn — =l > 1/2,

o
rne E, — nognpocTpaHcTBO, OPOKIEHHOE T, . . . , Ln.
ITocsienoBarensrocts {yn/An} OrpasudYeHa B CuJly HEpaBEHCTBA
[An| > 6. Mpl yTBepxmaeM, HYTO W3 NOCJAEIOBATETLHOCTH OGDA3O0B
{A(yn/An)} Henw3s BBBpaTs cxopAmyiocs. JefCTBHTENBHO, HyCTh
n

Yn = ) QxZg; TOLAA

k=1
n—1
A(%) = Z 9/’{7'\’“1% + ATy = Yn + 2Zn,
k=1
e n—1
Zn = Zak (3‘\—: - l)zk € FEn_1.
k=1

ITosromy npu s1106BIX P > ¢

[4(32)-4(%)

TIOCKOJIBKY ¥Yq + 2¢ — 2p € Ep_;.
9TO NPOTUBOPEUHT KOMIAKTHOCTH omeparopa A.

| = o+ 20 = (g + 201l = llyp = Qo+ 20— 2)11 > 172,

3 noxkasaHHO#l T€OpeMbl, B HACTHOCTH, BHITEKAET, YTO YUCJIO JnHeli-
HO HE3aBHCHMBIX CODCTBEHHBIX BEKTOPOB, OTBEYAONIUX HJAHHOMY cob-
CTBEHHOMY 3HAYEHHUIO A # () KOMIAKTHOrO oneparopa A, KOHEYIHO.
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W3 sToft Teopemsl ciienyer TakXKe, YTO HHUCJIO COOCTBEHHBIX 3Haue-
Hu#t A, KOMIaxTHOro oneparopa A Bo BHewmHoCTH Kpyra [A| > 6 > 0
BCEra KOHEYHO U 4YTO BCe CODCTBEHHbIE 3HAYEHUA ornepaTopa A MOXHO
NepeHyMepOBATh B OPANKE HEBO3pacTanus mopysel: [A| = |A2] = ...

4. KoMnakTHbIe OIeparopsl B rmjib6epToBOM ODPOCTPAHCTBE.
Beitte MBI TOBOpPHJIM O KOMIIAKTHBIX ONIEPATOPAX B IPOU3BOJILHOM DaHa-
x0BOM nipoctpancTBe. Celfyac Mbl JONOJIHUM 3TH CBEIEHNUA HEKOTOPBIMU
dakTaMn, OTHOCAIUMUCT K KOMIAKTHBIM ONEPAaTOPaM B rMJibbepTOBOM
OPOCTPAHCTBE.

Mps1 nasBasu onepatop A KOMNAKTHBIM, €CJIM OH IIEPEBOAMT BCSIKOE
OTpaHUYEHHOE MHOXKECTBO B npeaxomMnakTaoe. [lockonbky H = H* | T.e.
H ecTb 1pOCTPaHCTBO, CONPSDKEHHOE K cenapabesibHOMY, B HEM BCe Orpa-
HUYEHHbIE MHOXECTBA (1 TOJILKO OHM) ¢J1a00 npeaxomMnakTHbl. Crenosa-
TeJIbHO, B TUJIbOEPTOBOM NPOCTPAHCTBE KOMIAKTHBIR 0IepaTop MOXKHO
ONPENESNTh KaK ONEepPaTop, NepeBosInuil Besikoe ¢1abo MpeaKoMIIaKT-
HOE MHOXKECTBO B MHOXKECTBO, IPEIKOMIAKTHOE B CHJILHOH TONOJIOrHH.

Haxkonen, B HeKOTOPBIX Cllydasix yIoOHO elle ¥ TAKOe OIpejesieHne
KOMIIAKTHOCTH ONEPaTopa B rUILGEPTOBOM NMPOCTPAHCTBE: oneparop A
Ha3bIBAETCS KOMIAKTHBIM B H | ecsin 0H BCsKY0 €1ab0 CXOTAULYIOCH 10~
CJIEI0BATEILHOCTD IEPEBOIUT B CUJIBHO CXOAAMYIocs. JelcTBUTesbHO,
[yCTh 3TO NOCJIENHEE YCJOBUE BBINOJIHEHO U NyCcTh M — OrpanuyeHHoe
muoxecTtso B H. Kaxnoe GeckoHeunoe MOOMHOXKECTBO MHOxecTBa M
conepxuT ciabo CXOQAULYIOC MOC/IeHOBATEILHOCTE. ECiii oHa nepeso-
IVNTCA B CUJIbHO CXOOsAUIYIOCSA IIOCJI€O0OBaTEJIbHOCTD, TO AM npeaxom-
naktHo. Obparwno, mycrts A — xoMnaxkTHbIf oneparop, {z,} — cnaa-
60 CXOOAAACA NOCJIEAOBATEILHOCTE U & — ee caabbiit npenen. Toraa
{Az,} comepXuT MOANOCNENOBATENBHOCTD, CXOAAUYIOCH CHIILHO. B 10
ke Bpems {Az,} cxomurcs ciiabo, B custy HenpepsiBHOCTH A, K Az, oT-
Kyna ciaenyer, 4to {Az,} He moxer uMmers GoJsiee OLHOHN npenesIbLHON
rouky. CienoBarensho, {Az,} — CXOZAMAACA NOCIEIOBATEIbHOCTD.

5. CamoconpsKeHHble KOMIIAKTHBIE onlepaTopkl B H. [Ins ca-
MOCOINPAXKEHHBIX JIMHEIHBIX ONeparTopOB B KOHEYHOMEPHOM E€BKJIMIO-
BOM IIPOCTPAHCTBE U3BECTHA TEOpPEMa O IIPHBEJEHHM MaTPHUIIbI TAKOro
oneparopa K JHATOHAJIbHOM (hopMe B HEKOTOPOM OPTOrOHAJIBHOM HOD-
MUpPOBaHHOM Basuce. B 3TOM MyHKTE MBI DACIPOCTPAHUM 3Ty TEOpeMy
H3 KOMIIAKTHBIE CAMOCONPSEZKEHHBIE OIEePATOpPBbl B IHJALOEPTOBOM [IPo-
crpancTBe. Pe3ysibTarsl 9TOro NyHKTa CIPABENTUBBI KaK [1J1s1 NeiicTBi-
TEeJILHOrO, TaK M JIJIs1 KOMILJIEKCHOrO r'usisbeproBa npocrpascrsa. [jist
onpenesieHHoCTH Oyem cunTarh, yTo H KoMIiekcHo. ‘

YcraHOBUM 1pexk]ie BCErO HEKOTOPbie CBOHCTBA COBCTBEHHBIX BeEK-
TOpPOB ¥ CODBCTBEHHBIX 3HAYEHHH CAMOCONMpPXKEHHbIX omeparopos B H,
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BIIOJIHE AHAJIOTHYHbIE, BIPOYEM, COOTBETCTBYIOLUM CBOMCTBAM KOHEY-
HOMEPHBIX CAMOCONPSIKEHHBIX ONEePATOPOB.
1. Bee cobemeenmbie 3HANEHUA CAMOCONPANCEHHO20 onepamopa A 6 H
deticmeumenvho.
B camom nesne, nycts Az = Az, [jz]| # 0, Torma
XMz, z) = (Az,z) = (z, Az) = (g, A\z) = A(z, z),
oTKyma A = A.
II. Cobcmeennwme sexmopbt CQMOCONPANCEHHOZ20 ONEPATROPR, OMEE-
YANUSUE PAZAUNHBM COOCTNEEHHBIM FHANEHUSAM, OPTNOZOHAALHDL.
HelictButenbho, eciiu Ar = Az n Ay = py, npudem A # 4, TO
)\(x,y) = (Aa:,y) = (a:,Ay) = (z,uy) = /‘(zay)v
orkyna (z,y) = 0.
JokaxxeMm Tenepsb ciaenywuy0 (GhyHIAMEHTALHYIO TEOPEMY.
Teopema 5 (Fnnpbepr-Mmugr). s aroboro xoMuakTHOro
CaMOCONPAXKEeHHOr0 JIMHEHHOrO 01eparopa A B reyisb6epToBoM IPOCTPAH-
ctBe H cymecrByer OpTOrOHAJAbHAA HOpMHpOBaHHast cHcreMa {pn}
CODCTBEHHBIX BEKTOPOB, OTBEYAIOIIHMX COOCTBEHHBIM 3HAYCHHsIM {A}
(An # 0), takas, yro xaxnapit sjgement £ € H szanucpiBaerca enus-
CTBEHHBIM 00pAa30M B BUIE

£: ch‘Pk +€’)
k

rue Bexrop &' € Ker A, 1. e. ynosnersopsier ycaopuio AL’ = 0; npu arom

AL = Z ALCr Pk
k

u ecst cucrema {p,} beckonedra, to lim A, = 0 (n — o0).

,ZI.Hﬂ JOKAa3aTeJIbCTBa 9TOU OCHOBHOMN TeopeMbl HaM HOH&}IO6HTC$I cJie-
AYOUMe BCIIOMOraTe/IbHbIE YTBEPXOEHUA.

Jlemma 2. Ecou {£,} cnabo cxonurcs k € u sinHeiiHblE camMmoconpsi-
JKeHHbI omeparop A KOMOAXTEH, TO

Q&) = (Adn, &n) — (48, €) = Q(8).

Hdokasarenscrso. [nsa Besikoro n

[(An; &n) — (AE, )] < [(Abn, &) — (AL, &n)l + (AL, &n) — (AL, )]

H
° (A, €n) — (AE, )| < 1Ell - 14(En — O
(A€, €0) — (AE,6)] = |(Aw,€) — (AE, )] =
= (€, Aln — )] < gl - I14(En = O,

u TaK Kak uucnia [|£,]| orpannyenst, a ||A(&, — £)|] = 0, To

[(A&n, &n) = (AL, €)1 = 0,

9TO ¥ TPebOBAJIOCH OKA3ATh.
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Teopema 3. Ecsin ¢pyrxuHOHA

QO] = [(AE, &)1

rome A — orpaHuveHHbIH CaMOCONPsDKEHHBIH JIMHEHHBIH oreparop, 1o-
CTHIaeT HA €AHHHYHOM IADE MAKCUMyMa B TO4Ke &y, T0 n3 {€o,7n) = 0

BBITEKAET, YTO
(Ao, n) = (éo, An) = 0.

Hokazarenscrso. Ouesnnto, ||}l = 1. TTonoknm
§ —_ gU +an
V1 +1aPlnl?’
rie a ~— MpOM3BOJIbHOE KoMIIekcHoe yuciio. U3 ||| = 1 crenyer, uto
el = 1.
Hanee,
QO = T3 o Q60) + (Ao, m) + alAko,m) + lal* Q).

YuCH0 @ MOXKHO B3sTh CKOJIb yTOMHO MaJIbIM 110 MOMYJIIO U TAKUM, YTO
(A&, u) — neitcreurensnan pesmuanna. Torna a(Aé,n) = a(A&,n) u

Q) = Q&) +2a(Abo,m) + O(@).
3 nocnennero papencTsa AcHO, 4To ecyn (Aéy,n) # 0, TO @ MOXHO BbI-

Opare Tak, 4ro |Q(£)| > |Q(& )], @ 9TO NPOTHBOPEYHT YCIIOBHIO JIEMMBIL.

W3 nemMbi 3 HENOCPENCTBEHHO BhITEKaeT, 4To ecan |Q(€)| mocruraer
makcumyMa 1pu € = o, 10 &o ecTb COBCTBEHHBI BEKTOP ONEpPaTopa.

HokxazaTenbcTBO TeopeMbl 5. Bynem crpouTs 3seMeHTHI @y
110 MHAYKIHUU, B NOpsiiKe yObiBaHUA abCOIOTHBIX BEJIMYUH COOTBETCT-
BYIOIIMX MM COOCTBEHHBIX 3HAYEHM:

A 2 - 2 ] > ...
JI71s1 MOCTPOEHMS 3JIEMEHTA ] PaccMOTPHUM Bbipaxkenne |Q(€)| =

= |(AE, £)| u noxaxkeM, 4TO OHO HA EOMHMYHOM HIape HOCTHUraeT MAKCH-

myma. Ilycts
S = sup |(A¢, )|
ligli<1

u &y, &,... — Taxkas NOCEIOBATENILHOCTE, YTO ||&,|| =1 1
[(Aén,&n)l = S upu n — oo.

Tak xax enusanusbi wap B H ciabo xomnakren, To w3 {§,} MoxHO
BBIOpATh NOANIOCIIEAOBATENLHOCTD, CJ1a60 CXOAAUYIOCS K HEKOTOPOMY
asiementy 7). Ipu s1oMm ||n|| € 1 u B cuny siemmbr 2

(An,m)| = S.
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DrieMeHT 7) MBI B npuMeM 32 ¢). SIcHo, uro ||n|| B ToynOCTN paBH#A-
ercst 1. (He#icrBurensno, nycts ||n]| < 1; nonoxum 1 = n/|in||; Toraa

lmll = 1 u [(An,m)| > S, uro nporusopeuut onpenenenuio S.) Ipn
3TOM

Ap1 = Migr,
OTKyda

A ?
) = 12l = (4, 1)) = 5.

IIycrb Tenepb cobcTBEHHBIE BEKTOPDI

P15 Pns
oTBeqalIye cCOOCTBEHHBIM 3HAYEHUAM
Al; L) /\n 3
yxke nocrpoensl. Ilycre M (g1, . - ., ¢pn) — HOANPOCTPAHCTBO, HATSHYTOE
HA @1, ..., Pn- PaccMoTpuM GYHKIHOHAI
(A, €)]

Ha COBOKYIHOCTH 3JIEMCHTOB, IPUHAIJIEK ALIMX
1
M;=HeM(@p1,..-,¢n)

(T. €. OPTOTOHAIILHBIX (91, . - . , (Pn ) ¥ YIOBJIETBOPAIOmMUX yeaosuio [|€]|<1.
MuoxecTso M, ecTh NOANPOCTPAHCTBO, WHBAPHAHTHOE OTHOCHTEJIBHO
A (rak Kax mopnpocTpaHcTBo M (y1,...,¢n) HHBApHAHTHO 1 A camo-
conpsuxen). IIpumenss x M} npopeneHHbie Bbllle PaCcCyXIEHUsL, NONY-
unM, yTo B M- maiinerca sexrop (0603HAMUM €ro Yn.y1), COBCTBEHHDIM
A7 oneparopa A.

Bosmoxnsl asa ciy4as: 1) nocjie KOHEYHOTO YHCJIA LWIATOB MBI I10-
JIyYUM TOAIPOCTPAHCTBO M,{U, B kotopoM (A€, &) = 0; 2) (4L, €) #0
na M- npu Bcex n.

B nepBoMm cityyae u3 1eMMbl 3 BBITEKAET, YTO M,{; NepeBONUTC Olie-
paropom A B Hysb (nosoxure 7 = Afp), T. €. UEJIMKOM COCTOUT U3 COb-
CTBEHHBIX BEKTOPOB, oTBedaommx A = (. CucreMa noCTPOEHHBIX BEKTO-
poB {(,} COCTOMT U3 KOHEYHOrO YHCJIa BJIEMEHTOB.

Bo BTOpoM ciiyuae HOJIydYaeM MOCTENOBATENbHOCTH {n} cobcTBER-
HBbIX BEKTOPOB, IJIs KAXKJOTO M3 KOTOpuIX A, # 0. Ilokaxkem, uto
An — 0. Hocnenosarensnocts {p, } (Kak 1 Besikasi OpTOrOHAJIBHAA HOD-
MMPOBaHHas [IOCJEIOBATEILHOCTb) C1ab0 CXOOMTCH K HYJIIO, MO3TOMY
aneMeRThl Ap, = A, IOJDKHBI CXOOATHLCA K HYJIIO [10 HOPME, OTKY/a
[An| = | Apnl| = 0.

IIycte

MY =HaM(pi,...,0n,-..) =Y M> #0.
n
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Ecnué € ML u € #0, 10 (A, €) < M||€||? nns eex n, T.e. (AE, &) = 0.
Orciona B custy Jlemmsr 3 (nmpu max |(A€, €)| = 0), npumenenno# k M+,
nostydaeM A€ = 0, T. e. noanpoctpancTso M L nepesomuTCa oniepaTopom
A B HyJIb.

W3 nocrpoenust cucrems! {p, } SICHO, YTO BCAKUH BEKTOP MOXKHO IIpE[l-
CTaBUTH B BUIE

6 = ZCkSOk + 6,7 riae A€’ - 07

OTKYyOa BbITeKaeT, q9TO
Al = Z AkCLPk-

Teopema mokazana. J1a TeopeMa urpaer (PYHIAMEHTANBHYIO POJIb
B TEOpUHM UHTErPAJIbHBIX ypaBHEHUH, O KOTOpLIX OydeT HATH pedb
B . IX.

3ameuanune. [lokasanHasi TeopeMa O3HAYAET, YTO IJA BCAKOTO
KOMIIaK THOI'O CAMOCOIIPSIKEHHOTO oneparopa A B H cymecTByeT OpToro-
HaJIbHBIH 6a3uc npocrpancrsa H, cocTosamuii 3 COOCTBEHHBIX BEKTOPOB
3TOro oneparopa. JleficTBUTENbHO, U1 IOJIyYeHUus Takoro Hasuca 1o-
CTATOYHO JOMOJIHUTH NOCTPOEHHYIO B IOKA3ATE/IHLCTBE TEOPEMbL CUCTEMY
COOBCTBEHHDBIX BEKTOPOB {(n} NMPOM3BOJLHBIM OPTOTOHAJILHBIM 6a3MCOM
noanpocrpancTea M+, mepesomumoro oneparopoM A B Hysab. WHbIME
CJIOBaMH, 3€Ch TOJIyYaeTcsl Pe3yJbTaT, BHOJHE aHAJIOTMYHbIR TeopeMe
O NPUBEIEHHH MATPUIB! KOHEYHOMEPHOIO CAMOCOIPSIKEHHOIO ONEPATO-
pa K AMAaroHAJLHOMY BHJAY B OPTOrOHAJILHOM Gasuce.

JJ1si HeCaMOCONPSDKEHHBIX ONEPATOPOB B N-MEPHOM IPOCTPAHCTBE Ta-
KOe IIpuBeaeHue, BoobuIe roBOps, HEBO3MOXHO, OJHAKO BEPHA CJIENYIO-
1asi TeOpeMa: 6CAKoe AuneldHoe npeodbpa3oeaHue 8 n-MePHOM NPOCTIPAH-
cmee umeem roms boi odun cobemeennvili sexmop. Herpyano ybenurn-
Csl, YTO 3TO yTBEPKAEHUE HE IIEPEHOCUTCS HA KOMIIAKTHBIE ONEPaTopbI
B H. JeiictButensHo, nycTh oneparop A 3agaH B Iy dopmysoi

Ax:A(zl,...,zn,...):(o,xl,%%,...,%:—-ll,...). (8)
D710T OnEparop KomnakTeH (mpoBepbTe!), HO HE MMEeT HM OJHOrO CO00-
CTBEHHOI'O BEKTOpA (HOKAXUTE 3TO).

Ynpaxuenue. Halinure cuextp oneparopa (8).



I'ITABA V
MEPA, USBMEPHUMBIE ©®YHKIINU, NTHTEIPAJI

IMonarue Mepst p{A) MHOXeCTBa A sIBJIsIeTCA €CTECTBEHHBIM 0600111e-
HUEM MOHATHIL:

1) mumubt [(A) orpeska A,

2) niowanu S(F) nnockott dburyps: F,

3) obvema V() npoctpancrseruolt ¢purypsr G,

4) npupaumenusi p(b) — p{a) HeybbiBalowel dbyukunn () Ha MOITY-
unrepsase [a, b),

5) uHTErpasa OT HeOTPUUATEILHON (BDYHKIMH, B3SATOrO 0 HEKOTOPOH
JIMHEeRHOH|, MJI0CKOH MM NPOCTPAHCTBERHOU obsiacT, U T. 1.

97T0 NOHATHE BO3HUKJIO B Teopuu (hyHKIin# neficTBuTesILHOrO Nepe-
MEHHOTO, & OTTYA [EePEIJIC B TEOPUIO BEPOATHOCTeH, TEOPUIO IUHAMA-
JecKMUX crcreM, (GYHKUUOHATBHBI aBanu3 ¥ MHOrMe npyrue obsacTu
MaTEeMaTUKU.

B § 1 970# ry1aBbI MBI H3JI03KUM TEOPHIO MEPDI JJIA MHOXKECTB Ha IIJIOC-
KOCTH, OTHPABAAACL OT NOHATHs IJIOWIANM NpAMOyronsauka. Obmas
Teopusi Mepsl Byaer u3soxedHa B §§ 2 u 3. Uuraresib JIETKO 3aMETHT, 4TO
BCE PACCYXKAeHHUs, OpOBeleHHble B § 1, nMmeror obmuti xapakrep u B ab-
CTPaKTHOM TEOpHH HMOBTOPSIOTCS 663 CYHIeCTBEHHBIX U3MEHEHHH.

§ 1. Mepa IJIOCKHX MHOXECTB

1. Mepa 3JieMeHTapHBIX MHOXKecTB. Paccmorpum cucremy &
MHOXKECTB Ha TJIOCKOCTH (Z,¥), KaKA0€ W3 KOTODPBIX ONPEeIeJIseTCsa Of-
HUM U3 HEDABEHCTB BHIA

a<x<b, a<x<hbh,

a<x<gb, a<zxz<b
U OffHMM M3 HEPABEHCTB BUAA

cLy <4, cLy<d,

c<y<d, c<y <d,
e a, b, ¢ 1 d — "npousBoJibHBIE Yncsa. MHOKeECTBa, IPUHAATIEKAINe
3TOH cucTeme, Mbl OYIEM HA3BIBATh NPAMOY20AbHUKAMU. JAMKHYThIH
NPSAMOYTOJILHHK, ONpeHesisieMblli HEPABEHCTBAMH

agz<h e<y<d

npencrapnget cobolt NPAMOYroILHUK B OOBIUHOM CMBICTIE (BMECTE € Ipa-
Huueit), eciin a < d e < d, orpesok (ecma=bune<duma<b
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U ¢ = d), Touky {npu a = b, ¢ = d) 4, HAKOHEI], IyCTOE MHOXKECTBO (eCJiH
a > bwm ¢ > d). OTKpPbIThI} NPAMOYTOJBHUK

a<z<b c<y<d

Oyaer B 3aBHCUMOCTHU OT COOTHOUICHUH Mex Ay a, b, ¢ u d NpAMOYIrO/IbHU-
koM Oe3 rpaHuipl UWiM NyCThiM MHOX)ecTBOM. Kax et U3 npaMoyrosib-
HUKOB OCTAJIbHBIX THIIOB (HA30BEM UX MOJIYOTKPBLITHIMHU) MPEACTABIISET
coboit HacToAIUN IPSIMOYIrOJBHUK De3 OMHOM, JBYX MJIM TPEX CTOPOH,
HHTEePBAJI, [IOJIYHHTEPBAJI, 100, HAKOHEIL, IYCTOe MHOKECTBO.

Kiiace Bcex npsiMOYroJIBHEKOB Ha, IJIOCKOCTH 0003HaYnM G.

Jl1a KaKOoro U3 NPAMOYroJIbHUKOB OIPEIEIUM ero MEPY B COOTBET-
CTBHHU C M3BECTHBIM U3 3JIEMEHTAPHOH FeOMETPUM MOHSITUEM ILJIOUIAIH.
Unmenno:

a) Mepa myCTOro Muoxkecrsa pasua (;
6) Mepa HEIyCTOro NpAMOYTOJIbHHKA (3aMKHYTOIO, OTKPBITOTO WJIA
HOJIyOTKPBITOTO), ONPENESIAEMOro YUCTaMu a, b, ¢ u d, paBHa

(b-a)(d-c).

Taxum obpasoM, KaxaoMmy npsmMoyroabHuky P u3z G nocrasjieHO
B cOOTBeTCTBHE YUCa0 m(P) — ero Mepa; npu 3TOM BBIIOJIHEHBI CJIE/LY-
IOIIE YCJIOBUS:

1) mepa m(P) upunumaer aefCTBUTE/ILHBIE HEOTPUIATE/LHbIE 3HA-
YeHUs;

n
2) mepa m(P) addumusena, T.e. ecnu P = |J P, u P,N P, = & npu
k=1
i #k, 10

m(P) = Z m{Py).
k=1

Haina 3a1a4a — pacopocTpasuTh, C COXpaHeHueM CBOHCTB 1) u 2), mepy
m(P), onpenesieHHy0 NOKa 1A NPAMOYTOJILHUKOB, Ha 6oJiee uupoKuit
KJIACC MHOXECTB.

CuayaJsia Mbl PacClpOCTPAHUM MeDY Ha TaK Ha3biBAEMbIE 3JIeMEHTap-
Hble MHOXecTBa. HazoBeM M10CcKoe MHOXKECTBO 3AEMEHMAPHBIMU, €CITH
€ro MOXKHO MPEICTABHUTH XOTA Obl OMHHUM CIIOCODOM Kak OObenuHeHue
KOHEYHOI'O YUCJIA NOIAPHO HelePeceKalomuXcs NPAMOYFOJIbLHUKOB.

st nansuefiero HaMm MOHAJOOUTCA CJICLYIOIAS TeOPeMa.

Teopema 1. Obnenunenue, nepecedyedyue, pa3sHOCTH H CHMMETDH-
4eCKas Pa3sHOCTH ABYX 3JIEMEHTAPHBIX MHOXKECTB TAKXKE ABJISIOTCS 3J1e-
MEHTAPHBIMH MHOXECTBaMH.

Taxum obpazoM, no repmuHosiornu, BeeneHHol B § 5 . I, snemen-
TApPHbIE MHOXKECTBA 00pPa3ylT KOJIb ILO.
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HoxkazaTtenbctBo. fIcHo, yro nepeceyenne ABYX MPAMOYTIOJIBHU-
KOB eCTb CHOBA NMpsimoyrosnbHuk. [loatomMy, ecou

A=UP, B=UQ;
3 j
~— JIBa 3.HeMGHTapHI)IX MHO)KQCTB&, TO U1 UX Hepcce‘leﬁue

ANB = ;EJ-(PIC NaQ;)
v5J

-— BJIEMEHTAPHOE MHOXKECTBO.
PasHocTh ABYX NPSIMOYIOJILHUKOB €CTh, KAK JIETKO TIPOBEPUTH, dJIe-
MeHTapHOe MHOXKeCTBO. C/Ien0BATEIBHO, BBIMUTAA U3 NPAMOYIOJIbHHKOB
HEKOTOPOE 3JIEMEHTAPHOE MHOXKECTBO, Mbl CHOBA, MOJIYYUM 3JIEMEHTap-
HOe MHOXKECTBO (KaK HepecedeHue ajeMeHTapHblx). I[lyers Tenepbs MHO-
xectBa A u B — anemenraphbie. Hallnercs, oueBuiHo, NpaMOyrofb-
HUK P, conepskamuit kax/0e u3 HUX. Toraa MHOXeCTBO
AUuB=P\[(P\A)N(P\ B)]

B CHJIy CKA3aHHOI'O Bbiule OyaeT ajieMeHTapHbIM. OTCIO/Ia U M3 PABEHCTB
A\B=An(P\ B),
AAB=(AUB)\(ANB)
cjlegyet, YTO PA3HOCTh M CHMMETPUYECKAsl PA3HOCTHL 3JIEeMEHTAPHLIX
MHOXKECTB FABJIAIOTCA 3JIEMEHTAPHBIMH MHOXKecTBamMu. Teopema HOKa-

3aHa.

OnpenenumM teneps Mepy m'(A) oJis s/1eMeHTapHbIX MHOKECTB CJie-
AyIOImuM 06pa3oM: eciin
A= P,
k

rie Pp — nonapHo Hemepecekaommnecs NPAMOYTOALHUKH, TO

m'(4) =Y m(Py).
k

TMokaxem, 4o m'(A) He 3aBUCHT OT CnOCODa PA3JIOKEHUd A B CyMMY
KOHEYHOro YHCJIA NpAMOyronsHuKkoB. Ilycre

A:UPI\::UQ])
k j

roe Py u ; — npsmoyroabuuku, u P, NPy, = @, Q; NG, = & npu
t # k. Tax xax nepeceuenue Py N(}; ABYX NPAMOYrONbHUKOB €CTh IIps-
MOYTOJIBHUK, TO, B CUJIY AIAUTHBHOCTH MEpPHI J1Jis NPAMOYTIOJIbHHUKOB,
domB) =) mPnNQ;) =) m(Q))
k k.j J

B uacTHOCTH, AJIS NPAMOYTOJILHMKOB Mepa m’ COBINAJAET ¢ UCKOMHOM
Mepolt m.

Jlerxo BujeTsh, 4TO ONpeNeIeHHAS TAKUM 0DPA3OM Mepa 3JIeMeHTap-
HBIX MHOXECTB HEOTPUIATEbHA U aHUTHBHA.

yCTaHOBHM CJIEAYIOUICE BaKHOE CBOﬁCTBO Mepbl 3JICMCHTAPHDLIX MHO-
XKECTB.
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Teopema 2. Ecim A — snemenraproe muoxecrso u {An} — Ko-
HeYHAad HJIH CYETHAs CUCTEeMA SJIEMEHTADHBIX MHOXECTB TaKad, 4To

AcC A,

TO

m/(4) <) m'(An). (1)

IHokaszatensncTno. Hna moboro € > 0 u ganHoro A MOXHO, oue-
BUIHO, HAHTU Takoe 3aMKHYyTOE 3JeMEeHTapHOe MHOXKeCTBO A, KO-
TOPOE CONEPKUTCS B A ¥ YIOBJIETBOPSIET YCJIOBHIO

m'(A) > m'(A) —¢e/2.

(Tocrarouno xaxapiil n3 k cocrasisiomux A NpsaMOyTroJIbHUKOB P 3a-
MEHUTD JIEKAIUM BHYTPH HEIr0 3aMKHYTBHIM NPAMOYTOJILHUKOM C ILJIO-
wanew donbuei, yem m(P;) —e/(2k).)

Hautee, niist kaxa0ro Ap, MOXKHO HaliTH OTKPBITOE 3EMEHTAPHOE
MHOXeCTBO A, conepxamee 4, u yIOBJIETBOPAIOUIEE YCIIOBUIO

m'(A,) < m'(An) + =&+

2n+1 *
HAcuo, uTo _ ~
ACJAn.

n
Uz {A,} moxuo (1o nemme Teitne—Bopesia) BpiOpars KOHEYHYIO CUCTe-
My An,,-- -, An,, nokpbiBatouryio A. IIpu 3T0M, OYEBHIHO,

s
m'(4) < Y m'(An)
i=1

(Tax xak wHaue A OKa3as0Ch Obl MOKPHITHIM KOHEUHBIM YHCJIOM TpPsi-
MOYTOJILHUKOB, CyMMapHOH# Iiomany Menbiuelt, yem m'(A), 410 BeBos-
MoxkHO). [Toatomy

m'(A) < m'(A)+§ <D m(An) + § <

i=1
<Y m(A)+5<D M4+ st 5= > m'(An) + e,
n n n n
OTKyIa B CHJIy npoussoJibHOCTH € > 0 BoiTekaer (1).

CaroiicTBo Mepbt m/, ycranasiusaemoe Teopemolt 2 (Mepa MHOXeCTB
HE NMPEBOCXOAMT CYMMbI MEP HOKPHIBAIOLIMX €0 MHOXKECTB, B3ATHIX B KO-
HEeYHOM MJIN CHETHOM YHCJIE), HA3BIBACTCS noayaddumuenocmuio. Us ne-
ro BBITEKAET CBOHCTBO TaK HasblBaeMolt cuemmoll addumuerocmu, niu
0-ad0umueHoCU, COCTOSIIEE B CIEIYIOIIEM.
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Iycts anemenTapHOE MHOXKECTBO A NIPEACTABICHO KAK CyMMa C 4 e T-
HOIO YHCJIA HEUNEPEeCeKAMMHXCA 3JIEMEHTAPHBIX MHOXeECTB A,
(n=1,2,...):

A= J A

TOCOA ":1
m/(4) = m'(An)

n=1

(T. €. MEpA CYMMBI CYETHOTO YHC/1a HEMEPECEKAIOIMUXCS CAATAeMbIX DAB-
HA CYMME Mep).
HelicTBUTEABHO, B CHY aJAUTUBHOCTY ipu s1060M N umeeM:

N N
m'(A) > m'( U An) =3 m'(4,).
n=1 n=1
ITepexons x npeneny npu N — 00, nOJIy4Yaem
x>
m'(A) 2> m'(An).
n=1

B cunty Teopembl 2 mMeeT MECTO M IPOTHBOIIOJIOKHOE HepaBeHCTBO. Ta-
KM 00pasoM, g-aIAMTUBHOCTL Mephl m' 10KAa3aHAa.

3aMevanue. Y 4HHTATENIST MOXET CJOKUTHCA BIEYAT/IEHHE, HUTO
O-aqIUTUBHOCTb MEPH! HA MIJIOCKOCTH NOJIYYAETCH ABTOMATHYECKHU U3 ee
aANTHBHOCTH NyTeM IIpenesbHOro nepexona. Ha camoMm mene aro He
Tak (B JOKA3ATEJbhCTBE TEOPEMBI 2 Mbl, UCHONb3YA JemMmy [efine—Bope-
J1, CYIeCTBEHHO OIIMPAJIMCH HA CBA3b MEKAY METPUYECKHMM K TOIIOJIO-
rudeckuMu csoiicTBamMu miockux mMuoxecTs). B §2 npu usygyeHuu mep
Ha MPOH3BOJIBHBIX A0CTPAKTHBIX MHOKECTBAX Mbl YBUIUM, YTO U3 aJOU-
THUBHOCTH MEDBI, BOODIIE rOBOPs, €8 0-aJIMTUBHOCTh HE CJICIYET.

2. JleGerosa Mepa IJIOCKHX MHOXXECTB. JJIEMEHTAPHBIE MHOMKE-
CTBa He HCYEPNBIBAIOT BCEX MHOKECTB, KOTOPBIE BCTPEYAITCSH B I€0-
METPHH M B KJIACCUYIECKOM aHaJM3e. 1103TOMYy eCTECTBEHHO MOMBITATHCH
PaCHPOCTPAHUTDH NOHATUE MEPHI, C COXPAHEHMEM €€ OCHOBHBIX CBOICTB,
HA KJIACC MHOXKEeCTB DoJiee MIMPOKHUH, YeM KOHe4YHbIE 0ObeUHEHU TIPsI-
MOYT'OJIBHUKOB CO CTOPOHAMM, NAPAJIJIETbLHBIMA OCSIM KOOPIHUHAT.

Pemrenue o710l 3a1a4M, B U3BECTHOM CMbICJIE OKOHYATEJIHHOE, DHLIO
nano A. Jleberom B padasie XX Beka.

ITpu uznoxenuu Teopuu mepsl Jlebera HaM NpUIETCS PACCMATPUBATD
HE TOJIBKO KOHEUHBIE, HO ¥ GeCKOHEeYHbIe OOBEIUHeHUs TIPSIMOYTOJIbHE-
koB. [ st Toro 9To6B! Py 3TOM Cpa3y Ke He CTOJIKHYThCSI C MHOXKECTBa-
MU «BeCKOHEUHON MEPBI», OrPAHUYUMCH CIEPBA, MHOKECTBAMH, HEJIHKOM
npunagiaexamumu kBagpary E={0 <z <1;0<y < 1}

Ha cosoxynroctn Becex Takux MHOXeCTB onpenesuM hbyHrumio p* (A)
cjenyomuM obpasom.
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Onpenenenue 1. Buewneli mepoli MHOKeCTBA A HASBIBACTCA M-
co _
p(A) = inf E m(Py), (1)
ACU Py &

rA¢c HUXHAA I'DadHb 6epeTcx 0 BCEBO3MOXKHBLIM NOKPBLITUAM MHOXe-
¢TBa A KOHEYHBIMM WJIM CYETHLIMU CUCTEMaAMM IpAMOYTOJILHUKOB.

3amevanusn. 1. Ecan 661 Mbl B onpeesieHyy BHEITHeH! Mepbl pac-
CMATPUBAJIM TIOKPLITHS, COCTOSIHE HE TOJLKO W3 NPSIMOYTOJIbLHHKOB,
HO 13 JIIOOBIX BJIEMEHTAPHBIX MHOXKECTB (B3sSITHIX B KOHEUHOM MM CYeT-
HOM 4YHCJIE), TO MBI NMOJY4Ynau Obl, OYEBHOHO, TO K€ CaMOE 3Haue-
Hne p*(A), NoCKONbKY BCAKOE 3JIEMEHTAPHOE MHOMXKECTBO €CTh CyMMa
KOHEYHOT'0 YHCJIa OPAMOYTOJIbHUKOB.

2. Ecoim A — aseMentaproe MHOXKeECTBO, To p*{A) = m'(A). ei-
CTBUTEJILHO, NIycTh Py, ..., P, — cocrasnsomme A nNpsaMOyroJbHUKH.
Torpa, no onpepenennio,

m'(A) = Z m(FP;).

n
Tax xak npsmoyronsavku P; nokpeisaor A, To p*(4) < Y, m(F;) =
i=1
= m/(A). Ho ecsin {Q;} — npomnsBosibHast KOHEYHAs WM CYETHASA CHCTE-
Ma NpAMOYTOJIbHUKOB, NOKpBIBaomass A, To B cuity Teopembl 2 m'(A) <

< 2> m(Q;), nosromy p*(A) = m'(A).

Teopema 3. Ecin
Ac A4,
n

rixe An — KOHEYHAasI HJIH CYEeTHAsA CHCTEMA MHOXECTB, TO

B(A) < 3 1t (An). @)

B gacrrocrn, ecoin A C B, 1o pu*(A) € p*(B).

HoxazatenbcTpo. Ilo onpenesnieHnio BHeMmHE! Mepbl, [Jisi KaxK-
noro A, Haliierca Takas CHCTeMa NpAMOYroJbHUKOB {Ppy}, Koneunas
nin cuernas, 410 A, C |J Puk 1

k
> m(Pa) < p*(An) + £,
k

rae € > 0 ppibpano npoussosnsyo. Torma
A C U U Pnka
n k

pH(A) DD m(Par) € Y 4t (An) + e
n  k n
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[Mockonsky € > 0 Npou3BOJIBHO, OTCIOIA BBITEKAET YTBEPHK/ICHUE TEO-
peMbl.

Tax Kak Ha 3JIEMEHTAPHBIX MHOKECTBAX 1’ M U* COBLIAIAIOT, TO TEO-
peMma 2 npeacrasisieT coboit wacTHb cyyait TeopeMsr 3.

Ounpenenenune 2. MHOXKECTBO A HA3LIBAETCA USMEPUMBLM (B CMBI-
cae JleBera), econ mas soboro £ > 0 HAH#ETCst TAKOe BIEMEHTapHOe

mHoecTso B , 9T0
wW(AAB)<e. (3)

PQyHKUMA £, PACCMATPHBAEMA TOJIBKO Ha U3MEPUMBIX MHOXECTBAX,
Has3plBaeTcH sebezogol mepot. Bynem obosHauaTh ee yepes ji.

3aMeuvanune. BeenenHoe HaMM onpeenieHNe M3MEPUMOCTH HMEET
JIOCTATOUHO HArsLAHbIR cMbicst. OHO O3HAYAET, YTO MHOMXKECTBO U3MEPH-
MO, €CJIM €0 MOYKHO «CKOJib YTOLHO TOYHO NPUubJIM3NTh» 3/IEMEHTAPHBI-
MU MHOXECTBaMH.

Wrak, Mpi onpemesiusim HEKOTOPBIR Kjace Mp MHOKECTB, HA3BIBAE-
MBIX U3MEPHMbIMU, U DYHKIHMIO (1, Mepy Jlebera, na sToMm knacce. Haa
6ok aitias nesib — YCTAHOBUTH CJIENYIOIHE (DAKTHI:

1. Cosoxynnocms ME UIMEPUMBIT MHOHCECTNE 3AMEHYTA OTMHOCU-
MEABHO ONEPAYUL B3ATNUA KOHEYHHT UAU CHETMHBIL CYMM U nepeceve-
nuti (1. e. npencrapsser coboll o-anrebpy, cMm. onpenenexnne B 1. 4 § 5
. I).

2. Pynxyus p o-addumusne na Mg,

Hrmxecsienyoume TeopeMs! npeactasiisioT cobot sTansl 4oka3aTesib-
CTBa 3THUX YTBEDPXKIOCHHUH.

Teopema 4. Hononuenne H3MEPHMOro MHOXECTBA H3MEDHMO.
9710 cpazy cjeyeT u3 PABEHCTBA
(E\NA)A(E\B)=AA B,
KOTOpO€ IPOBEpAeTCs HENOCPEACTBEHHO.

Teopema 5. Cymma H nepecedeHHe KOHEUHOrO 4HCJIA H3MEPHMBbIX
MHOXECTB CYTh H3MEPHMbIE MHOXECTBA.

HokaszarenbcrBo. JJoCTaTOMHO TPOBECTH NOKA3ATENILCTBO IJIs1
IBYX MHOXeCTB. Ilyctb A; u Ay -— n3MepuMble MHOKECTBA. DTO 3HAYUHUT,
9TO st A1060oro £ > 0 HallAyTcs Takpe asleMeHTAPHBIE MHOXeCTBa B
u By, uro .

p* (A1 A By) <ef2, p*"(Ax & Bp) <e/2.
Tax xax

(A1 UA) A (BiUB;) C (41 A B1)U (A2 A By),
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TO
/L*[(Al U A2) A (Bl U Bz)] < H*(Al A B]) +ﬂ*(A2 A Bg) < E.

Ho B; U By — ajieMeHTapHOE MHOXKECTBO, [I03TOMY MHOXKecTBO A U Ao
U3MEPUMO.

NsmepuMocTh nepecedenuss ABYX H3MEPUMBIX MHOXKECTB BBLITEKAET
U3 TeopeMbl 4 U COOTHOIIEHUsT

A1NA; = E\[(E\ A1) U (E\ 42)]. (4)
Crnencreue. PasHOCTH H CHMMETPUYECKAS PA3HOCTD ABYX H3MEDH-
MbBIX MHOXKE€CTB H3MEDHMBI.
91O BHITEKAET U3 TeopeM 4 U 5 U PABEHCTB
A1\A2 = A1 N(E\ As), Al AAy= (A \42)U(A2\ 4)).

Teopema 6. Ecitw A1, ..., A, — ITONapHO HENEPECEKAIOIIUECST
H3MEPHMBbIE MHOXECTBA, TO

w(0 44) = k}; u(Av). 5)

na pokasarenncTBa 9TOH TeOpeMbl HAM IMOHALOOUTCS CaenyOmas
JIeMMa.

Jlemwma. st mo6pix asyx mHoxectB A u B
" (A) — w*(B)] < u*(A A B).

JokazaTesbCTBO JeMMBbl. Tak Kak
AC BU(A A B),
TO B CHJIy TEOPEMBI 3
p*(A) < p*(B) + p*(A & B).

Orcrona BeITEKAET yTBEPKACHUE JIeMMEE B city4ae p*(A) 2 p*(B). Ecoan
xe pu*(A) < p*(B), To yTBep}KIeHHE JIEMMBL BHITEKACT U3 HEPABEHCTBA

v (B) < p*(A) +p*(A o B),
YCTaHaBJINBACMOI'O aHAJIOTUYHO.

Noxasarenscrso TeopeMmul 6. Kak u B Teopeme 5, 1ocTaTovHO
paccMOTpeTh ciydalt AByX MHOXecCTB. Boibepem npoussosbHoe € > 0 u
TaKHe 3JIEMEeHTAapHbIe MHOXeCcTBa By u Bs, 4yto

p*(4; A By) <, (6)
(A2 A By) < e. )



§ 1. Mepa naockur muoncecms 275

THonoxum A = Ay UAs u B = By U B3. MHOXKecTBO A U3MEPHEMO B CHILY
Teopembl 5. Tak xax MHOXKecTBa A] 1 As HE NEPECeKarTCs, T0O

BinNnBy C (A1 A Bl) U(A2 A Bz)

", CJIEI0BATEIILHO,

m'(31 N Bg) S 2e. (8)

B cuny nemwmet u3 (6) u (7) BeITEKAET, ITO
[m/(B1) = " (A1)| <, (9)
Im’(Bz) — p*(A2)] < e. (10)

Tak K&K Ha COBOKYIHOCTH DJIEMEHTADHBIX MHOXKECTB Mepa aJIuTHBHA,
1o 13 (8)—(10) monyuaem

m/(B) = m'(B1) + m/(Bg) —m'(By N By) 2 p" (A1) + p" (Az) — 4e.
3amerus eme, uto A A B C {(A; A By) U (A2 A By) uMeeM, HakoHeL,
W(A) > m!(B) — (A B B) 3 m!(B) — 2 > 1" (Ar) + " (As) ~ 6.
Tax kak € > 0 moxer 6bITh BLIOPAHO MPOU3BOJIBHO MAJILIM, TO
p(A) 2 p* (A1) + p (Aq).
ITockosibKy NPOTHBOMIOIIOXKHOE HEPABEHCTBO
p(A) < p* (A1) + 17 (A2)
CHpPaBEeMIJIUBO (B CHJIY TEOPEMBI 3) BCETIA, OKOHYATESILHO MOYYaeM
pr(A) = p (Ar) + 1" (A2);

Tak Kax A1, A2 1 A U3MEPUMBI, TO 30€Ch f1° MOXKHO 3aMEHUTL HA fi.
Teopema goxkasaHa.

W3 aroft TeopeMbl, B YACTHOCTH, CJIEIYET, YTO JJd BCAKOrO U3MEPH-
moro A
W(E\ 4) = 1 - u(A).
Teopema 7. Cymma u mepecedeHHe CYETHOIO YHCJIA H3MEPHMbBIX
MHOKECTB CYTb H3MEDPUMbIC MHOXECTBA.

Hoxazareascrro. Ilycrs
A, oo A, ...

o0
— CYeTHasl CHCTeMa H3MEPMMbIX MHOXECTB H A= An. Honoxum

n=1

n—1 o0
AL = Ap\ U A4k Acno, yto A = |J A}, npuuem muOoXecTBa Ay
k=1 n=:1

MOTNapHO HE NepeceKalTCAd. B CHIIY TeOopeMbl 5 u cneacTBUsl U3 Hee BCe
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mHOXKecTBa Al nsmepumsel. B cuiy Teopems! 6 u onpenesienus pHenrHedt
MECpBI [IPH JII000M KOHEYHOM T

n
n
> Ay = u( U Ak) < u(4),
k=1 k=1
09 TOMY Psij ~
> u(Ay)
n=1
CXOOUTCA U, CACIOBATENBHO, 4/ Jboro &€ > 0 naliperca taxoe N, 4to

> oAy < § (11)

n>N

N
Tak xax muoxectso C = |J A, uamepumo (KaK CyMMa KOHEYHOIO HH-

n=1
CJ1a H3MEPHMbIX MHOXKECTB), TO [IJIs1 HETO HAWIETCs Takoe 3JIeMEHTapHoe
MHOXKecTBO B, uTo .

p*(C A B) <ef2. (12)

ITockoabky
AABC(CAB)U( U A’n),
n>N

o u3 (11) u (12) Boirekaer
1w*(A A B) <eg,

1.e. A usmepumo.
Tak Kak HOMOJHEHUSI H3MEPHUMBIX MHOXKECTB U3MEPUMBI, TO YTBEpXK-
[IEHUE TeOPEMbl OTHOCHTEIILHO NepecedeHuit BHITEKAeT U3 PABEHCTBA

QAn =E\9(E\An)-

Teopema 7 ycunupaer Teopemy 5. Crenyromas reopema HpeIcTaBis-
eT coboit aHasIOrHYHOe yCuieHne TeopeMsl 6.

Teopema 8. Ecsmn {A,} — nociaegosaressnocts nonapHo Herepe-
CEKaIOIWHXCA H3MepHMbIX MHOXKecTB H A = | J Ay, 10

p(A) = 3 u(An).
n
HokazareancrBo. B cuiy teopems 6 npu juobom NV

N N
n(anJl 4,) = D An) < u(A).
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Ilepexonsa k npeneny npu N — 00, nojyyaem
oo
n(A) 2 p(Ay). (13)
n=1
C npyroil cTOpOHBI, COIVIACHO TeopeMe 3
o
1(A) < 3 (A, (14)
n=1

W3 (13) n (14) BoiTexaer yTBEpK/AEHAE TEOPEMBL.

YceranoBlieHHOE B TeopeMe 8 CBOMCTBO Mepbl ObIJI0 HA3BAHO €€ CHEm-
notll addumuenocmsio, nu o-addumuerocmosio. VI3 0-aganTHBHOCTH Bbi-
TeKaeT CJELYIOEee CBOHCTBO MEPhI, HA3LIBAEMOEC HENPEPLIGHOCINLDIO).

Teopema 9. Ecsim A1 D Ay D ... — IOCAEAOBATELHOCTH BJIO-

JKEHHBIX IAPYT B APYIa M3MEPHMBIX MHOXxecTB H A =[] A,, 1O
n

#(A) = lim p(Ay).
n—>o0

Hoxaszarensbcrso. Jocrarodno paccMorpers ciayual A = &; 0b-
wuit cay4ali ceomuTea K aToMy 3aMeHolt A, Ha A, \ A. Umeem

A=A\ A)U(A2\ A3) U .,
An = (An \An+1) U (An+] \An+2) U.. .y

IpuyeM cJlaraeMble He nepecekarrcs. [losromy, B cuily o-asIuTHBHOC-
TH Y

(A =D pl(Ar \ Agia), (15)
k=1

#(An) = D p(Ax \ Axr); (16)
k=n

Tax kak paxg (15) cxomurces, 1o ero ocrarok (16) crpemnrcs x 0 npwu
n — oo. Takum obpasowm,

u(An) =0 upu n — oo,

YTO K Tpe6ona.n0c1> JOKa3aTh.
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Cnencreue. Eciw A; C Ay C ... — Bo3pacraouas 0ocjaenoBa-
TEJIbHOCTH H3MEPHMBIX MHOXECTB H

A=A,

TO i
w(4) = lim p(An).

JIJ1s1 IOKA3aTeNIbCTBA JOCTATOYHO NepedTH OT MHOXKECTB A, K UX J0-
IIOJTHEHUAM U BOCHOJIB30BAThCA TeopeMoit 9.

OrMeTHM B 3aKJIIOUEHME elle OJJHO OYEBHIHOE, HO BAaXKHOe 00CTOsA-
TeJbCTBO. Beakxoe mmoorcecmeo A, enewnss mepa xomopozo pasna 0,
u3mepumo. Jocrarouno nonoxurs B = &; Toraa

pWAAB)=p*(AA2)=p"(A)=0<e.

Wrax, MBI pacnpoCTpaHUJIM MEPY C 3JIEMEHTAPHBIX MHOXeECTB Ha 60-
Jee mwupokuit kiaacc Mg, 3aMKHYTBIIE OTHOCHTEJIBHO OTlepauuii B3ATUA
CYETHBIX CYMM U I[iepecedyeHni, T. . NPeacTaBssomui coboit o-anrebpy.
ITocrpoeHHas Mepa o-aJIUTUBHA HA 3TOM KJIACCE. YCTAHOBJIEHHBIE BbI-
1€ TEOPEMB! II03BOJISIIOT COCTABUTDH CJIEAYIOIIEE IIPEICTABIIEHNE O COBO-
KYITHOCTH M3MePUMBbIX 110 Jlebery mMuoxecCTB.

Besikoe oTKphITOE MHOXKECTBO, IpUHALIEXKaIiee £, MOXHO IpeacTa-
BUTH KaK O0'bEHUHEHHE KOHEYHOIO UJIM CHETHOI'O HUNCJ1& OTKPBITHIX Mpsi-
MOYTOJIBHUKOB, T.€. U3MEPHUMbIX MHOXKECTB, H B CHJIy TeOpeMbl 7 BCE
OTKPBIThIE MHOXKECTBA, U3MEPUMbI. 3aMKHYThIE MHOXKECTBA CYyTh JONOJI-
HEHUsT OTKPBITBHIX, CJIEJ0BATEILHO, OHM TOXe uaMepumsl. COrJiacHo Teo-
peMe 7 U3MEPUMBIMU JOKHBI OBITH M BCE T€ MHOXKECTBA, KOTODBLIE MO-
ryT OBITb IIOJIYUEHb! U3 OTKPBLITHIX M 3aMKHYTBIX C IOMOIIBIO KOHEYHOTO
HJIH CYETHOrO HUCJIa onepaumit B3sITUsI CYETHBIX CYMM U NMepecedyeHui.
MoOXHO MOKa3aTh, OHAKO, YTO ITUMHU MHOXKECTBAMU BCE HU3MEPHUMBIE
MHOXK€ECTBA €Ile€ He UCUEPIILIBAIOTCS.

3. HexoTopsle nonoJsxenns U obobieHnsa. Boiure Mbl paccmar-
PHBAJIM TOJIBKO T€ MHOXECTBA, KOTOPbIE COACPKATCS B IMHNYHOM KBa-
npare E = {0 < z, y < 1}. Herpyauo ocBoboauThes: 0T 3TOr0 OrpaHu-
YeHUs!, HAIIPUMED, Cjeayommum obpazoM. [Ipencrasus BCIO IJIOCKOCTb
KaK CyMMYy IHOJIYOTKDBITBIX KBaaparos K, = {n <z <£n+1,
m <y < m+1} (n, m — uesibie), Mbl GyieM rOBOPUTE, YTO IJIOCKOE MHO-
KecTBo A usmepumo, ecsiu ero nepecedenve An, = AN E,,, ¢ KOKABIM
U3 9TUX KBAAPATOB U3MepuMo. [Ipu 3T0M MBI MOJOXKHUM, [0 ONpEHeJIe-

HUIO,
n(4) = Z #(Anm)-

Psan, crosmu#t cripasa, Jinb0o CXOZNTCA K KOHEYHOMY 3HAYEHHIO, JubO
pacxogurcd X +oo. [ToaToMy Mepa p MOXKET IPUHUMATHL U DECKOHEYHbIE
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3HaueHnsi. Bce cBOWCTBA MEpLI M M3MEPUMBIX MHOXECTB, YCTaHOBJICH-
HBIE BBILIE, OYEBUAHBIM OODPA30M IEPEHOCATCS Ha 3TOT caydai!). Ha-
10 OTMETHUTh JIKIIb, YTO CYyMMa CUYETHOIO YHCJIA U3MEPUMbIX MHOMXKECTB
KOHEYHOH Mepbl MOXKET MMeThb GeckoHeunyio mepy. Kirace nsMepumbix
MHOXKECTB Ha Bcelt nutockoctu 0b6o3nauum 2.

Ms1 m3sioxuiu B 3ToM naparpade mocrpoerne Mmepnl Jlebera mnst
IJIOCKHUX MHOXECTB. AHAJIOrHYHO MOXKeT OBITh TOCTPOEHA Jieberosa Me-
pa Ha NPsAMON, B TPEXMEPHOM IPOCTPAHCTBE UJIH, BOODILE, B €BKJINJIOBOM
APOCTPAHCTBE J000# pazmepHocTH . B K&K /10M U3 3THX CJIy4aeB Mepa
CTPOUTCS N0 OJHOMY U TOMY ke 00pasily: UCXOI:A U3 Mepbl, OlpeieseH-
HOHl 3apanee 1J1s HEKOTOPO#t CHCTEMbl TPOCTEHIINX MHOXKECTB (IPAMO-
YTOJIbHUKOB B CJIyHae IJI0CKOCTH, uHTepBanos (a,b), orpeskos [a,b] n
OJIyMHTEPBaJIoB (a, b], [a,b) B cilydae npsaMOH, U T. 11.), MBI OIIPEAEJIsIEM
Mepy BHavaJle 111 KOHEeYHBIX oObelnHeHnil TAKUX MHOMXKECTB, a [I0TOM
pacrpocTpassieM ee Ha ropasao DoJiee MUPOKUU KJIACC MHOXECTB ——
Ha MHOXecTBa, n3amepumsle o JlebGery. Camo onpenesienre u3aMepuMoc-
TH JOCJIOBHO TEPEHOCUTCS HA MHOXKECTBA B IIPOCTPAHCTBE JI0OCH pas-
MEPHOCTH.

Beoust nousitne mepnt Jlebera, mbl ucxogumu u3 OODBIMHOrO ompese-
JIEHHs TJIOMAAH. AHAJIOrMYHOe NOCTPOEHHE AJIA OXHOMEPHOIO CJIyuas
ONMPAETCA HA NOHITHE [JIMHBI MHTEPBAJIA (OTPE3KA, MOJIyMHTEPBAJIA).
3nech, OAHAKO, MOXHO BBECTH IIOHATHE MEPbi ¥ MHBIM, OoJiee oOumuM
CIIoCoB0OM.

IIycre F(t) — nekoropasa HeyObIBAIOMAS, HEOPEPLIBHAA CJieBa (PYHK-
nus Ha npamoii. Ilosoxkum

m(a,b) = F(b) — F(a + 0),
mla,b] = F(b+0) — F(a),
m(a,b] = F(b+0) — F(a+0),
mla,b) = F(b) — F(a).

Jlerxo BUOCTH, YTO TaK OnpeaesieHHana (l)yHKI.II/Iﬂ HHTEepBaJia M HEOTPU-
aTesibHa U aOauTUBHA. [IpuMensas K Hell pacCyXleHus, aHAJIOTHYHbIE
TIPOBEHEHHBIM B HACTOAIEM naparpade, Mbl MOXKEM [TOCTPOUTE HEKOTO-
pyo mepy pr(A). llpu 9ToM COBOKYNHOCTD 2 g MHOXKECTB, U3MEPUMBIX
OTHOCHTEJIbHO JlaHHOﬁ MEDbl, 3aMKHYTa OTHOCUTCHABHO onepaxmﬁ B3ATHUA
CYEeTHBIX CYMM M NiepecedeHnit, a mepa prp Oyner o-apmurushaa. Kiiace
Ar MHOXECTB, U3MEDHUMBIX OTHOCHATEJBHO i, Oyner, Boobue rosops,

})Omnako B Teopeme 9 myxHO mobasuts ycnopme pu{Ei) < +00, ITOBH CXOAMII-
ca pan (15). Ilpusenute npuMep, NOKa3bIBAKILKHA, 4T0 6€3 3TOr0 yCJIOBHA TEOpeMa
MOYKEeT CTaTh HEBEPHOH’.
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3apuceTh OT Bbibopa dyuknuu F. Opuako npu sobom Bbibope F' o1-
KPBIThIE 1 3AMKHYTbIE MHOXKECTBA, & CJAEIOBATCIBHO, H BCE UX CYETHLIE
CYMMBI U llepecevdeHns 3aBeaoMo OyayT usMeprnmMbl. Mepsl, nosyyaemble
C OMOULI0 TOH usn uHOU byukuuu F'| HaseBaoTcsa mepamu Jlebeza—
Cmuamseca. B wacraoctu, byukuun F(t) = ¢ orBedaer o6bIvHAS MEPaA
Jlebera va npsMoi.

Ecau mepa pp takosa, 4uto oHa paBHa 0 1A a0060ro MHOXECTBA,
obbryHas jeberosa mMepa f KOToporo passa 0, To Mepa pp Ha3LIBAETCA
abcoaromuo HenpepueHot (OTHOCUTENBHO ). Eciu Mepa pp UeaIukoM
COCPENOTOYEHa Ha KOHEYHOM WJIM CYETHOM MHOXKECTBe TO4eK (3710 Oy-
JeT B TOM CJIy4ae, KOrjia MHOXKeCTBO 3HadeHuil dyuknuu F KOHEYHO
WIK CUETHO), TO OHA HasbiBaeTca duckpemuod. Mepa pp HaspBaeTCs
cunayAsprol, ecs oHa paBHa 0 Ui JI000rc OJIHOTOYEYHOTO MHOXKe-
CTBa, HO UMeeTcs Takoe MHOxkecTBO M sieberosoil Mepsr 0, 4TO Mepa pr
ero nonoJsiHeHus pasHa 0.

MoXHO noKaszaTh, 4TO BCHAKAS Mepa [p MPEICTABHMA KaK CyMMa
abCoIIOTHO HEeNpephIBHOMR, IUCKPeTHOH u cunryssproit Mep. K mepam
Jlebera-CruniTheca Mpl enie BepHEMCs B CJleyiouleii riase.

Cywecmeosanue HeUMEPUMBLEL MHocecms. MBI BUIEH, YTO KJAcC
u3MepuMbIX 1o Jlebery MHOXKeCTB BeCbMa, mMpoK. EcrecTBeHHO CHpo-
CUTb, CYIIECTBYIOT Jii BoOGuie Hewsmepumbie muoxectBa? [Moxaxewm,
YTO 3TOT BONPOC PELIALTCHA NOJIOXKUTEIbHO. [Ipowe Bcero HeusmMeprumble
MHOXKECTBA CTPOATCA HA OKDPYKHOCTH, Ha KOTODOH BBeneHa JmHelHas
Mmepa Jlebera.

IIycrs C' — OKpy»KHOCTH, JJIMHA KOTOPOH paBua 1, u a — HEKOTOpOoe
rppanuoHanbuoe dnciio. OrHeceM K OIHOMY KJIACCY T€ TOYKH OKPYXK-
HocTH C, KOTOPBIE MOIYT ObITb HEPEBEIEHbB! OMHA B APYTYIO TIOBOPOTOM
okpyxuocTi C Ha yroa narw (n — nejgoe). Kaxapiit #3 3TUX KJIACCOB
OymeT, O9eBHOAHO, COCTOATH U3 CYETHOIO MHOXKECTBA To4eK. Bribepem us
KaxK/I0ro TAKOro KJacca 110 ogHol Touke. [lokazxkemM, 4T0 Oy YeHHOE Ta-
KuM 0Opaszom MHOxKecTBO (06o3HaquM ero $p) Hensmepumo. Obo3HAIUM
gepe3 ®,, MHOXKeCTBO, nojy4yaemoe u3 Pg noBopoToM Ha yrou naw. Jler-
KO BHIETh, 9TO BCe MHOXKeCTBa P, NOIIapHO HE NEPECeKaloTCA 1 B CyMMe
COCTaBJIAIOT BCIO OKpyXKHOCTH - C. Ecan 661 muoxkecrso ®g Ob110 H3Me-
puUMO, TO ObLIIA U3MEPUMbl U KOHIPY3HTHbeIE emy MHOXxecrBa $,. Tax
KaK fore]
c= U &, ®¢,.N%,=2 uapu n#m,

=—00

TO B CHJTY O-aJJAUTHUBHOCTU MEDBI OTCIO[a CJI€00BaJIO 6bI, qTO

o

1= > u(®n). (17)

n=—oo
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Ho KOHIDY3IHTHBIE MHOXECTBA JOJRKHBI HMETh OJHY U Ty Xe MEpPY, Tak
yto ecad Py usMepuMo, To

w(®n) = pu(2o).

Orcrona BUAHO, 9TO paBeHCTBO (17) HEBO3MOKHO, TAK KAaK CyMMa pPAna,
CTOSIMIEro B ero npasolt yactu, pasua 0, ecoin u(Po) = 0, u HeckonedHO-
cry, ecau pu(Po) > 0. Utak, muokectso $y (a cienoBaresibHO, 0 KK AR
$,,) HensMepumo.

§ 2. Ob1uee oHsATUE MEPHI.
IIpomo/pkeHite Mepsl ¢ MOJIYKOJIBIIA Ha KOJIBLO.
ANMTUBHOCTS B 0-a/IUTHBHOCTD !)

1. Onpenenenvie Mepbl. Mbl CTPOMIM MEPY IJIOCKUX MHOMXKECTB,
OTNPABJIAACH OT Mepbl (NJIOWAAN) HPAMOYIOJALHIKA U PACIPOCTPAHAA
ce na 6ostee mMpoKHii Kj1acc MHOXKECTB. [IJis HauX nocTpoenuil cye-
CTBEHHO OBL/TO BOBCE HE KOHKPETHOE BHIPAXKEHUE [IJIONIANY IPAMOYIOIh-
HIUKOB, & JIUIIB ee 00inue ceolictsa. IMeHHO, 11py 1POA0/IKEHHH ILIIOCKOH
MEpBI C IPAMOYTOJILHUKOB Ha 3JICMEHTADHBIE MHOXKECTBA MBI IOJIB30-
BAJIMCh JIMIOL T€M, YTO IJIOU3Ab — 3TO HEOTPUUATCILHAA & IUTHBHAS
(hbyHKIUSA MHOXKECTBA, H TEM, YTO COBOKYITHOCTD MPAMOYTOJILHHKOB €CTh
nos1ykKossio. Ilpu nocrpoenun seberosa mpomospKeHus NJIOCKOM Mepbl
6bLTIa, KPOME TOI'0, BAXKHA €€ 7-aJIUTHBHOCTD.

B cuny TONBKO Y10 CKA3aHHOTO, KOHCTPYKUWH, M3JioKeHHol B § 1
NPUMEHUTESIBHO K ILTOCKMM MHOXKECTBAM, MOXHO IIPHIATH BIOJIHE 00-
myro aberpakTHyto dhopmy. Tem caMpiM ee IPpUMEHUMOCTH OyIeT Cylue-
CTBEHHO PACUIHPEHA. DTOMY U HOCBsmeHbl bmxafimne nsa naparpada.

BBG,IIGM npexae BCero cJeaywliee OCHOBHOE OlIpencsieHue.

Onpepenenne 1. @ynkuust muoxecrsa p{A) HazbiBaeTcsa mepoti,
ecau:

1) obnacte oupepenenus S, dyuxuun p(A) ecTs MOTYKOJIBIO MHO-
JKECTB,

2) snavenns pyuxumu p{A) nelCTBUTENBABL U HEOTPHIATEIIBHBL,

3) p(A) agnurusaa, T. €. 1151 JIO0Or0 KOHEYHOTO PA3JIOKEHAS

A=40U---UA,

1Y B arom maparpade u fankime Mbl HyqeM CHCTEMATHYeCKH T0JIL30BATHCS TOHA-
TUAMU U PAKTAMHU, U3JI0KEHHbIMH B § 5 1. 1.
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MHOKecTBAa A € G, Ha (IONapHO HenepeceKaloUIMecsl) MHOXKECTBA
Ak € &, BbIIOIHEHO PABEHCTBO

p(4) = 3 (A,

k=1

3ameuanue. W3 pasnoxenus & = FUQ BuITEKaeT, 410 (@) =
=2u(@), r.e. p(L) =0.

2. Ilponospkenue Mephl ¢ NOJYKOJbIA HAa MOPOXKIECHHOE UM
xoJiblo. Ilpu nocrpoeHuns Mepbl MJIOCKMX MHOMXKECTB NEPBBLIM UIAroM
OBLIO paclpoCcTpaHeHue Mepbl ¢ NPSMOYTOJIbHUKOB HA 3JIEMEHTAPHbIE
MHOXKECTBA, T. €. HA KOHEYHbIE CYMMBI IONIAPHO HENePeCeKAIOMUXCs Npsi-
MOYToJ1bHUKOB. Cetiuac MBI paccMOTPUM abCTPAKTHLIN aHAJIOr 3TON KOH-
crpykuun. Chopmyaupyem npexe BCero Caenyoliee ornpeiesenne.

Onpenesienne 2. Mepa p HasbIBAeTCA NPoJosdCEHUEM MEDDI MM,
ecnn &, C 6, u pna xaxgoro A € G, uMeer MECTO paBEHCTBO

p(A) = m(A).

Heﬂb 3TOr0O IIYHKTa COCTOUT B JOKa3aTEJIBCTBE CJeNYIOUICro IPEejo-
JKEeHUA.

Teopema 1. [Lna kaxnoit meppr m{A), 3aJaHHOH HA HEKOTOPOM MO~
aykosbte G,,, CYmecTByeT OQHO H TOJBKO ofHO nponoJrkenne m'(A),
umeromee cBoeit obnacteio onpenesteaus koubuo R(Sy,) (T.e. MuuH-
MaJIbHOE KOJIbIo Haa G,,).

Hoxasarenscrso. Hua kaxnoro maoxecrsa A € R(G,,) cywe-
CTBYET Pa3JIoKeHue

A= U B, Br€6,,, BiNB =@ upun k<l (1)

k=1

(reopema 3 § 5 ru1. I). [TosoxkuM, no onNpesesIeHnio,

n
!
m'(4) =Y m(B). (2)
k=1
Jlerko BuaeTs, uto Besmumua m'(A), OUpeneseHHAT PABEHCTBOM (2),
He 3aBUCUT OT BbIGOpa pasnoxenus (1). IeficTBuresibro, paccMoTpum
JIBA Pa3JI0KEHUs

A:UB{ZUC]', B, € G, CjEGm.
. =

i=1 7
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Tak kak Bce nepeceuenns B; N C; npunagnexar G,,, TO B CUIY aJ04-
THUBHOCTH MEPBI M

S om(B) =YY mB:nC;) =Y m(Cy),
i=1 j=1

i=1 j=1

4TO ¥ TpebOBAJIOCH IOKA3AT.

HeorpuuareasHocts 1 amuuTuBroCcTh GyHkimEu m'(A), onpenesse-
MO paeHCTBOM (2), ouenupubl. Utax, CymecTBOBAHME NPONOIRKEHUS
m’ mepbl m 12 Kosbuo R(G,,) moxazaHo.

ILisi oKa3aresbCTBa ero eIUHCTBEHHOCTH 3aMeTUM, YTO, [I0 OIpene-

n
JleHuro apogosnKkenust, ecqin A = | By, rne By — Henepecexaouinecs
k=1
MHOXECTBA 13 &, , TO IJis1 J1I060I0 NPOIOJIKEHUS 172 MEPhI 711 HA KOJIBIO

R(Sm)
m(A) =Y m(By) =Y m(Bi) = m'(4),
k k
T.€. Mepa M COBNANaeT ¢ Mepoil m', onpenesenHod pasencToMm (2).
Teopema mokazaHa.

ITo cymecTBy, MBI IOBTOPHIIN 3/1€CH, B aBCTPAKTHBIX TEPMUHAX, TPU-
€M, KOTOPbIM MBI B § 1 MPONOJIKUIIN MEpPY C NPsIMOYTOJIBHUKOB HA 3JIie-
MeHTapHble MHOxkecTBa. Kiacc 3JieMeHTapHBIX MHOXKECTB Kak pa3s
U TIPEICTABIIAET COBOM! MUHUMAIIBLHOE KOJIBLIO HAJL ITOJIYKOIBIIOM IPAMO-
YTOJILHUKOB.

W3 agauTHBHOCTH ¥ HEOTPHIATESLHOCTH MEDBl BBITEKAIT CJIELYIO-
Hie MoYTH OUYeBUAHBbIE, HO BAXKHbBIE CBOHCTBA.

Teopema 2. Ilycte m — mMepa, 330aHHAST HA HEKOTOPOM KOJIBIE
Rm, # MHOKecTBA A, . .., A, npunamgiexar R,,. Toroa

n
Lecm |J A, CAnANAj =@ opui# j, 10
k=1

> m(Ar) < m(A);
k=1

n

1L ecnr |J Ar D A, 10
k=1

S m) > mA);
k=1

B gactnocrd, eciit A C A’ u A, A" € R, ro m(A) < m(4").



284 I'a. V. Mepa, usmepumuvie pynxyuu, unmezpaa

HeftictBuTensHo, ecan 4, . .., As IONapHO He IEPEeCEeKAIOTCs U COAep-
)Karca B A, TO B CHY AIJIUTHBHOCTH MEPBI

m(A) = i:m(Ak) +m(4\ kﬁ:jl A1),

k=1

ITockosbky m(A\ U Ak) > 0, orcrona nosiydaem csoficTso 1.
k=1
Haunee, nis mobbix Ap, As € R, nMeeM
m(A1 U AQ) = m(Al) + WL(AQ) - m(Al n AQ) < ’ITL(Al) + m(442).

Ilo urayxnuu oTCIofa noJIyv4aeM, 1To

m (kL:Jl Ak) < i: m(Ag).

k=1

n
HakoHen, onsaTo-Taku B CUTY 2JJIMTUBHOCTU Mepbl u3 A C | J Ay cie-
k=1
AYET, 9T0

m(A)y =m (kL:jl Ak) — m(kLZJ1 Ay \A> < m(kgl Ah)a

OTKYJIa B CHJIY IIPEBIAYINEro HEPABCHCTBA U BhiTekaeT cBolicTso II.

Mp1 nokasanm cpoiicrBa 1 u II nnst Mepsbl, 3a1aHHOR HA KOJIbIIE MHO-
xecTB. Ho ecsin Mepa mepBOHAdYasibHO ObLjia 33/1aHAa HA IOJIYKOJIBIIE,
TO IIPHU NPONOJIKEHNN €€ Ha KOJIBIO MEPBI MHOXXECTR, TPUHAIJIEXK ALIIX
UCXOIIHOMY MOJIYKOJbIY, He MeHsaoTcs. [losromy ceoitcrsa I u II copa-
BEJIJIUBLI ¥ JIJ1sT MEp Ha MOJYKOJIbIAX.

3. g-anpuTHUBHOCTHL. B pasnuuHbIx BONpOCAX aHa/IN3a IIPHXOIAT-
CsI pAaCcCMaTpUBATh OOBEIUHEHNS HE TOJIBKO KOHEYHOro, HO M CYCTHO-
rO 4UCJa MHOXKECTB. B CRA3M ¢ 9THUM yCIOBHE aiauTHBHOCTH, KOTOPOE
MBI HAJIOXKUJIM Ha Mepbl (onpenesieHne 1), eCTCCTBEHHO 3aMeHuTh BoJtee
cuAbHBIM TpebOBaHNEM 0 -anIUTHBHOCTH.

Ounpenenenune 3. Mepa m HaspiBACTCA cuemto-addumuerot, unu
o-addumuceroti, ecan ana mobuix muozxects 4, A1, ..., A,, ..., npunai-
nexamux ee obsiactu onpenesienust G, v YIOBIETBOPSIOIIIX YCJIOBUAM

A= {J A,, AinA;j =0 nupu (£},

n=1

nMeeT MeCTO paBCHCTBO
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Ilnockxas mepa Jlebera, nocrpoennas Hamu B § 1, g-aunuTusHa (Teo-
pema 8). Ilpumep o-amauTuBHON Meps! COBCeM MHOH NPHpPOABI MOXKHO
NIOCTPOUTH Cienylomum odpaszom. Ilycrn

X:{.’El,lg,...}

— MPOU3BOJBHOE CICTHOE MHOMXKECTBO M YUCJIA Py, > 0 TAKOBBI, YTO
(o0}
Ppn = 1.
n=1
CooTBeTcTBYIOUMHE KJIACC U3MEPAMBIX MHOXKECTB COCTOUT U3 BCEX INOI-
MHOXKecTB MEOxkecTBa X . IIna kaxporo A C X nosoxum

m(4) = > pn.
r, €A

Jlerko nposeputb, yto m(A) 6yner o-ajuTuBHOR Mepoll, mpuueM
m(X) = 1. 9ToT npuMep eCTECTBEHHO MOSIBJIACTCS B CBA3W CO MHOTMMH
BOIIPOCAMH TEOPHHU BEPOATHOCTEMH.

YkaxeM npumMep Mepbl aiguTHBHOW, HO He g-agaurusHol. [Iycrs
X — MHOKECTBO BCEX PALMOHAJLHBIX TO4ek orpeska [0,1], a &,, co-
cTouT M3 nepeceyenudt mMHoxectBa X C NPOU3BOJILHBIMYM MHTEPBAJIAMMU
(a,b), orpeskamu [a, b] nnw nonyusTepBanamu (a, b, [a, b) us [0, 1]. Jler-
KO BUAETH, 4T0 &, mpencrapiser coboil moamykosnino. Jis kaxaoro
TAKOI'0 MHOXKECTBA Agp € G, NOJI0KHM

m(Aab) =b—a.
Dra Mepa aJIMTHBHA, OIHAKO OHA HE o-a/JATUBHA, Tak kak m(X) = 1,
u B TO xke BpeMst X €CTh CyMMa CUETHOrO 4UCJIA TOYeK, KaXAsa U3 KO-
TOPBIX HMeeT mepy 0.

Mepnl, KoTophie BYAyT pACCMATPUBATLCS 30€Ch U B CJEAYIOUIEM a-
parpade, Mbl DYIEM IPEANOJIAraTh o-a AU THBHBIMH.

Teopema 3. Ecam mepa m, olpene/icHHAA Ha HEKOTOPOM IIOJLY-
xoabne Gy, 0-aJAHTHBHA, TO H MEPA [, TOJIY4alOIasicsa ee IPOAOJIKE-
Hiem Ha koaeno R(G,,), o-anaurusHa.

Hoxkaszarenbcrpo. Iycrs

AeR(6,,), B,eR(6G,), n=12,...,

A= U an

n=1
npudem B,NB, = @ npu s # r. Torna cyuiecTByOT Takue MHOXKeCTBA A
" Bni us 61717 qTo

A:UAj, Bn:UBnh n:l,Z,...,
7 T

10—1324
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IIpHUYEeM MHOXKECTBA B MPABBIX YACTAX KAXKIOTO U3 ITUX PABEHCTB IO-
MApHO HE [1epeCceKaioTcsl, a CyMMBbI 10 i U j KoHe4Hb! (Teopema 3 § 5
. 1).
ITycts Cpij = BniNA;. Jlerko Bunersb, 4o Muoxectsa Cp;j MOTAPHO

HE [1ePeCeKaAKTCs, U NIPUTOM

o

Aj = U UCnij; Bni = UCnij-
n=1 1 7

IIoaroMy B cuily o-aJiMTUBHOCTH MepHI m Ha &, uMeeM

m(d;) = i > m(Cris), 3)
m(Ba) =n§: (O, @
a B CHJIy ONpEIeJIeHNS MEPHL L Ha]m(esm)
u(A) = 3o m(4y), )
u(Bn) = Z m(Bos). ©)

oo

U3 (3)-(6) Beitekaer, uto p(A) = Y u(By). (CyMMst 1o ¢ 1 10 j 31€CH
n=1

KOHEYHBI, PAABI M0 7 CXOISATCH. )

JlokaxkeM Tenepp CJENyIOIMe OCHOBHbIE CBOHCTBa 0-aIJUTHBHBIX
Mep, upeacTasJigonme cobott 0000meHnsT Ha CYeTHble CYyMMBI CBORCTB,
chopmyupoBaHEbix B Teopeme 2. IlockosibKy, Kak Mbl yCTAHOBUJIH,
O-aJUINTUBHOCTb MEpbl COXPAHSIETCS [TPH NPOJOJRKEHUN MEPHI HA KOJIb-
110, MOXKHO C CaMOI0 Ha4aJia CYUTATH, YTO Mepa 3aJaHa Ha HEKOTOPOM
KoJible R.

Teopema 4. Ilycts mepa m o-anaaTuBHA M MHOMNKeECTBA A, A1, . ..,
Ap, ... npuragexar koabny R. Torna
[0}
Io. Ecm |J Ak CAn A, UA =@ opui # j, 10
k=1

> m(Ax) < m(A);

%)
k=1

o0
Ilo (cuernas mosayamaurusHocts). Ecom |J Ar D A, 1o
k=1

> m(4) > m(A).
k=1
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HokxazaTenbcrtBo. Ecnu Bce A He nepecekaloTcs  COOepXKarcsa
B A, To, B custy ceoiictBa I (Teopema 2), npu smobom n umeem

n

> m(Ae) < m(A)

k=1
IMepexons sneck K Mpenesty upu 7 -~ 00, TIOJIYy4aeM NePBOe Y TBEPK NeHNE
TEOPeMBl.

Hokaxem BTopoe yTBepkaeHue. [JockonbKy R eCTh KOJIbIO, MHOXKE-

cTBa o
Ba=(Ann A\ U A

npuraanexar R. Tak kax

o0
A= U Bn, BnCA,

n=1

1 MHOXEeCTBa Bn MMONapHO HE NePeceCKarT A, TO

m(A) =Y m(Ba) < > m(An).

SamedaHue. Yrepxiaenue I, M0oKa3aHHOW TOJIBKO YTO TEOPEMbI
He OMUPAeTCs1, OYEBUIHO, HA O-3AIIUTUBHOCTL PAacCMATPUBAEMON Mephl;
OHO OCTAeTCA CIIPABENJIMBLIM U IJIs JIFOOBIX aguuTuBHLIX Mep. Haobo-
poT, yrBepxkaenue II, cymecTrBeHHO MCHOJIb3yeT O-aIIMTHBHOCTL MeE-
pol. deiicTBUTEIIBHO, B IPUBEIEHHOM BBIIIE IPUMEDPE aJAUTUBHON, HO He
0-3JINTHBHOW MepBbl BCE NPOCTPAHCTBO X, MUMeEIoIee Mepy 1, moxpbl-
BaeTCA CYeTHOH CYMMOIl OOHOTOYEUYHBIX MHOXKECTB, KaXKJ0e H3 KOTO-
pbrx nmeet mepy 0. Bostee Toro, nerpyano ybenurscest, yro csoiicrso I,
HA CaMOM JiejIe PABHOCUJIbHO O-3JIUTUBHOCTH. JIeHCTBUTEILHO, MYCTh
[ — HEKOTOpas Mepa, onpeaeseHHasn Ha noyykosibue &. Ilycrs MHOKe-

ctBa A, A;,..., An,... opunaggexar &, A = |J A; u Bce A nonapuo
k
He nepecekaorcs. Torma B cuny croitersa I, (koTopsim, Kak Mbl BUOey,

obnanaer nobas mepa)

o0

> n(Ar) < p(A).

k=1

Ecnu ke p obnamaer u csoitctBom II,, To (mockonbky Aj B COBOKyI-
HOCTH NOKPLIBAIOT A)

> n(Ax) = p(A)
k=1
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4, TAKUM 0oDpazom, o
> p(Ar) = p(A).
k=1

ITpoBepuTh CYETHYIO NOJIYAIAUTUBHOCTL Mephl (cBoficrso II,) GbiBaer
4aCcTO NPOILE, YeM IPAMO YCTAHOBUTDH ee 0-a IMTHBHOCTD.

§ 3. JIeGeropo npomo/nKeHue Mepbl

1. Jleberoso mpomo/kKeHHe Mepbl, ONpeleleHHOU Ha moJy-
KoJble ¢ eguHHued. Ecau Mepa m, 3ajaHHas Ha nojykosbie G,
obs1a5aer JUib CBOHCTBOM AIMTUBHOCTH (HO HE 0-aILIHTUBHOCTH), TO
ee npopomkenuem Ha R (G,,) UCYEPNBIBAIOTC B 3HAYUTEILHON CTemne-
HU BCe BO3MOXKHOCTH PACIPOCTPAHEHHA TAKOI Mepbl C MCXOTHOTO FO-
JIYKONBIIA HA HoJiee MMPOKUN KJace MHOXKeCTB. Ecim Xe paccMarpu-
BaeMasi MEpa 0 -aJUTHBHA, TO OHA MOXeET ObITH PACIpOCTPAHEHA
¢ &, HA KJIACC MHOXKECTB 3HAYUTENIBHO Oosice oOMMpHBIHR, YeM KOJIbIO
R(S,n), 1 B HEKOTOPOM CMBICJIE MAKCUMAJBHBIA. ITO MOXKHO COCIATH
€ IOMOUIBIO TAX Ha3bIBaeMOro Jieberosa npogoaxernus Cnaga-
JIa Mbl PACCMOTpPUM JIeHEroBO NpPOIOJIKCHIE MEDBI, 33aHH0l Ha MmoJty-
KoJibue ¢ emuuunett. Obumit cay4yaih 6yaer pacCMOTpPEH B CJENYIOEM
HNyHKTE.

ITycTb HA HEKOTOPOM NOJIYKOIbLE MHOXKeCTB &, ¢ enunnieil F 3axa-
Ha o-aJauTUBHAs Mepa m. Oupenenum Ha cucreMme 2 BCEX IIOIMHOMKECTB
MHOxKecTBa F dyHxumio p*(A) — BHEHHIO Mepy CJIeNyoUUM 00pasoM.

Onpenenenue 1. Buewnet mepod muoxecrsa A C E HaspiBaer-
€51 9HCTI0
u*(4) = inf 3 m(Ba), (1)
T
F/le HUKHsSS TPaHb 0epeTcss Mo BCeM IOKPBITHSAM MHOXecTBa A KOHed-

HbIMHM HJIM CYETHBLIMM CUCTEMaMH MHOxKeCTB B, € G,,.

Crnenymouiee cBORCTBO BHEITHEH Mepbl UTPAET OCHOBHYIO POJIb BO BCEM
HaJjibHelnIeM MOCTPOEHUH.

Teopema 1 (cuetrHasn noayaagiuTuBHOCTSL). Ecimn
AcCJAn,
k3
rae {A,} — KOHeYHAS WM CYETHAA CHCTEMA MHOXECTB, TO

(4) < 3 1 (An)-

JoKazarenbCTBO 3TOr0 YTBEPKIEHUA COBIIAIAET C JOKA33TEeAECTBOM
teopembl 3 § 1 ¥ MBI HEe OyIeM €ro NOBTODPATH.
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Onpenenenue 2. MHoXecTBO A Ha3LBAETCA UIMepuUMbM (11O
Jlebery), ecqu, kakono 6bi Hi OO £ > 0, Haltnercs takoe B € R(G,y,),
4TO

1" (A A B) <e.

Dyukuyua u*, pacCMATPUBACMAS TOJILKO HA N3MEPUMBIX MHOXECTBAX,
HA3BIBAETCA sefez060li Mepoti (Min IPOCTO Mepoti) 1 0DO3HAYAETC L.
fcno, aro Bce MHOXKecTBa U3 G, u us R(S,,) usmepnmol. IIpu 3ToM,

ecin A € 6, TO
u(4) = m(A).

9TO PABEHCTBO JIOKA3BIBAETCS TOYHO TAK K€, KAK ¥ €r0 aHAJOor IJIs
MHOXECTB HA HJIOCKOCTH.
W3 pasencTBa

Ay A Az = (E\ A1) A (E\ A2)

CJIeAyeT, 9TO ecyid A U3MepUMO, TO ero JIONOJIHEHUEe TOXe H3MEePUMO.
YcraHoBHM TENneps OCHOBHBIE CBOUCTBA M3MEPHMBIX MHOXECTB H OII-
penesieHHoit Ha HUX J1eBeroBoit Mepsl.

Teopema 2. Cucrema 9 BCEX H3MEPHMBIX MHOMXKECTB CCTh KOJIBIO.
HoxkaszarenbcTBo. Tak kak Bcerza
A1NAy = A\ (41\ 42),
A1UA2 = E\[(E\Al)ﬂ(E\AQ)],

TO HOCTATOYHO NOKas3aTh cjenyiomee. Ecou A; € M, Ay € M, 1o
Oycre Ay u A usmepumsr, toraa cywecrsyior By € R(S,) u
B; € R(6,,) Takue, 410

p(A1 A B)<ef/2 u p (A & By) <egf2.
Monarass B = B; \ By € R(G,,) 1 nob3ysch COOTHOLIEHUEM
(Al \B2) A (B1 \Bz) C (/—11 A Bl) U (A2 A BQ),

[oJyy4aem

1*(AaB)<e.

B cuny npoussosnbHOCTH £ > 0 OTCIOHA BBITEKAST N3MEPUMOCTH MHOMXKE-
crBa A.

3amevanue. QueBunHo, uro E ecth enunnia xkosbua MM, KoTopoe,
TaKUM oDpasoM, siBjsieTcss ajireGpoi MHOXKeCTB.
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Teopema 3. Ha cucreme I usmepHmbix MHOxecTB PyHKIHUA p(A)
ANMHTHBHA.

Hoxa3zaTesibcTBO 3T0H TeopeMbl npeacTabnseT cobo#t JocoBHOE 10~
BTODEHHE JOKA3aTe/ILCTBA TeopeMbl 6 § 1.

Teopema 4. Ha cucreme 9 uamepaMbix Maoxects pynxmus u(A)
0-aJ U THBHA.

HoxaszaTtensbcrso. Ilycts

A.ZZLJ An, A A A, - €0, Aier%': g upu i#£j

n=1

B cuny Teopemsr 1

u(A) < 3 (An), @)

a B cuny TeopemMb! 3 nipu jiobom N

N N
() > u( U 4n) = Y ul4n),
n=1 n=1

OTKYIa

w(A) 2 ) p(An). (3)

W3 (2) u (3) cienyer yrBepKIEHUE TEOPEMBI.

B §1, paccmarpuBas miockyio Mmepy Jlebera, Mbl mokasanu, 4TO
HE TOJILKO KOHEYHbIE, HO M CYETHBIE CYMMBI U [EPECEYEHUs] U3MEPHU-
MBIX MHOXECTB TaKXKe€ M3MEpPHUMbl. JTO BEPHO M B o0IeM ciydae, T.e.
CIIpaBEIJINBA, CJEAYIOIAS TEOPEMA.

Teopema 5. Cucrema M usmepumprx 1o Jlebery mMHOMECTB ABIA-
ercsa o-ayrebpoii ¢ enuanned E.

HokasatensctBo. Tak kKak
NAn=E\U(E\ 45)
n n

M TAK KaK JONOJHEHNE U3MEPUMOTO MHOKECTBA H3MEPUMO, TO JOCTATOU-
HO NoKasarh cuenywmee. Ecou Ay, ..., A, ... npusamwiexar 91, 1o

A = |J A, Taxxe npuaangexut M. JokazaresbCTBO 3TOrO yTBEPKIE-
n
HUsl, TPOBEIEHHOE B TeopeMme 7 § 1 [ MJIOCKUX MHOMKECTB, JOCJIOBHO

COXpPaHsIeTCA U B O0IeM CIIyyae.
Taxk >xe Kak u B cjyuae TIockoi Mepsl Jlebera, U3 o-agguTHBHOCTH
MEPHI CJIELLYET €€ HENPepuiéHOC, T. €. €CJIN Jt — O-aJOUTHBHAA Mepa,
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onpenesieHHas Ha o-asrebpe, A3 O --- D A, D ... — yOmBawwasn
HEMOYKA U3MEPUMbIX MHOXKECTB U
A={)An,
n
TO

p(A) = lim p(Ay),

aecim A C---CA,C ... — BO3PACTANmMadA UEHOUKA U3MEPU-
MBIX MHOXECTB U

A= An,

TO .
p(A) = lim pu(Ay).

JokazarenscrBo, nposenennoe B § 1 s nuocko#t mepsl (reopema 9),
JOCJIOBHO IepEHOCUTCA Ha obumit cayyail.

Hrak, MbI yecTaHOBUIH, YTO cucTema I npeacrasiiser coboit g-asred-
Py, a onpenesieHHas HA Hell dyHkuns u(A) o61anaeT BceMu CBORCTBAMH
O-anIUTUBHONH Mepbl. Tem camMbIM ONPABILAHO CIEAYIOLIEE ONPEACIICHHUE.

Onpexemenue 3. Jlebezosum npodosncenuem p = L(m) me-
psl m HasbiBaercs hpyHruus p(A), onpenesneHHas HA CUCTEME U3MEpH-
MbIX MHOxcecTB 91 u coBmamaomasn Ha N ¢ BHemHeR Mepolt 1 (A).

2. IIpogosnkeHne Mephl, 3afaHHON Ha moaykonabue Ge3 enu-
Hunpr. Ecnu nonykonsuo &,,, Ha KOTOPOM ONpeesIeHa UCXOAHAS Me-
pa m, HE MMEeT €JHHMIbI, TO MOCTPOEHHE J1eberoBa NPONOLKEHN, U3~
JIOKEHHOE B IPEAbLIYIIEM [IYHKTE, IPEeTEPIEBAeT HEKOTOPhIE, BIPOYEM,
HE3HAYHUTE IbHBIE, N3MeHenns. Onpenesienne 1 Bueurneli Mepbl COXpaHs-
€TCs1, HO BHEUIHAsI Mepa 1* OKa3bIBAETCS ONPEIEJIEHHOH TOJIBKO Ha CH-
creMe S, TAKMX MHOMXECTB A, I KaXJIOFO M3 KOTODLIX CYIECTBYeT
nokpeitue |J B, mHOxecTBamu u3 G, ¢ xoHednolt cymmolt Y m(By,).

n n
OnpenenieHne N3MEPUMOCTH COXPAaHsIeTCs 6e3 BCAKUX N3MEHEHMIA.
TeopeMbl 2-4 ¥ 3aKJIIOYUTEISIPHOE OINPEIEJEHHE 3 COXPAHSIOT CH-
ay. IIpennosnoxenye 0 CymeCTBOBAHUY €IUHUILBI HCIO/IB30BAJIOCH JIMLIL
B JOKasaresibCcTBe Teopembl 2. YTobbl JaTh HOKA3aTEJbCTBO TEOPEMbI 2
B o0LIeM Ciry4ae, HaNO YCTAHOBUTb HE3ABUCUMO, 9Tou3 A; € MM, A, € M
BorTekaeT A; U As € 1. Ho 3T0 cilenyer U3 BKJIIOYCHUA

(A] U Az) A (Bl UB2) C (A] A B1) U (A2 A B2)

B cny4ae, xorna G, He uMeeT eNMHUIBI, TEOpEMa 5 3AMEHSCTCS CJie-
nylowmel TeopeMoit.
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Teopema 6. Ilpu noboii ucxonHo# Mepe m cucrema MHOX«eCTB I,
usMepuMbIx no Jlebery, sBJIAETCA §-KOJIBIOM; HU3MEDHMOCTH MHOXE-

oc
crea A = |J A, npu msmepumpix A, HMeET MECTO B TOM H TOJIbKO

n=1 N
TOM CJIyYae, eCJId Mephl ;A( U An) OrpaHHYeHBI HEKOTOPOH KOHCTaH-
To#, He 3aBucsamei or N. =1

JlOKaBaTeJIbCTBO 3TOr'0C YTBEPXKIACHUA NPEAOCTABIIACTCH YUTATCIIIO.

3ameuyanue. [lockonsky ceffuac peds uIeT O Mepax, HPHUHAMAIO-
KX JIMOIb KOHEeYHBble 3HA4YeHHsI, HeoOXOAUMOCTb MOCJIENHEIO YyCO-
BUs1 OYEBHIHA.

W3 teopemsl 6 BeITEKaET crenyomuit QakT.

Canencreue. Cucrema M4 Bcex mHOxectB B € 9N, sapisronux-
Cs1 IOAMHOXKECTBAMH (DHKCHPOBAHHOro MHoxectBa A € 9, obpasyer
o-aJjrebpy.

Hanpumep, cucrema cex uamepumsix 1o Jlebery (B cMmbiciie o6braHON
s1e6eroBofl Mepsbl HA NpAMOH) NoAMHOXKeCTB J106oro oTpeska [a, b] ects
o-anrebpa MHOXKECTB.

B sakmiouenne ormerum enie OgHO ¢BolictBo JieberosbIx Mep.

Onpepnenenune 4. Mepa p HaseiBaercsa noanoti, ecom u3 u(A) =0
u A’ C A BorTekaert, yro A’ nsmepumo.

OuesBunno, yro npu atom p(A’) = 0. Bes Tpyna QOKa3bIBAETCH, YTO
sebez060 npodoascenue a1060t Mepovt NOAHO. DTO BHITEKAET U3 TOTO, UTO
upu A' C A n p(A) = 0 reusbexno p*(A’) = 0, a soboe MuoxkecTBo C,
1uist kotoporo p*(C) = 0, namepumo, Tak kak & € R(S,,) u

p*(C & @) =p*(C) =0.

Besikyo 0-annuTHBHYIO Mepy Ha o-ajrebpe MOXKHO NPOMNOJIKHTH JI0
NOJIHOH, IIOJIOZKUB ee PABHO HYJIIO 115 JTI000I0 IOJMHOXKECTBA KK JOro
MHOKECTBA HYJIEBOM MephI.

JdononHuTenbHBlEe 3aMEeYaHMI.

1. IIpeanosioxeHue 0 TOM, YTO MCXOAHAs Mepa T 3a[AHA HA IOJIYKOJIb-
ne (a He Ha HEKOTOPOH HPOM3BOJILHOH CHCTEME MHOXKECTB) CYMECTBEHHO JJIS
OIHO3HAYHOCTH €€ MPOJoJIKeHus. PacCMOTpHM B €IMHMYHOM KBaJApPATe CHCTe-
MYy BEPTHKAJIbHBIX M FOPH30HTAILHBIX NIPAMOYTOJBHUKOB, T. €. TAKUX [IPAMO-
YTOJIbHUKOB, Y KOTOPHIX WJIM JAJIMHA MJIM mupuHa pasua 1 (puc. 18), u npu-
NHIIEM KaXI0MYy TAKOMY IPAMOYTLOJIbHHKY Mepy, PaBHyI0 ero miomaau. Ha
HOPOXAEHHYI0 3THMH IIPAMOYyroJibHUKaMu aarebpy (a tem Gosee o-amrebpy)
Taxas Mepa MOXeT OLITh IPONO/IKEeHa HeoZHo3HauHOo (yKaxnTe xora Ol npa
PA3JIMYHBIX IPOLOJIKEHUS ).
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2. YkaxeMm Ha CBA3b MEXKJY IPOLECCOM
IpOJOJIKEHUA Mepbl 1o Jlebery u npoueccom
HOHOJTHEHUS METPHYECKOr0 NPOCTPAHCTBA. 1
3amerum s aroro, uro m'(A A B) moxmo
IOPUHATb 33 PACCTOSTHUE MEKIY 3JIEMEHTAMH 7
A u B komua R(6,,). Torna R(S,.) cra- 7
HOBHTCS MeTpuieckuM (Boobme rosops, He-
NOJIHBIM) IPOCTPAHCTBOM M €rc MONOJIHEHHE
COCTOMT KaK pa3 H3 BCEX M3MEPHUMBIX MHO-

N

%%

NN

XecTs (IpH 3TOM, OAHAKO, C MeTpuwdeckol 5 1 -
TOYKH 3peHHs MHoxectsa A u B mepassn-
unmsel, ecmn u(A A B) = 0). Puc. 18

Ynpaxuenusa 1. Ilycte mepa m 3anana wa nosykosbue (C enuHU-
uet) G, muoxects uz X u pu* -— oTsewanomasn eff sepxuHaz mepa. loka-
3aTh, uTO MHOXeCcTBO A m3mepumo (no Jlebery) B TOM W TOJIBKO TOM CJIy-
yae, ecJil OHO OBJIAfAaeT CJIENYIONUM CBOMCTBOM, HA3LIBACMbIM UIMEPUMO-
cmovio no Kapameodopw: onst nwboro nogmaoxectsa Z C X MMEET MECTO
PaBEHCTBO

K (Z)=p(ZNA)+p" (Z\ A).

2. Ilycte o-annuTuBHAs Mepa m 3ajaHa Ha kKouable R ¢ equnuueit X
n m(X) = 1. Beeaem gns xaxmoro A C X Hapsany c sHeurseli mepoit u*
BHYTPEHHIOK MEDY i«, [IOJIOXKHUB

pa(4) = 1= p* (X \ 4).
Jlerxo Bumers, yro Beerna p«(A) < p”(A). JokasaTs, 4ro
#e(A) = " (A) (%)

B TOM M TOJIBKO TOM CJIy4ae, ecjin MHOXecTBO A mamepumo (B CMBICTIE ompe-
AeseHds 2).

B ciyuae, korma mMepa 3aJaHa Ha KOJIbLE C €OMHHIEH, PaBeHCTBO (*) 4acTo
NPUHEMAETCA 33 Ol pegeJIEHHE H3MEPUMOCTH MHOXECTBA.

3. Pacmiuperye IOHATUSA H3MEPHMOCTH B CJydae g-KoHedHol
Mepbi. Ecnu ncxonuas Mepa m 3asaHa B npocTpaHctBe X Ha HEKOTO-
POM NOJyKOJble 6€3 eANHHLBI, TO BBEICHHOE Bblle OIpeIeseHHe H3Me-
PUMOCTH MHOXECTBA OKAa3bIBACTCs CJAUIIKOM y3kuM. Hanpumep, ecou
X — 3TO NJIOCKOCTH, TO TaKHe MHOXKECTBA, KaK BCSA MJIOCKOCTD, OJIOCA,
BHEMIHOCTh KPYTa M T. II., UMEUMe GECKOHEUHYIO MIOMAIb, IIPH TAKOM
ONpENIeICHUH He MOLAJAlOT B YUCJIO U3MEepUMbIX. ECTeCTBEHHO paciim-
PUTb NOHATHE H3MEPUMOCTH, HOIYCKAA AJIA MEphl H BeCKOHEeYHbIE 3HA-
YEHHUSA, C TeM, YTOOBI COBOKYIIHOCTb H3MEPHMBIX MHOXKECTB 6bLIa, KaK
U B CJly4ae, KOTHa UCXONHAS Mepa 3aJaHa HA MOJIYKOJIbIE C eauHHANel,
o-anrebpoit (a He TOJIBKO §-KOIBLIOM).
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Mpl OrpaHMYMMCS OPU 3TOM NPAKTUYECKH HanboJsiee BAKHBIM CJIIy-
4aeM TaK Ha3blBAEMOW 0-KOHEYHOH Mepbl, XOTsi COOTBETCTBYIOUIEE 110-
CTPOEHHE MOXKHO IIPOBECTH U B 0DueM ciiyyae.

Ilycts o-appuTuBHas Mepa 1 330aHa HA HEKOTOPOM Moyykoasue &,
MOIMHOXKecTB MHOXKecTBa X. Mbl ckaxkeM, 4TO 3Ta Mepa 0-KOHEYHA,
ecan Bcé X MOXeT ObITh NMPENCTABJICHO KAK CYMMa CYETHOIO 4YHC-
Ja MHOXecTB M3 G, (HO He KaKk CyMMa KOHEYHOTO 4YHCIa MHO-
xectB u3 G,,). IlpumepoM o-KOHEYHOH Mepbl MOXKET CJIyXUTb IJIO-
a1k, ONpeNeJIeHHAsl HA BCeX NPsAMOYTOJILHUKAX Ha miiockocTu. IIpoc-
TOR IIpUMep He T-KOHEYHOW Mepbl MOXHO IHOJIYYUTH CJISHYIOUM 00pa-
soM. Ilycts Ha orpeske [0, 1] 3amana Hekoropas byskuua f(z). Hus
Ka)K[IOrO KOHEYHOro noumuHoxecrsa A = {zi,...,Zn} oTpeska noJso-
xnm p(A) =3 f(z;). Ecnin MHOXecTBO TOvek z, B KoTopbix f{z) # 0,
HeCc4eTHO, TO Takas Mepa Ha [0, 1] He OyneT o-KOHe4IHOH.

Hrak, nycth m ecTh 0-a[ANTUBHASA M 0-KOHEYHAsi Mepa B X, onpe-

o0
lleJieHHas Ha nosykoibue S,,. Iycts X = |J B;, B; € 6,,. epelina
=1
ot nojyykosbua &, K nopoxaeHHoMy MM KoJbuy R(S,,) u 3amenss
k-1
By va B \ | Bi, MoxHo cuutars, 4ro X IIPeICcTaBjIeHO KaK CyMMa
CHETHOrO THCTA MOMAPHO HENEepPEeCeK AU UXCA H3MEPUMbBIX MHO-
JKEeCTB, KOTOPBbIE MbI HO-npexHeMy obosHauum B, Bs,... Ilpumenus
K T ONMUCAHHYIO B TPEILIAYIIEM MIyHKTE NPOLENypy JieberoBa npoaosi-
JKEHUsI, MBI MOJIYYUM MEpY ji, OnpenesieHHyo Ha d-xoseue . Ilycrs
B € 9t u Mp — cucrema Bcex MHOXKecTB u3 M, comepxkaumxcsa B B:

Pp={C:CeM,BCC}

Torna M p ecTsb o-anrebpa ¢ enunuueil B (cMm. ciencrsue us reopemsi 6).
PaccMmorpum Tenepb COBOKYNHOCTb 2 MHOXKECTB A, UMEIOIMX H3Me-
puMoOe nepecedenue ¢ KaKabiM B;:

ANB; € NMg,.

Huaqe rosopsi, A € A o3navaer, uro A npeacraBumo B Buje

oo
A= J A, rme A; €Mp,. 4)
i=1
Cucrema 2 npencrasisier coboi g-ayrebpy (nposepbTe!), KOTOPYIO Mbl
Ha30BeM npamoti cymmoti o-anredbp Mp,. Muoxecrsa (4), cocrapisio-
e g-anrebpy A, MBl HA30BEM USMEPUMbLMU ¥ OINPENEJIMM MepY [ Ka-
XIOT0 TAKOro A cienyiomuM o6pasoM: ecin

o
A= ) Ai, Ai EmtB.‘)

i=1
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TO oo
i(A) = pAs).

i=1
HOCKOJIbe Mepa BCAKOro MHOXKECTBa HEOTPHUIIATEJIBHA, CTOHLU,Hﬁ 31€Ch
capasa pal CXOoAuTCsI K HEKOTOPOMY HeOTpHUATEJILHOMY 3HQYESHUIO UJIU
K +00.

Teopema 7. B ¢uesaHHBIX BbIE NPEIOJIOXKEHHAX CIPABEIJIUBEI
CJIEAYIOIIHE Y TBEPXK ACHUSL:
1) o-anrebpa 2 u mepa [i He 3aBHCAT OT BHIOOPA CHCTEMbI HElepece-
(o]
xamomuxcs Maoxects B; uz M, yuosnerpopsomnx yeiaosnio | ) Bi=X;
i=1
2) mepa Ji o-aaauTuBHA HA U,
3) cosoxymuocTs MuoxkectB A € U, nnsa koropeix u{A) < oo, coBna-
aaer ¢ §-xkoasluom I u HA 3TOM J-KOJIBLIE [1 = U

Hoxasarenncrro. 1) 3amernm npexne Bcero, 4To A € /U B TOM
H TOJIBKO TOM cJiy4ae, ecoit ANC € M ans moboro C € M. Jocraroy-
HOCTb 9TOI'0 YCJIOBUS fICHA, [IOCKOJILKY OHO O3HAYAET, B YACTHOCTH, YTO
ANB; e M (i=1,2,...); npoBepum ero Heobxonumocts. Ilycts A € A
u C € M. lonoxum C; = C N B;; Torna

AnC = JANCY.
i=1
Tax kax npu Bcaxom N
N N
p(Uancy) <u(U ) <uo),
i=1 i=1

TO B cujly Teopembl 6 MHOx)ecTBo A N C usMepumo.

HOycrs {B;} u {B}} — nAse cucrembl HeNMEPECEKAIOUMXCS MHOXKECTB
u3 I, takwe, yro UB; = UB; = X. Eciir A € 9, T0, NOCKOJIBKY Mepa
{4 KaXXJOro MHOXKeCTBa u3 P HeoTpUNATESIbHA, BLINIOJHEHb! PABEHCTBA,

> wANB) =Y wANBNB}) =Y uAnB]),
i i, 7
T.¢. onpenenss ji(A) no cucreme {B;} wom {B}}, Mbl 10NyYuM onuH
U TOT 3Ke Pe3yJILTar.

2) Iycrs AV, - e A, AW NAD =g kE#1L u A=JA®. Torna
k

B CHJly ¢-3JOUTHBHOCTU Mepbr f Ha M:

A4) =3 mAnB) = 3 wAY N By =

i,k=1
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oo

(S ka® 0 BY) = 374D,
k=1

1 i=1

M

k
T.€. [I C-aNOUTUBHA.
Hakonen, 3) HENOCPENCTBEHHO CJIGAYET U3 TEOpEMEI 6.

3ameuanne. Onucaunoe BblUIE PACIINPEHUE IIOHATHA MIMEPHUMOCTH
(c momymennem i Mepbl GECKOHEUHBIX 3HAYEHMI) BO3MOXKHO M 6e3 npeano-
JIOXKEHH:A O-KOHEYHOCTH HCXOHHOH Mepbl, HanmpuMep, No cjaeaylomel cxeme.

IIycts X — HexoTopoe npocTpancTso u I — Kakoe-To §-KOIBLIO ero mof-
MHOXeCTB. MuoxectBo A C X HA3BIBAETCA UIMEPUMBIM omuocumeavho N,
ecom AN B € M nna moboro B € M. Herpynno nposeputs, 4To cucrema 2
U3MEPHMBIX OTHOCUTENLHO It MHOXKECTB ecTh o-anrebpa ¢ eannuuedt X, npu-
4geM, ecau camo I ects o-anrebpa ¢ Toi# xe egunuue# X, To A = M.

IIycrs Teneps B X 3amana HEKOTOpaa o-aAIUTUBHAA MEPA [, KOTOPYIO Mbl
B CHUJIy I. 2 MOXEM CYUTATb yXkKe NPORO/DKEeHHo# Ha Hekoropoe d-kospno M
u nycth 2 — COBOKYMHOCTb M3MEPUMBbIX OTHOCHTE bHO I MmuOXecTs us X.
Muoxectso A € 2 naspiBaerca Hyav-muoorcecmeom, ecou p(AN B) = 0 gna
smoboro B € 9. Teneps na 2 onpenenserca mepa ji (mpyHAMaKOUas, Boobme
roBops, ¥ GECKOHEYHBIC 3HAYEHU) CJICAYIOMUM 06pa3oM: ecyTH AJIA JAHHOTO
A € A cymecrByer Takoe B € M, wto A A B ecrb HyJb-MHOXECTBO, TO

mos1araem
B(A) = p(B).
Ina Bcex octanpubix A € A monaraem
B(A) = oo.

HerpyaHo npoBepuTh, 4TO Mepa [I o-aAauTHBHA M Ha J-kosbue I C A cos-
Ta/AET C p.

4. IIponosmxkenne Mepst o 2Kopnany. Paccmarpusad B § 2 aro#l ria-
BBl MEpPBI, YAOBJIETBOPAIOUKE JIMIIb YCJIOBUIO aJUTUBHOCTH, MBI IIOKA3aJIH,
YTO KaxX[as Takas Mepa T MOXeT OwiTh npogosikeHa ¢ nosykombua G,
Ha MuEEManbHOe K0J1b1o R(G.), nopoxaennoe sTuM nosykoabuoM. Onna-
KO BO3MOXHO M PACHPOCTPAHEHHE MePhl HA HEKOTOPOe KoJibuo, 6osree obumunp-
noe, yeM R(G.,,). CooTBeTcTByI01IEE TOCTPOCHHE HASBIBAETCH Npodosscentenm
mepwt no Hopdany'). Unes sToro nocTpoenns, IpUMEHABIIErocs B PALE JacT-
HBIX CJIy4daeB eme Maremarukamu [pesnelt I'peuun, cocront B npubimxenun
«u3MepseMoro» MuHoxecrsa A muoxectsamn A’ u A’ xoropriM mepa yxe
[IPUIIUCAHA, M3HYTPU M CHAPYXKH, T. €. TakK, 4TO

A cAc A"
Ilycts m —— Mepa, 3aJaHHas Ha HEKOTOPOM KoJblie ‘R.

Onpenenenne 5. Bynem nasbisate MHOXeCTBO A uzmepummm no Kop-
dany, ecnu npm nwobom £ > 0 B xonbue R umerorcs Muoxectsa A u A",
VIOBIETBOPAIOMHE YCIOBUAM

AcCAcA”, m(A"\A)<e

1) Kamusnn XKopzaan, dpannyackult maremarux {1838-1922).
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CrpaBenJuBo CJIAYIOUICE YTBEPKAEHHE.

Teopema 8. Cucrema R* msmepumbix no JKopaany MEOXCCTB ABJIACTCA
KOJIBLOM.

Ilycrs /U — cucrema raxux mHoXecTB A, AJI7 KOTOPBIX CYIIECTBYET MHO-
xectso B D A n3 R. Ins moboro A n R nosioxum, no onpeneseHuio,

i(A) = inf m(B
A(A) = jnf m(B),
1(A) = sup m(B).
- BCA
Qyuxnua i(A) u p(A) Ha3BIBAOTCA COOTBETCTBEHHO «BHEMIHEH» 1 «BHYT-

peHHel» XopaaHoBoif Mepolt MHoOXecTBa A.
OueBugHo, 4TO BCerga

p(A) < A(A).

Teopema 9. Koabno R* coBnanaer ¢ cucremoii rex muoxecrs A € 2,
a1 xoroperx pu(A) = ji( A).

Ja MmEoxecTs u3 2 MMET MECTO CJIEAYIOMKE TEOPEMBIL.

Teopema 10. Ecim A C |J A, 10
k=1

B(A) <D f(Ar).
k=1

Teopema 11. Ecin Ay CA(k=1,...,n) n AiNA; =8, 10

p(A) 2 ) p(A).

k=1
OnpepesmumM teneps GyHKUMIO p HA oBsIacTy
G,=%
Kak obuee 3HaYeHue BHemHeH ¥ BHYTDEHHeH Mepsl:
p(A) = p(A4) = a(A).

W3 Teopem 10 u 11 u u3 TOro 04eBUAHOrO 06CTOATELCTBA, YTO Ana A € R

A(A) = p(A4) = m(A)

BBITCKACT CJIeAYOIee yTBepXINeHne.
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Teopema 12. QOyuxuua p(A) abiaaeTcs Mepod W OPOJOJIKEHHEM Me-
pbI .

HanoxeHnnoe nocrpoeHue npuMeHMMO K Ji060H Mepe m, OonpeaesieHHO#
Ha KoJiblie. B wacTHOCTH, €ro MOXXHO IIPUMEHUTDH K MHOXKECTBAM Ha ILTOCKOCTH.
IIpu 3TOM 3a HCXOOHOE KOJIBLO NPUHMMAETCA COBOKYIHOCTH 3JIEMEHTAPHBIX
MHOXECTB (T. €. KOHEYHBIX CyMM NMPAMOYTOJLHUKOB). Kosbuo 3sieMenTapabix
MHOMXECTB 3aBUCHT, OYEBHIHO, OT BbIGOpPA CHCTEMBLI KOOPIUHAT HA HJIOCKO-
ctu (6epyTcsa NpPAMOYTOJIBHEKYM CO CTODOHAMM, HAPAJLIESILHBIMH OCAM KOOD-
nurar). ITpu nepexone k nutockoit Mepe 2Kopaasa aTa 3aBECHMOCTS OT BbIGOpa
CHCTEMBbl KOODIMHAT HCYE3aeT: OTHPABJIAACH OT JIOGOH CHCTEMBI KOOpOMHAT
{Z1,Z2}, cBszanno#t ¢ nepsonavansHo# cucremoil {z1,z2} OPTOrOHAIBLHBIM
npeobpa3oBaHHeM

=cosa-Z1 +sine-z2 + a,

8
!

Ty = —sina-z; +cosa-zz + az,

MBI HOJIy4uM ogHy u Ty xe mepy 2Kopnana. 9ror ¢akr BbITeKaeT u3 cJemy-
el obueit TeopeMal.

Teopema 13. Jna toro 9Tober X0pAaHOBBI NPOROJLKEHAA py = j(mi)
# p2 = j(m2) Mep m1 H ma, onpeneseHHbIX Ha Koasnax Ry # Re cosnazanm,
HEeoOX0ANMO H JOCTATOYHO BBHINOJIHCHHA YCJIOBHIH:

R, C 6,;2, ml(A) = [l.z(A) Ha 9{1,
Ry C Gy, ma2(A) =m(A4) ma Ra.

Eciu HCXOOHAdA Mepa m onpeaesieHa He Ha KOJIbILE, a Ha HOJIYKOJIbIle Gm,
TO €€ XOPDHAHOBEIM INPONOJIXECHHEM eCTECTBEHHO HA3BAaTh MEpy

j(m) = j(r(m)),

AOMYHAIOMYIOCH B pesyjsTare npogospkenus m Ha xonsuo R(Grn,) u mans-
Heltmero npogosnxenus no 2Koppany.

5. OHO3HAYHOCTD NPONOJ/IKEHH Mepbl. Ecsin MroxecTso A usmepu-
Mo 1o 2KopnaHy OTHOCHTENILHO MepHI u, T.e. npunamiexur R* = R (G,),
To mna Jmobo#t Mepwl fI, npomosuxaomeil m u onpegerenHoit Ha R, 3Have-
nue ji(A) copnagaer co snavenuem J(A) xopranosa npogoskenus J = j(m).
MoXHO HOKa3aTh, YTO TPOJOIKEHIE MEPBI M 3a MPEAeJIBl cucTeMsl R* MHO-
XecCTB, u3mepumbix 110 2Kopaany, He 6yner ogHo3HauHO. BoJsiee TouHO 3TO 3HA-
yut cnegyouee. Hasopem MHOXeCTBO A MHOX@CTBOM OLHO3HAYHOC-
TH /1A MEPBI 1M, eCJIm:

1) cymecTByer Mepa, SBJIAIOMAsIC TPOJOIKEHIEM MEPHI M, ONpPeIesICHHAS
JIJIA MHOXECTBa, A;

2) nu1a JOOBIX ABYX TAKOTO POJA MEP [1 U {2

m1(A) = p2(A).

TIMeeT MECTO TEopEeMa: CUCTEMA MHOHCECTNE 00HO3HANHOCTIU 0AR MeEPbL T
cosnadaem ¢ cUCTNEMOTE MHOHCECTNE, USMEPUMMT 110 PKopdany omrocumenvro
MePBL ML, M. e. ¢ KoAvyom R*.
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Onnako ecii pacCMaTPHBATL TOJIBKO O-aJNUTHBHBIE MEPBI M HX NPOIOJI-
KeHud (o-aIAUTHBHBIE), TO CHCTEMA MHOXECTB OAlI03HavHocTH Oyner, Boobiue
roBops, obuupHee.

Tax xax uMeHRO Cayvall o-aJAUTHBHLIX Mep Hanbosiee BaXen, TO BBEIEM
CJIeAYIOUIEeE ONPEesICHHE.

Oupegenenue 6. MHOXeCTBO A HA3LIBACTCA MMONCECTNEOM O -00HO-
3HANHOCTNYU IV O-aNIATHBHOR Mepbl ™, ecy:

1) cymecTByeT 0-aiANTHBHOE NPOAOJIKEHHE A MEDHI 772, ONpeNesIeHHOe I
A (1. e. Takoe, uro A € G,);

2) oA BCAKAX OBYX TAKMX 0-aJJMTHBHBIX IPOAOJDKEHEH AL M Az cnpaBen-
JIMBO PaBEHCTBO

A1 (A) = A2 (A).

Eciit A eCcTb MHOXECTBO O-OIHO3HAMHOCTH /14 O-3UOUTHBHOH Mephl i1, TO
B CHJIy HAIIErO ONpEHesIeHH: CYHIEeCTBYEeT €IUHCTBEHHO BO3MOXHOE 3HaYe-
une A(A) maa m060ro ¢-aAIuTUBHOTO NPONOJIKEHH MEPHL &, OIPENEeJICHHOrO
Ha A.

Jlerko BumeTs, 4TO Kaxmoe MHOXKeCTBO A, namepumoe 110 2Kopnany, usme-
pumo u no Jlebery (zo He HaoGopor! npuBeaUTE NPUMED), IPHYEM €TI0 XKOpHIA-
HoBa ¥ jeberoBa Mepsl oguHakoBbl. (JTCIOJA HENOCPEACTBEHHO BEITEKAET, UTO
KOPINAHOBO NMPOLOJDKEHUE T-3NAUTUBHOR MEpPbl 0-3JAUTUBHO.

Kaxmoe muoxectso A, usmepumoe no Jlebery, ABJIfETCHE MHOXKECTBOM
O-OOHO3HAYMHOCTH IJ1sf UCXONHOU Mepsl m. He#icrBuTenbuo, npyu jobom € > 0
s A cywectByer takoe B € R, uro u*(A A B) < g, xakoBo 661 uu 610
onpenesieHHOE JJIs A IPOJOJIKEH’Ee A Mephl M,

A(B) =m/(B),
Tak Kak nponosuxenue m’ mepnl m Ha R = R(G,,) onnosnayno. Jasee,
AMAAB)Ku"(AAB)<e
H, CJIEIOBATEJIBHO,
IA(4) —m(B)| <e.

Taxum obpasom, g1 N0OOBIX ABYX 0-3IIUTHBHLIX MPOMO/IKEHUH A1 1 Ag Me-
pPBI ™ HUMeeM
[A1(4) = A2(4)] < 2,

OTKYJIa B CUJIy IPOM3BOJIGHOCTH £ > 0
A1{4) = A2(A).

Moxno mokasarb, 4TO CHCTEMa MHOXKECTB, n3MepuMbix 110 Jlebery, ucuepnor-
BaeT BCIO CHCTEMY MHOXECTB 0-OJHO3HAYHOCTH AJIA HCXOAHOH Mepnr m.
IIycth m — HexoTOpas o-aiAuTUBHAA Mepa ¢ obsacTeio onpenenenua &
n M = L(G) — obsacth onpenesienus ce jeberosa npoJOJUKEHHA. J1erko
yOeAHTBCA B TOM, 9TO KaK0BO 061 Hi 66110 nossykossuo &1, yaosieTsopamouiee
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YCJIOBHIO

G c6,cm,

BCerja

L(G,) = L(S).
§ 4. Usmepumsble byHKIMHA

1. OnpeneneHne # OCHOBHbIE CBOMCTBA H3MepHMBIX (DYHK-
muit. llycts X u Y — nsa npon3BOSbHBIX MHOXKECTBA M IIyCTh B HHX
BBLIEJIeHbI JBe cucTeMmbl nogMHoxkecTB Gx n Gy coorsercrBeHHO. Ab-
crpakTHaa byukuusa y = f(z) ¢ obaacrteio onpeneneHus X, NPUHU-
Mapm@as 3HadeHusi Ha Y, HaseBaerca (Gx, Sy )-usmepumot, ecin
3 A € Gy BoiTekaer, uto f1(A) € Gx.

Hanpuwmep, ecsin 1 3a X, 1 32 Y B3ATH 4uCJI0BYIO npsAMyio (T.e. pac-
CMAaTpUBATh JlelicTBUTE IbHBIE (DYHKIMH HeHCTBATEBLHOIO IEPEeMEHHO-
ro), a 3a Gx u Gy B3ATb CUCTEMY BCEX OTKPBITBIX (MJIM BCEX 3aAMKHY-
TBIX) HOAMHOXKECTB u3 R, TO cOpMyTMPOBAHHOE ONPENE/IEHNE U3MEPH-
MOCTH CBEHETCA K ONpeAeJIeHMIo HenpepbiBHOCTU. B3sas 3a Gx u Gy
cucreMy Bcex DOPesIEBCKUX MHOMKECTB, MbI PUJIEM K TAK HA3HIBAEMbIM
B-usmepumvim (win uzmepumwvim no bopear) dysrumsam.

B pmanbheiimem Mbl OyeM HHTEPECOBATHCH MOHATUEM H3MEPUMOCTH
TJIABHBIM OOPA30M C TOYKH 3PEHHUs] TEOPHM MHTErpHUpoBaHus. B aTom
IJiale OCHOBHOE 3HAYEHUE MMeeT MNOHSITUE W3MEPUMOCTH HHCJIOBBIX
¢byHKuul, onpenesieHHBIX HA HEKOTOPOM MHOXecTBe X C 33JaHHON
Ha HeM o-anautusHoit Mepoit u. Ilpu aToM 3a & x NPHHUMAETCsI COBOKYII-
HoCThb &, BCeX U3MEPUMBIX OTHOCHTEJILHO ¢ MHOkecTB U3 X, a3a Gy —
COBOKYIIHOCTh Bcex B-muoxectB Ha npamoit. I[lockonsky Besikasa o-an-
OUTHBHAS Mepa MOXeT OBITh MPOJOJDKEHa Ha HEKOTOPYIo o-asrebpy,
€CTeCTBEHHO C CaMOro HadaJsa CYHTaTh, 4To &, ecthb o-anrebpa. Ta-
KUM 00pa3oM, st YUCJIOBBIX (DYHKUMN MBI NPHXOJMM K CJIEAYIOIIEMY
ONPENESIEHUI0 U3MEPHUMOCTH.

Ounpenesenue 1. [Iyctb X — MHOXKeECTBO, B KOTOPOM 33JIaHA
0-aIOUTHUBHAS Mepa U, onpenesieHHasa Ha g-asrebpe &,. leltcrbutesns-
Hast GyHkuusa f(zr) Ha X Ha3bIBAETCA U-USMEPUMOT, €CIIN [ BCAKOTO
6opeJsieBckoro MHOKecTBa A ducsioBolt mpaMoit

A es,.
Awnasiornyso, KoMiiekcuast Gynkuns (), onpegenentas Ha X , Ha-

3BIBAETCA p-u3dmepumoti, ecam p~1(A) € 6, nnsa Beakoro GopeneBcko-
r'0 NOAMHOXECTBA KOMILIeKCHOH nuockocTr. Jlerko npoBeputTs, 4To 310
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PaBHOCHJIBHO [i-U3MEPUMOCTH AeHCTBUTENBbHOR U MHUMO dacTteil 3Toil
bYHKUMY 110 OTAEJIBHOCTH.

Yucnosas (HpyHKIMS, 3a0aHHA HA NPIMON, HA3BIBACTCA Hopesescrol
(o B-usmepumoti), ecyim npoobpas KazxIoro 60peseBcKoro MHOXECTBa,
ecTh HOPEsIEBCKOe MHOXKECTBO.

Teopema 1. IIycrs X,Y u Z — Opou3BoAbHbIC MHOXECTBA C Bbl-
JeJIeHHbIMH B HHX cucremMamu noamHoxectB Gx, 6y u &z coorBer-
CTBEHHO M 1ycTh onpeneseHnas ua X ¢yuxuua y = f(z) (6x, Sy )-u3-
Mepuma, a onpeaeseddaa Ha 'Y Qynknus z = g(y) (Gy, 6 z)-uzmepuma.

Torzaa (pynxuns z = p(z) = g(f(x))

(6x,6z)-usmepuma.

Kopotko: usmepuman Gynxyus om usmepumoti PyHEyuy ecmsv u3-
MEPUMER HYHKUUA.

Hokazarensctro. Ecoiu A € Gz, o B cuny (Gy, Gz)-usme-
pumoctu ¢yuxkuuu g umeem: g (A) = B € Gy. B csow ouepemn
B cuny (Sx, Gy)-usmepumoctn byuxuun f muoxecrso f'(B) npu-
namnexur Gx, T.e. fTl1(g7(A4)) = ¢ 1(A) € &%, T.e. byukuua @
(6x,6z)-u3mepuma.

CneuncrBue. BopeneBckass pyHKOUS OT {-H3MEDHMOH YHCJI0BOMH
dyuxnny p-uamepuma. B vacrHOCTH, HENPEPHIBHAA (QYHKUHS OT ji-H3-
MepHMOIH [i-H3MepHMa.

B nanpueiiimeM, B ci1y4asix, KOU/Ia 9TO HE MOXKET BbI3BAaTh HEOOPa3y-
MEHHUs, MBI BMECTO «/-H3MEPUMOCTU» DyIeM MuCarh MPOCTO «U3MEPH-
MOCTb>».

Teopema 2. [l1a roro urobst aeficrsurensnas Gyukuus f(z) Obr-
JIa H3MEepHMA, HEOOXOLHMO H ROCTATOYHO, YTOBbI MpH JI060OM AeHCcTBH-
TeJIbHOM ¢ MHOXecTBO {z : f(z) < ¢} 6bi0 Hamepumo.

HokaszatenbcTBo. HeobxoguMocTh yCi10BUs SICHA, TAK KaK MO-
aynpsiMast (—oo0, ¢} ecTh 6opesieBCcKoe MEOKECTBO. [J1s JOKa3aTeTbCTBa,
HOCTATOYHOCTH 3aMETHM IIPEXIE BCEro, YTO o-aJjredpa, NopoXkaeHHAS
cucTeMoil ¥ BCeX HOJIyUPAMBIX (—00,¢), COBNAJAET ¢ g-ajrebpoit Beex
6opesieBCKUX MHOXKeCTB Ha npamoi. Ho cortacko 1. 5 § 5 mn. I orciona
cjlenyer, 4TO mpoobpas KasKAoro OOPESIEBCKOr0 MHOXKECTBA MPHHALIE-
KUT o-anrebpe, MOPOKICHHOU NpoobpasaMul HONYHPAMBIX, IPUHAIJIC-
KAMUX X, T. €. U3MEPUM.

Joxaszannoe yc/ioBHE 4aCTO MPUHUMAIOT 33, ONpEIesIeHIe U3MEePHMO-
ctH, T.e. HasbBaOT Gynkumo f(r) wsMepuMoll, ecim BCe MHOXKECTBA
{z : f(z) < ¢} usmepumsL
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2. HeHictBusa Han masMepumbiMu dhyHkumamu. [lokaxem, uto
COBOKYITHOCTb U3MEPUMBIX (DYHKIUH, 3aJaHHBIX HA HEKOTOPOM MHOXE-
CTBE, 3aMKHYTa OTHOCHUTEJILHO apudMeTHIeCKuX onepauuii.

Teopema 3. Cymma, pasHOCTH H NPOU3BEOEHHE JBYX H3MEDHUMBIX
dyuxunii uamepumbl. JacTHoe aByx msmepumbix (yHKOuH, Npu ycjio-
BHH, YTO 3HAMeHaTe b He 00pamaeTcs B HyJlb, TOXe H3MEDHMO.

110 Ka3aTeJbCTBO 3TOH T€OpEeMbl TPOBEACM B HECKOJIBKO IHArOB.

1) Ecnu f usmepuma, TO, 09eBUAHO, 3MepuMbl ¥ GyHKuuu kf u a+ f
NP J1IOOBIX NOCTOSHHBIX k U a.

2) Hanee, ecom f u g — usMepumble GYHKIMU, TO MHOXKECTBO

{z: f(z) > g(2)}

usmepumo. elicrsurensHo,
{z: f@) > g(e)} = U ({2 (@) > e} 0 o2 (o) <)),

rae cyMMma 0epercsi o BCeM DAIMOHANIBHBIM 9UCJIAM Tk, 3aHYMEPOBaH-
HbIM B Jji00oM nopsaxe. OTciona nonydaeMm, 4To
{z:/(z) >a—g(z)} = {z: flz) +9(z) > a}
U3MEPHUMO, T. €. CyMMa U3MepuMbIX (GbyHKUUE usMepuma.
3) U3 1) u 2) cirenyer u3MepuMoCTs pasHocTy f — g.
4) Ilpousseaenue nsmMepuMbIXx GyHKUn namepumo. JeltcTBuTesbHO,
BOCIIOJIB3YEMCS TOXJIECTBOM

fo=1(f+9?-(F-9)7

Crosimee cripaBa BbIpayK€HMNE €CTh u3MepuMast QyHKIHMA. JTO BHITEKaeT
u3 1)-3) u cencTBus U3 TeOpembl 1, B CHILy KOTOPOro KBaapaT U3MepH-
MOl (DYHKIIMH M3MEPUM.

5) Ecin f(z) usmepuma u f(z) # 0, to u 1/f(z) uzmepuma. Hei-
CTBUTEJIbHO, €csiu ¢ > 0, To

{£:1/f(z) <c} = {o: f(&) > 1/c} Uz : F(a) < O);
ecnu ¢ < 0, To
{z:1/f(z)<c}={z:0> f(z) > 1/c}
a ecau ¢ = 0, 10
{z:1/f(z) <c}={z: f(z) <c}.

Kaxnpiil pa3 cnpasa Mbl HOJIy4aeM HM3MEPUMOE MHOXeCTBO. VI3 4)

u 5) caemyer u3MepuMocTs yacthoro f(r)/g(z) (npu ycnosnu g(z) # 0).

Wrak, Mpl nokaszam, 9TO apupMeTHUecKne NeHCTBUA HAL M3MEpH-
MBIMY (DYHKIUMSIMU CHOB [IPUBOISIT K U3MEPUMbIM (DYHKUUAM.

ITokaxkeM Tenepsb, YTO COBOKYIHOCTh H3MEPUMBIX DYHKIMY 3aMKHY TA
110 OTHOIIEHUIO HE TOJIBKO K apudMeTHuIeCKMM ONepaluaM, HO 4 K oIe-
PAlMU NPEJIESILHOTO IIePEX0IA.
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Teopema 4. Ilpenes cxoasumeiicss npu kaxnom £ € X nmocsenona-
TEJIBHOCTY H3MEPHMBIX (DYHKUUH H3IMEDHM.

Hokaszatrenscrso. lycrs f,.(x) — f(z); Torna

{z:flz)<c}=UU N {z: fulz) <c-—-1/k}. 1)
k nm>n

HefictBurenbuo, ecn f(x) < ¢, To cymectsyer Takoe k, uro f(z) <

< ¢ — 2/k; nanee, upn 310M k MOXHO HAHTH CTOJIL GOJIBILOE T, YTO NIPH

M > N BBINOJIHEHO HEPABEHCTBO

fm{z) < c—1/k,

a 970 U O3HAYAET, YTO T BOUMET B NPaByw 4actsb (1).
O6patHo, eciid T NPUHAILJICKUT IPABoi yacTu paseHcTsa (1), To cy-
IIECTBYET Takoe k, UTO [IPH BCEX JOCTATOYHO BOJIbLIMX M

fm(z) <c—1/k,

HO TorAa f(z) < ¢, T.e. T BXOOMT B JIEBYIO YacTh paseHcTBa (1).
Ecnu dysxuun f,(z) usmepumsl, TO MHOXKECTBA

{z: fm(z) <c—1/k}

n3MepuMbl. Tak Kak COBOKYNHOCTH M3MEDHMBIX MHOXECTB €CTb O-aJl-
rebpa, To B cuity (1) MHOXecTBA

{z: f(z) < &)
TOXE M3MEPHMBI, YTO M J0Ka3bIBaeT U3MEpUMOCTh f(Z).

3amevanue. Kak BUIHO U3 CKA3aHHOrO, NOHATHE H3MEPUMOCTH
GYHKUHMY HE CBA3AHO C HAJMYHEM B PACCMATPUBAEMbBIX IPOCTPAHCTBAX
Kakoi-s1ub0 Mepsbl. JJo/nKHEB THIB OBIThH BBASJIEHBI CHCTEMbBI MHOKECTB,
HasplBaeMbIx u3MepuMbivu. OaHako HAKTUIECKH TOHITHE HU3MEPHUMOC-
TH HCIOOJB3YeTCH, KaK NMpPaBmIo, njda GYHKUu, OnpelesieHHbIX HA He-
KOTOpOM npocrpaHcTse X ¢ durcuposanHo#t Mepoill, 3ananHOl HA Ka-
Kolt-mubo o-anrebpe ero noamMuoxkects. VimenHo sta curyanusa u Gymer
paccMaTpuBaTbCA B AajbHelneM.

Kak yxe ObLI0 OTMEYEHO, 0-aJUTUBHYIO0 Mepy, ONpenesIEHHYIO Ha
g-anrebpe G mMOAMHOXKECTB HEKOTOPOro MuoxkecTsa X , MOXHO 6e3 orpa-
HHYCHUS OOMHOCTY CYNTATH MOJIHOMN, T. €. CUMTATh, YTO ecau A — usme-
PHUMOE MHOKECTBO MEpbI HYJIb, TO BCAKOE €ro nogmuoxectso A’ usme-
pumo (u, xoneuno, p(A') = ). D10 ycsIoBHE NOJIHOTHL MEPLI MBI BCIOAY
B JasibHeilineM Oy/ieM NpesiosIararh BhIIIOJIHEHHbBIM.

3. DkBHUBaJEHTHOCTH. 1Ipu u3yyeHnn usMepuMeIX GpyHKIMH IaCTO
MOKHO npeHebpedlh HX 3HAYEHUsAMU Ha MHOXECTBE MepPbl HyJb. B cBsa3u
C TUM BO3HHUKAET CJEAYIOlee OlpeAesieHue.
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Onpenesnenne 2. Jpe dbyuxnun, f u g, 331aHHbIE HA OJTHOM ¥ TOM
K€ I3MepUMOM MHoxectse E, HasbiBarorcs axsusaaenmuvimi (0603Ha-
yenune: f ~ g), eciu

p{z: f(z) # g(x)} = 0.

BeeneMm emie ciienyoulyo TEPMUHOIOTHIO. ['0BOPAT, 4TO HEKOTOpOE
CBOIICTBO BBITIOJIHEHO nouwmu 6ctody Ha E, ecsim oHO BbioJsiHeHO Ha E
BCIONY, KpOMe, ObITb MOXET, TOYEK, OOpa3yoIHUX MHOXECTBO Mepbl
HyJsib. Takum obpasoMm, ase GYHKUMNA HA3LIBAIOTCA 3KBUBAJIEHTHBIMH,
€CJIM OHM COBHAIAIOT HOYTH BCHOAY.

Teopema 5. Pyukuusa f(z), onpenesieHHas HA HEKOTOPOM H3Me-
pHMOM MHOkecTBe E H 5KBHBAaJIGHTHASA HA HEM HEKOTODPOH H3MEPHMOI
¢dynxuun g(x), Toxe H3MEPHMA.

HokasartenbctBo. I3 onpelesieHus: 9KBUBAJIEHTHOCTH CJIEIYET,
9TO MHOKECTBA

{z: flz)<a} un {z:9(z) <a}

MOryT OTJIMYATbCA IPYr OT JAPYra TOJbKO HAa HEKOTOPOe MHOXKECTBO
MEPBI HYJIb, CJEIOBATE/ILHO {ITOCKOJIBKY MEPA IPEJIOJIOKEHA TOJTHOH),
€CJIM BTOPOE M3 HUX M3MEPHUMO, TO U3MEPUMO U NEPBOE.

SaMmevanue. BxiaccuueckoM aHasinze NOHATHE 3KBUBAJICHTHOCTH
¢byHKUMi He UrpaeT CYMECTBEHHON POJIM, TAK KAK TaM B OCHOBHOM Pac-
CMATPUBAIOTCA HENPEPBIBHbIE (DYHKIUH OQHOTO MJIM HECKOJIbKUX Iiepe-
MEHHBIX, 4 IJIs HUX 3KBHUBAJIEHTHOCTb PABHOCUJIbHA TOXKIECTBEHHOCTH.
Tounee, ecnu nBe byHKIUHA, f U g, HENIPEPHIBHbIE H3 HEKOTOPOM CErMEeH-
te E, sxBuBasienTHb (OTHOCHTEJILHO MepbI Jlebera), TO OHM COBIIAJAIOT.
HelicteurenbHo, ecmu f(zg) # g(zo) B Kaxoh-1ub0 TOUKE Tg, TO B CHILY
HENPEPLIBHOCTH [ U g HARNETCS OKPECTHOCTh TOYKHU Tg, BO BCEX TOUKAX
kotopo#t f(z) # g(z). Mepa Taxoil OKPECTHOCTH NMOJIOKHUTEJIbHA, II03T0-
MY HenpepbiBHbIe (DYHKIMU HE MOTYT ObITH 9KBMBAJIEHTHBI, €CJIH OHU
HE COBIAJIAIOT.

Jl1a 1pOU3BOJBHBIX HW3MEPUMBIX (QYHKIMY 3KBHBAJIEHTHOCTH BOBCE
He O3Havaer cosnaaenns. Hanpumep, pyHxnusa Ha npsAMOR, paBHas equ-
HHIIE B PAIMOHAJIbHBIX TOUKAX ¥ HYJIIO B HPPALXOHAIIbHBIX, 9KBUBAJICHT-
Ha (PyHKIMH, TOXKIECTBEHHO PABHOH HYJIIO.

4. CxoguMocTh HOYTH Bcroay. II0CKO/NIBKY BO MHOIHX Ciydasix
nOBefieHe n3MepuMoit (yHKIMK Ha TOM HJIM MHOM MHOXECTBE MEpbl
HYJIb JJIA HAC HECYUIECTBEHHO, OYZIeT eCTeCTBEHHO BBECTH CJIeiylomee
06061menne 06BIYHOr0 NOHATUA NOTOYEHYHOH CXOMUMOCTH.
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Onpenesenue 3. IocnenoBarenvrocts { f,(z)} dyukui, ompe-
JEJIEHHBIX HA HCKOTOpPOM npoctpancTse X ¢ 3a/JaHHOM HA HEM Mepoi,
HA3BIBALTCA cxodauetica nowmu ectody ¥ dyukunu f(z), ecan

Jim fo(z) = f(2) (2)

1A oyt Beex ¢ € X (T.e. MHOXeCTBO TeX TOYeK T, B KOTOPHIX (2)
HE BBINIOJIHAETCA, UMEET MEPY HYJIb).

Mpumep. Tocaenosaressuocts Gyukuuit f,(z) = (—z)", oupeae-
slennbx Ha orpeske [0,1], npu n — oo cxomures x dyukuun f(z) = 0
NOYTH BCIOAY (& MMEHHO, BCIOLY, KPOME TOYKH T = 1).

Teopema 4 nonyckaer caenyouee 0bobimenue.

Teopema 4'. EcnH moc/ienoBaTesIbHOCTh H3MEPHMBIX (DYHKIHIT
fn(z) cxomurcsa x ¢pynxkumu f(z) mouru scrogy Ha X, 1o f(x) raxxe
H3MEPHMA.

HoxazartenbcTBo. IIycth A — TO MHOXKECTBO, HA KOTOPOM
lim f,(z) = f(x).
n—oo

o ycyosmio, p(X \ A) = 0. Oyukuust f(x) mamepuma Ha A, a Tax
KaK Ha MHOXKECTBE Mepbl HyJIb, 0YEBHIHOC, BOODIIE BCAKAN (PYHKIMHA
usmepumMa, o f(z) uamepuma na X \ 4, Clieq0BaTesIbHO, OHA U3MEPUMA
1 Ha MHOXecTBe X .

YnpaxHenne. [Iycrs nocsienoBaresHOCTh H3MEPUMBbIX MyHKuME fr(z)
CXOOWTCHA NOYTH BCIOAY K HEKOTOpo# npemenbuolt yuxkunu f(z). Jokasars,
YTO HOC/IENOBATEILHOCTD fr (Z) CXORMTCS NOYTH BCIOAY K g(Z) B TOM M TOJIBKO
TOM CJiy4ae, ecyu g(z) sxBuBanenTHa f(x).

5. Teopema Eroposa. B 1911 r. [1. ®. Eropossim 6bu1a 1oKa3zana
cjenymonlast BAXKHas TeopeMa, yCTAHABJIMBAIOIIAS CBSI3b MEXK/Y MOHA-
THAMH CXOZMMOCTY [OYTH BCIOJLY M PABHOMEDHO# cxomMMocTH.

Teopema 6. IIycrs E — MHOXeCTBO KOHEYHOH MEDBI H IOCJIEA0-
BaTeJIbHOCTh U3MepHMbIX pyHKunH fn(x) cxonurcs Ha E mouyrn scrogy
k f(x). Torna ana smoboro § > 0 cymecTByeT Takoe H3MEPHMOE MHOXe-
ctBo E5 C E,| uro

1) u(Bs) > w(E) - 6

2) na muoxecrse E;5 nocaenosarenstocts {fn(r)} cxomnrea x f(z)
PaBHOMEDHO.

Hoxasarenscrso. ComiacHo Teopeme 4' dbyuxims f(z) nsmepu-
ma. ITonoxnm

EY = Nz :{fi(z) - f(@)] < 1/m}.

izZn
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Taxum obpasom, E’. npu PpUKCUPOBAHHBIX 7 U 1 O3HAYAET MHOXKECTBO
BCEX TeX TOYeK Z, IJI1 KOTOPhIX

|fi(z) = f(2)] < 1/m
pu Beex ¢ 2 n. Ilycts o
™=\ E}.
n=1
W3 onpenesienus MHOXKeCTB E7 SCHO, YTO NPH (DUKCHPOBAHHOM 1M
EMC---CErC

B cuny toro, 4To o-aiIMTUBHAS Mepa HeNmpepbiBHA, st JIIo60oro m
u Jioboro § > 0 malinercs takoe ng(m), 4ro

w(E™\ ) < 8/2m.

no(m

ITonoxum oo

Es= N Engm
m=1

U OKaXKeM, YTO Tak nocrpoentoe Es ynosnersopsier TpeOOBAHHAM TEO-
PEMBIL.

Hoxaxem cHayasna, 410 Ha By nocnenosarensrocts { fi(z)} cxomures
paBHOMepHO K ¢yHkuuu f(r). 3TO Cpasy BHITEKAET U3 TOrO, YTO eCJId
z € Ej, To nus soboro m

1filz) — f(z)| < 1/m nmpu i > ng(m).

OuenuM teneps Mepy mMuoxectsa E \ Ej. s 31010 3amMeTuM, 94T0 0pu
Bcakom m umeeM p(E \ E™) = 0. HeficteurensHo, ecu o € E \ E™,
TO CYIIECTBYIOT CKOJIb YrOAHO GO/IbIIME 3HAYEHUA 1, IPH KOTOPHIX

|fi(zo) — f(zo)| = 1/m,

T. €. TTOCJIEHOBATENLHOCTS { fn(z)} B Touke zo He cxomures K f(z). Tak
KaK, 1o ycnosuio, { fn(z)} cxomurcs x f(z) nouru Bcoay, To

u(E\ E™) =0.
Orciopa ciemyer, 4To
n(B\ B ) = n(E™\ B pny) < /27

IoaTomy

WE\ED) = u(E\ N Ex) = n(

o
H(E\ r'lé(m)) <Y gm=
m=1

(E \ Eng(m))) <

M8
||C8

<

m=1

TeopeMa JokKasaHa.
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6. CxonmMoOCTBL 1O Mepe.

Onpenesienune 4. ToBOPAT, YTO NOCJENOBATEILHOCTD H3MEPHMbIX
byuxunt f,(x) cxodumes no mepe ¥ dbynkuuu f(x), econ piasa 06o-

roog >0
lm pfz: |fale) - f(@)] 2 0} = 0.

Hipkecnegyrouye Teopemsl 7 1 8 yCTAHABINBAKOT CBA3b MEXKJIY 1TOHSI-
TUAMH CXOHMMOCTH IOYTH BCIOHY M cxonmmocTy no mepe. Kak u B npe-
OBIOYIIEM MYyHKTE pacCcMaTPHBAEMasi Mepa IPEANoIaraeTcst KOHeYHOI.

Teopema 7. Ecanm nocaenoBareJbHOCTh H3MEPHMBIX (DYHKIHEH
{fn(2)} cxomurca nowrm Bcropy k Hekoropoid dyukumn f(z), TO oHa
CXOOuTCA X TOH ke caMoil npenenbHoit pyaxuun f(x) no mepe.

HoxasartenwbctBo. I3 Teopemnl 4' crhenyer, 4TO npemesibHasA
dyukunsn f(r) usmepuma. Ilycts A -— TO MHOXKECTBO (MEDPLI HYJIb),
Ha KOTOpOM f,(z) ne crpemsitest x f(z). [Iycrs, nanee,

Ee(0) = {z : [fe() - f@)] 2 o},
R.(0) :E Ei(0), M= (] Ru(o).

n=1
SIcHo, 4TO BCe 9TH MHOXECTBA U3MepHMBbL. Tax Kax
Ri(o) D Ra(0) D ...,
TO B CHUJTy CBOUCTBA HENPEPBIBHOCTU MEpbI
w(Rp(0)) = u(M) npum n — oo.

IIposepum Teneps, 4TO

M cC A (3)
HelictBuTensHo, eciin g ¢ A, T e. ecom
im fr(z0) = f(zo),
n—oc
TO JIIs1 JAHHOTO o > 0 Haliercs Takoe 71, 9TO
|[fr(zo) — f(zo)| <o mpu k2= n,

T.e. Tg ¢ R,(0) u, Tem Gosee, zo ¢ M.
Ho p(A4) = 0, u noaromy u3 (3) Buitexaer, aro u(M) = 0, u, cieno-
BaTEJIBHO,
u(R,(0)) =0 npu n — oo;

tak Kak E,(o) C R,(0), To Teopema 10Ka3aHa.
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Herpynno yGennrncsi, 4TO U3 CXOMMMOCTH IOCJIENOBATEILHOCTH
dyuknuit mo Mepe, Boobuie roBops, HE CIEAYET €€ CXOIUMOCTb II0-
49TH BCroay. JeldcTBUTEIbHO, ONpenesiuM AJisT KaXKJ0T0 HATYPAILHOro k
na nonyunrepsane (0, 1] bysrunu

k k
AR

cienyomuM obpasom:

i~ 1 i
3 1 mpr =<z gl
(@) = pr TF <TSk
0 IPpA OCTAJIBHBIX 3HAYEHUAX T.
3aHymepoBaB Bce 3THU (DYyHKIMM TIOAPAL, Mbl MOJIYYUM NOCIENOBaA-
TE€JIBHOCTBH, KOTOpPasl, KaK JIErKO IIPpOBEPUTh, CXOOUTCA 110 Mepe K HYJIIO,

HO B TO K€ BPEMsI HE CXOOATCH HU B OQHOH Touke (moKaxure 31o!).

Yupaxuenune. Ilycts mnoc/enoBaTesibHOCTH HU3MEPUMBIX (byBKumit
{fn(2)} cxomuTca no mepe k Hekoropo# mpemenbuolt bynxuum f(x). Hoka-
3aTh, YTO IOCJIELOBATENBbHOCTD { fr(z)} Gyner cxoquThes no Mepe K GyHKLIUM
9(z) B TOM ¥ TOIBKO B TOM ciyuae, ecoiu g(z) axsuBastenTHa f(z).

Xors npuBeaeHHBIR BhIIIE IPUMED MMOKA3bIBAET, YTO TEOPEMA 7 HE MO-
XKeT ObITh 0DOpaleHa B IIOJIHOM Mepe, TEM He MeHee CIIPAaBENJIUBA CJie-
OY0uas TeopeMa.

Teopema 8. Ilycrs mocaenoBaTesIbHOCTH H3IMEPHMBIX (DYHKUHIT
{fn(2)} cxommrcs no mepe x f(x). Torma us a0l mocaenoBareLHOCTH
MOKHO BBIOpaTh I0ANOCHER0BaTenbHOCTS { [, (2) }, cxomsamyrocs x f(x)
[IOYTH BCIOAY.

HoxazareabcrBo. Ilycrs €1, €2, ... — HEKOTOpas MOCJIEOOBA-
TEJILHOCTD IIOJIOKHUTEJILHBIX YHCeSI, CTPEMALUXCA K HYJIIO,

lim ¢, =0,
-3 00
K MYCTb IOJIOKUTEJIBHBIE YUCJIA M1, ..., Tpn, ... TAKOBBI, YTO PAL
m+mn+...

cxomgutcsi. IToCTpONM MoCeM0BATENILHOCTD UHIEKCOB
n<ng <...
cjaenyooumMm o0pa3oM: BHIOEpeM 1y Tak, 4ToObI
pl{z : | fr(x) — f(@)] 2 &1} <m

(rakoe n; 06513aTEILHO CYIECTBYET); AaJiee BolbepeM ng > 1 Tak, 4To-

Obl
AT : | fny () ~ f(Z)] 2 €2} < M2
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Boobme, BeibepeM ny > ng..; TaK, YTOOLI
x| fr(2) = f(@)| 2 ex} < M-

IMokaxkeM, 9TO IOCTPOEHHAA NOCJENOBATEIBHOCTb cxoanrcst K f{x)
noutu Beoay. JdeticTBurensHo, mycrs

o o] o
Ri= U{z:|fu(@) - fl@) 2 ¢}, Q= ﬂl R;.
k=1 i=
Tak xak
RiDODR:DRsD---DR;D ...,
TO B CMJTy HenpepbiBHOCTH Mepbl u(R;) — p(Q).
o0
C npyro#i croponsl, scuo, 4to p(R;) < 3. m, otkyma pu(R;) — 0
k=i
upu i = 00, T.€. (@) = 0. OcTaercsa NPOBEPUTDH, YTO BO BCEX TOUKAX
mHOKeCTBa F \ () IMEeT MeCTo CXOAMMOCTH

fri(z) = f(2).
Hycrs g € E\Q. Torna nalinercs takoe g, 4ro zg ¢ R;,. 910 o3na4aer,
9TO JJisg Becex k > ig

zo ¢ {z : |fau(2) - f(2)] 2 €1},

T. €.

| fri (o) ~ flz0)| < &k-

Tax kaxk, o ycsosuio, €, — 0, TO
lim fr, (x0) = f(zo).
k—o0

Teopema moxasaHa.

7. Teopema Jlysuma. C-cpolicrBo. Onpenenenue usMepumoit
byskuum, nasHoe B caMoM Hayane 3Toro naparpada, OTHOCUTCS
K QYHKIMAM HA [IPOU3BOJIbHBIX MHOMXKECTBAX M B ODIUEM CJ1yUae HUKAK
HEe CBS3aHO C NOoHATHEM HenpepbiBHOH dyuxuuu. OnHaxo, ecau pedb
UIeT o (yHKUMAX Ha OTpEe3Ke, TO MMEET MECTO CJIeAYoUlas BaykHas
TeopeMa, ycranosnensnas B 1913 . H. H. Jlysunbim.

Teopema 9. [aa roro wrober pynxuna f(x), 3a1aHHa:1 HA OTPE3KeE
[a, b], 6bl1a H3MEpHMa, HEOBXOMAMO H NOCTATOYHO, YTOBLI Ast JTI060ro
€ > 0 cymecrBoBasa rakas HelpeppiBHas Ha [a,b] Gynkuus o(x), yro

wlz: (@) # (@)} <e.

MNnave rosops, usmepumast pyHKUUA MOXKeT ObITh CesaHa Helpe-
PHIBHOH Ha [a, b] nyTem ee u3MeHeHHMs Ha MHOXKECTBE CKOJIb YIOAHO Ma-
Jol mepsr. IIpo dyrkumio Ha oTpeske, KOTOPast MOXeT ObIThL CAE/IaHA He-
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npepbIBHOl ¢ moMonipio Takol «Masolt nedopmalu», rOBOPAT, YTO OHA
obnanaer C-ceoticmsom (tepmun H. H. Jlysuna). Kak nokassisaer Teo-
pema Jlysuna, gis dbyHKIu# 4uCI0BOrO aprymenta C-CBOACTBO MOXKHO
MIOJIOXKUTh B OCHOBY CAMOIO ONpelesieHus u3MepuMocTa. Jlokasaresn-
CTBO TeopeMbl Jly3uHa MOXHO HOJIy4YUTh, BOCIIOJIB30BABIIUCE TEOPEMOL
Eroposa (npoBemure 310 0Ka3aTE/ILCTBO!).

Yupaxuenue Joxkazars, uro ecoiu A — H3MEPUMOE MHOXKECTBO HA OT-
pesxe [a, b], To m1s m06oro >0 HalkmyTcs Taxoe OTKPHITOE MHOXKECTBO G D A
# Takoe 3aMKHyToe MHOKECTBO F C A, uto u(G\ A) < e u p(A\ F) < e.

§ 5. Murerpasn JleGera

Honarue murerpasia Pumana, m3BeCTHOE M3 3JIEMEHTAPHOIO Kypca
aHaNM3a, IPUMEHUMO JIMIIbL K TaKUM (DYHKIMAM, KOTOPbIE UJIM HENpe-
DBIBHBI UJIH MMEIOT «HE CJIMIIKOM MHOIO» TOYEK pasphiBa. i usmepu-
MbIX (hyHKIUH, KOTOPbIE MOTYT OBITH Pa3PBIBHBL BCIOY, IJle OHU ONpENe-
J1eHbl (mn e Boobue MOTyT 6bITh 3aJaHbl HA aBCTPAKTHOM MHOXKECTBE,
TaK, 9TO JJisl HUX [OHATUE HENPEPLIBHOCTH MPOCTO HE MMEET CMBICIIA),
PHMAHOBCKAsi KOHCTPYKIUs UHTErpasia CTAHOBUTCA HenpuronHoi. Bme-
cTe ¢ TeM 1A Takux ByHKIUI UMeeTcs BeCbMa COBepUIeHHoe U rubKkoe
[MOHATHE MHTErpaJsia, seeneduoe Jleberom.

OcHoBHas uaess nocTpoeHus uurerpasa Jlebera COCTOUT B TOM, €TO
30€Ch, B OTJIMYME OT UHTErpasa PuMaHa, TOYKH T IPYNIUPYIOTCA HE IO
[IPU3HAKY MX OJIM30CTH HA OCH I, & [0 IPH3HAKY OJIM30CTH 3HAYEHUH
GbYHKIME B 9THUX TOYKAX. DTO CPa3y Ke MO3BOJISET DACIPOCTPAHUTH
[IOHATHE HHTEIPAJIa HA BEChMA HIUPOKHUH KJacC pyHKUuH.

Kpowme roro, nurerpan Jlebera onpenensiercs COBepIIEHHO OHUHAKO-
BO IJis1 (byHKUMH, 33JaHHBIX HA JIIOOBIX IPOCTPAHCTBAX ¢ Mepoil, B TO
BpeMsl Kak uHTerpast Pumana Beomurcs cHadana niis dyHkuuit omHoro
MEPEMEHHOT0, 4 3aTEM yXKe€ C COOTBETCTBYIOIIUMU MU3MEHEHUsIMA Iepe-
HOCHTCSI Ha, CJIy4ail HECKOJIbKUX riepeMeHHbIX. st dyHknuit xxe na ab-
CTPAKTHBHIX IPOCTPAHCTBAX ¢ Mepol nurerpas Pumana Boobuie He umeet
CMBICTIA.

Bcrooay, rie He OrOBOPEHO NpOTHUBHOE, OyHeT pacCMATPHBATLCS He-
KOTOpAasi MOJIHAA o-aJAUTHBHAA MEpa [, ONpEIe/eHHasl Ha o-aJirebpe
mHoxecTB ¢ emuauuei X. Bee paccmarpuBaembie muoxkectsa A C X
Gy/LyT IPEMIONAraThCst u3MepumbiMy, a (dyHkuuu f(r) — onpeneses-
HbIMHU I £ € X M M3MEPUMBIMH.

Ham ynobuo 6yzer onpenesmnts uHTerpaJi JlebGera BHadase oJisd Tak
HA3bIBAEMBIX MNPOCTHIX (DYHKUHUY, a 3aTeM PACHPOCTPAHUTHL €ro
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Ha cywecTBeHHO Gosiee wupoknii knace dyuxuumit. llynkTer 2-5 conep-
KaT MMOCTpoeHue uHTerpasa Jlebera 1Jid cryuasi, KOLIA Mepa BCEro
npocTpaHcTsa KoHeuHa., Caydyalt GeckonedHnolt Mepb! paccMaTpUBaeTCs
B 1. 6 aTOrO maparpada.

1. IIpoctele PyHKIHH.

Onpenenenne 1. Oynxuua f(x), onpeneseHHas HA HEKOTOPOM
npocrpascTse X ¢ 330aHHOA HA HEM MeDOH, Ha3bIBAEeTCH NPocMotl, ecan
OHA M3MepNMa M NPUHUMAeT He Goslee YeM CYeTHOe YMCJIO 3HaueHMI.

CrpyxTypa npocThix (hyHKUME XapakTepusyercs cieayouel reope-
Moli.

Teopema 1. Oyuxuusa f(x), npuauMarmas He 6oJ1ee 9YeM CYETHOE
9HCJIO PA3JIHYHBIX 3HAYCHHI}

Yi:- -y ¥Yns- -+

H3MEPHMAa B TOM H TOJIBKO TOM CJIydae, eCJIH BCe MHOXKECTBa
An ={z: f(z) = yn}
H3MEDHMBI.

HdoxaszaTenbcTBo. HeobXxomuMOCTh YCIIOBUA ACHA, TAK KAK KaXK-
noe Ap, ecTb poobpas OIHOTOUEIHOTO MHOXECTBA {Yn }, 8 BCAKOE OHO-
TOYEYHOE MHOXECTBO sIBJIsieTcst GopesieBCkuM. JloCcTaToMHOCTE caenyer
W3 TOrO, 9T0 B YCJIOBUSIX TeopeMbl mpoobpas f~!(B) smoboro Gopenen-

CKOIO MHOXKeCTBa ectb obbemuuenue |} A, He Gojiee uem CueTHOroO
yn €B
YHCJIa U3MEPUMBIX MHOXKECTB Ap, T. €. H3MEPUM.

Wcnonssosanne npoctoix dyHKuui B nocTpoeHnn nurerpasia Jlebera
OyIeT OCHOBAHO Ha CJENYIOUIEN Teopeme.

Teopema 2. HJaa mamepamocty ¢pyuxnuu f(x) HeOGXOOUMO H 11O-
CTATOYHO, 9T00bl OHA MOIJIA ObITH NPEICTABJIEHA B BHIC NPENEsia PaB-
HOMEPHO CXOASIIEHCsT HOCIEROBATEIbHOCTH OPOCTHIX H3MEPHMBIX (DyHK-
ui.

HokaszarenbcTBo. oCTaTOYHOCTH ACHA U3 TEOPEMBI 4 Mpeibi-
nywero naparpada. Iaa [oka3aTesbCTBa HEOOXOIMMOCTH PACCMOTPHM
IPOU3BOJILHYIO usMepuMyio dyakuumio f(z) u uonoxum fn(z) = m/n,
ecn mfn € f(z) < (m + 1)/n (3pece m — uesble, n — Leable Ho-
Joxurensusie). SIcHo, uro dysxkuuu f,(z) opocreie; npu n — ©© OHH
paBHOMepHO cxonarca K f(x), tak kak |f(z) — fo(z)| € 1/n.
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2. Uurerpan Jlebera nns npocreix ¢dbyukouii. Mui BBEIeM no-
HATHE uHTerpasia Jlebera cnayana ajst pyHKUM, HA3BAHHBIX BBIIE IPO-
CTBIMH, T.€. JJI U3MEPUMbIX (DYHKUUH, MPUHIMAKLUX KOHEYHOE HJIA
CYETHOE 4YUCJIO 3HAYEHUH.

Iycrs f — Hekoropasi npoctas GyHKUMA, IPHHUMAIONAS 3HAYCHUS

Y-y ¥Yny-- o5 yl#?/] HpHi#j,

U OyCTh A -— HEKOTOPOE U3MEPHMOE NOIAMHOXECTBO X .
EcrecrBenno onpenenures uarerpadi or dbyukuuu f mo MHoxecTBy A
PaBEHCTBOM

[ f@)dp =" ynp(An), e An={z:z€A, f(z)=yn}, (1)

A n
€CJIM P CIPaBa CXOOUTCA. Mbl IPUXOIMM K CJIEIYIOHIEMY ONpEnese-
HUIO (B KOTOPOM [0 NOHATHLIM MPUYMHAM 3apaHec MOCTyaupyercs ab-
COJIIOTHAS CXOIUMOCTD PsiIa).

Onpenenenune 2. [Ipocras dyuknus f HasplBaeTCsa uxmezpupye-
Mol wim cymmupyemoti (o mepe p) Ha muoxecrse A, ecnn psn (1)
abcomoTHo cxoputcs. Ecu f unrerpupyema, To cymma psana (1) aasbr-
BaeTCs unmezpaaom ot f 1o MHoxecTBy A.

B aroM onpenesienuy penosiaraercs, 9YTo BCe Y, pasandssl. MoxHo,
O/IHAKO, NPEJCTABUTH 3HAMCHUE MHTErpaJjla OT HpPOCcTOl MyHKUMM B BH-
Je CyMMBbl nipoussenennit suga cppu(Br) ¥ He Upeanosiaras, 4rTo BCE Cy
Pa3JIMYHbI. ITO NO3BOJISAET CHEJATH CJEAYIOMAS JIEMMA.

Jdemma. Ilycrs A=) By, BiNBj; = @ npu i # j u 0ycrs Ha Kax-
k
J0M MHOXecTBe By ¢yHxuus f npHHHMaeT TOJIPKO OJHO 3HAYEHHE Ck;
Toraa
[ f@ydp =" cxn(Br), (2)
A k
npuyeM ¢yuknus f uprerpupyeMa Ha A B TOM H TOJIBKO TOM CJIydae,
xorna pan (2) abCcoIOTHO CXOIUTCA.
Hoxaszartenbcrso. Jlerko BUmeTh, YTO Kakj0€ MHOXKECTBO
Apn={z:x €A, f(z)=yn}
ABASETCA O0bEAUHEHUEeM Tex By, [Jis KOTOPBIX C = Y,. [HosToMy
Zynﬂ(An) = Zyn Z p(By) = ZCkN(Bk)-
n n Crp=Yn k
Tak Kax Mepa HeOTPULATEJILHA, TO

Dyl plAn) =D lyal Y #(Be) = lexl n(Bx),
n n k

Ce=Yn
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T.e. psabl » Yup{An) 1 D cppe(By) aBCOMOTHO CXOUSTCH WM PACXO-
n k
AATCA OfHOBpeMerHo. Jlemma Joxasaua.

YeraHoBuM HekoTopbie cBoiicTBa umurerpasia Jlebera or OpocCThIX
byurumii.

A) /f(x)+g @)ldp = /f ) dpe + /Q(T)dﬂ,
npuuem u3 cywecmsoeanuﬂ unmcap(mos 8 NPasotl “acImu paAseHCMmea
caedyem cyu,ecmeo8anue unmezpaat 6 Aegotl.

JLst 10Ka3aTeALCTBA NPENOJIORUM, YTO f NPUIIMMAET 3HAYEHUsT f;

uHa muoxecrsax Iy C A, a g — 3Hadenus g; Ha muoxecrsax G; C A,
TaK 9TO

ho= [ f@)du =Y fin(Fy), (3)
A i

= [ g@dp=" gn(G;). (4)
A J

Torna B Cuiy JIEMMBI

= [[f@) +g(2)ldu = ZZfﬂrg] (F; N Gj); (5)

A

W) = uFinGy), wGy)= Zu(Fi NGy,

b

HO

Tak 410 M3 abcomoTHol cxonumocty panos (3) u (4) caenyer u abeo-
JIIOTHAA CXOAUMOCTD pana (5); pu 3rom

J=J + Jo.
B) Jan awbozo nocmoannozo k

[ k@) du=k [ f(z)dg,
A A

NPUNEM U3 CYULECTNBOBAHUA UNMEZPAAa 8 Npasoll wacmu caedyem cy-
wecmeoganue unmezpana 6 aesoti wacmu. (Ilposepsierca memocpen-
CTBCHHO.)

B) Ozparnunennas na muoncecmae A npocmas gynwyus [ unmezpu-
pyema na A, npuvem ecau {f(z)] < M wna A, mo

| [ f@)du| < Mp(4).
A

(TIpoBepseTCA HENOCPEACTBEHHO. )
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3. Obuiee onpenenenve uaterpasia Jlebera na muoxecrBe Ko-
HeYHOU MephbI.

Onpenenenue 3. Hasosem dynxumio f unmezpupyemoti (cym-
MUpyemoti) na MHuoxcecnee A, eCIM CyIECTBYET IOCTeI0BATEILHOCT
OPOCTBIX MHTErpupyemMbix Ha A dyukuuit {fn}, cxomsamasca pas-
HoMmepHO K f. Ilpenen

= lim [ oo d ©)

0603HaIUM

[ f@)dp
A

U HA30BEM unmezpasom Pynxyuu f no muoxcecmay A.

DTO onpenesIeHue KOPPEKTHO, €CJIHM BLIIOJIHEHE] CJELYIOIHe YCIIOBUA.

1. Ilpenen (6) gnsa Jobol paBHOMEPHO CXONSNIEHCA TOCTEIOBATEIb-
HOCTH NPOCTBIX UHTErpUpyeMBIX Ha A hyHKIMHE CyecTByeT.

2. Dror npenen npu 33JaHHON dyHKLuMKM f HE 33aBMCHT OT BbIOODA
HOC/IEN0BATEILHOCTH { fr }.

3. s npocreix (byHKIml onpenesieHne WHTETPUPYEMOCTH U UHTE-
rpaJja PaBHOCUJIBHO JAHHOMY B M. 2.

Bce 311 ycs0Bust IeHCTBUTELHO BLINOJIHEHDL.

s noxasarenbCTBa NEPBOTO HNOCTATOYHO 3aMETUTh, 9TO B CHJLY
csolicts A), B) u B) unrerpana or upoctsix byHxumi

| [ fa@ du = [ fn(@)du| < w(A) s0p |fala) = fm(@]. (D)
A A zEA

O BOoKa3aTesbCTBA BTOPOrO yCJIOBMA HAJO0 PACCMOTPETh ABE II0-
caenosarensHocTH, {fn} v {fi}, cxonsmecs x f. Ecsu 661 npenest (6)
IS 5THX JBYX NOCTIENOBATEJILHOCTEH IPUHAMAT Pas3/INYHble 3HAUYEHNA,
TO IJIA NOCJIENOBATENIbHOCTH, NOJIyYeHHOM ODbeNMHeHneM 3TUX IBYX,
npenen (6) He cymecTBoBaJ1 GBI, YTO IPOTUBOPEHUT NIEPBOMY YCJIOBHKIO.
Haxonel, 111 JOKA3aTe/1bCTBA CIPABEIJINBOCTH TPETHEIO YCJIOBUS O0-
CTATOYHO PACCMOTPETD NOC/IELOBATENIBHOCTD, B KOTOPOH f,, paBHsieTcs f
1151 BCEX .

3amedanue. Mbl BUIUM, YTO B NOCTPOEHHMH WHTerpana Jlebera
MMEIOTCA JBa CYHIECTBEHHBIX Tana. [lepsriil — HenocpencTseHHoe oOIn-
penesiesne MHTErpasia (Kak CyMMbl Psaa) H7s1 HEKOTOPOro Kyacca ¢y HK-
it (TIPOCTBIX CyMMUpyeMmblXx (PyHKOHMH), HJOCTATOYHO NMPOCTOrO ¥ B TO
XKe BpeMs JOCTATOYHO OOLIMPHOTO, BTOPOY — pacClpoCTpaHEHHe omnpe-
IeJIEHUsl MHTErpaJsia Ha CyecTBeHHO Gosiee mupokuit kiace dbyHkuumi
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C MOMOINBIO NTPENEJILHOrO nepexona. 1o cyuecTsy, coueTaHle STUX IIpue-
MOB — HENOCPEACTBEHHOIO0 KOHCTPYKTHBHOI'O, HO Y3KOI'O ONpeNesIeHUs
M TIOCJIELYIONIer0 NMpefesbHoro nepexona MpUCYTCTBYET B JIFOOOM IIO-
CTPOEHHMM MHTErpasa.

YcraHoBuM ocHOBHBIE cBOiicTBa uHTerpaJia Jlebera. Hernocpencraen-
HO U3 OHpEeHeJIeHUs CIIEIYEeT, UTO:

I /1 - du = p(A). (8)
II. [Jasn arwboz0 nocmosnnozo k
[ kf(@)dp =k [ f(z)dp, 9
A A

NPUNEM U3 CYULECTNGOGAHUS UHNEZPAAG 8 NPABOT YACTY 6LUNEKGEN CY-
WECTNBOBAHUE UHTNEZPAAL 6 AEBOT.

D710 CBOHCTBO BBIBOOUTCS NPU MOMOUIM IPEIEJILHOrO Nepexoja U3
cBoitctBa B) /1A mHTErpana ot npocTeix hyHKUM.

II1. Addumusnocms:

[ (@) + 9@ dp= [ fl@)du+ [ glx)dg, (10)
A A A

NPUNEM U3 CYULECTNBOBAHUSA UHINEZPAAOS 6 NPaesotl “acmu euwmexaem
CYULECTNEOBANUE UHTREZPAAA G AEBOT.

Joxa3are/ibCTBO MOJIYYAETCH NPEIeJIbHLIM IIEPEXOJ0M U3 CBOMCT-
Ba A) uHTErpasia oT NpoCThIX QyHKIHH.

IV. Oezpanunennos na muoxcecmee A dynxyus f unmezpupyema
na A.

Jloka3aTenbeTBO MONMYyYaeTCs TPEHCSIbHBIM NEePeXOoNOM H3 CBOHCT-
Ba B) maTErpana or npocThix GpyHKUUHA, ¢ HCIONb30BAHAEM TEOPEMBL 2.

V. Monomonnocmu: ecau f(x)= 0, mo

[ f(z)dp >0 (11)
A

(B mpeOIOJTOXKEHUH, YTO MHTErPaJsl CYIUEeCTBYET).

Jna npocthix pyHKOHI 9TO yTBEpKIECHNE CIEAYET NPAMO U3 Ompe-
JIeJieHUsI, a B ODUIEM CJIY4Yae €ro MOXKHO BbIBECTH, 3aMETHB, 4TO €CJIU
f U3MepHMa W HeoTpPHUIATENhbHA, TO HAKAETCA PABHOMEPHO CXOMAINAA-
¢ K Hell 10C/Ie0BATeNILHOCTD (CM. TeopeMy 2) HeOTpHUATEe b HbBI X
NpOCTHIX YHKUMH.

U3 nocnenpero csolictpa cpazy caeayet, yro econ f(z) = g{x), T

/ f@)dp > /g(w dps, (12)

a nosTOMY, ecyu m < ( } £ M pna scex (mym o4TH BCeX) z € A, TO

<
mu(A) < [ f(z)dp < Mp(A). (13)
A
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VL Ecau p(A) =0, mo / f(z)du = 0.
A
VI'. Ecau f(z) = g(z) nowmu ecrody, mo

[ f@du= [ g(z)dp,
A A

npuvem 00a UHNEZPAAL CYU,ECTIEYIOM UAU HE CYULECTEYIOM 00HO8pe-
MEHHO.

91U nBa YTBEPXK/IEHUA HENOCPEICTBEHHO BHITEKAIOT U3 ONPENe/ICHUS
uHTerpasa Jlebera.

VIL. Ecau ¢ymnryus @ unmeepupyema na A u nowmu ecwody | f(z)] <
< p(z), mo f maxnce unmezpupyema na A.

Helicteurenbno, ecsit f u ¢ — npoctsie (GYHKIUKE, TO, YIAJINB
U3 MHOXKECTBA A HEKOTOPOE MHOXKECTBO MEPB! HYJIb, OCTABILIEECs MHOXK e~
cTBO A’ MOXKHO IPEACTaBUTL KaK 00heIMHEHNE KOHEYHOrO UM CIETHOTO
YHCJIa MHOKECTB, HA, KaXK/I0M H3 KOTOPBIX f U (¢ NOCTOsAHHDL: f () = an,
p(x) = by, npudem |a,| € b,. VI3 METErpHPYEMOCTH ¢ BBITEKAET, YTO

> lanl p(An) < 3 bap(An) = [ (@) dp= [ o(z)dp.
n A

Al

n

IToatomy f Toxke unTerpupyema, u

| [ 1@ du|=| [ f@) du| = |3 ann(4n)
A Al n

<Y lanlp(An) = [ |f(@))dp < [ o(z)dp.
n Al A

<

B obiiem cayyae 3T0 yTBepKIeHUe JIOKA3bIBAETCHA IIPEJe/IbHBIM IIepexo-
[OM C UCIOJIB30BaHUEM TEOPeMbl 2.
VIII. Unumezpaant

h=[f@ds, L= [|f@ld (19)
A A

CYWECTRBYIOM UAU HE CYUECTNEYIOM 00HOBDEMEHHO.

B camom pene, u3 cymecTBoBanus uHTErpaJia Ia BLITEKAET CYIECTBO-
panue I, B cuny csolicrsa VIIL

O6parHoe a71st CiIy4as npocTol (pyHKIINM BBITEKAET U3 ONpEesIeHus
METErpaa, a AJjsd obero cayvas JIOKa3bIBAETCS NPEIesIbHbIM Iepexo-
JOM C UCHOJIb30BAHNEM TEOPEMBI 2; IIPH 3TOM HYXKHO BOCIIOJIb30BATHCHA

HEPABEHCTBOM
la] — |6l < la—b).

4. o-aanuTUBHOCTH U abcoliloTHAasT HEeNpephIBHOCTHL MHTErpa-
Jga Jlebera. B upensiiyuiem nynkre 66111 ¢hopMySIMpOBaHbl CBOHCTBA
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unrerpaia Jiebera no dpukcuposansomy muoxecrsy. Cefiuac mMbl ycra-
HOBAM HEKOTODBIE CBOHCTBa mHTerpasia Jlebera, paccMarpuBaa Bbipa-

HKCHHE
F(A) = [ f(@)du
A
KaK (HPYHKIHIO MHOXKECTBA, ONPEICICHHYI HA COBOKYMHOCTH HM3MepU-
MBIX MHOXKECTB. YCTAHOBUM, IIPEXKIE BCEr0, CIICAYIONEE CBOHCTBO:

Teopema 3. Ecin A=A AiNA; =@ npri#j, 0

[ f@du=3" [ f(z)dp, (15)
A n Ap

npu4dYeM H3 CYIIECTBOBAHHA HHTECrpaJjioB JIEBOI 4acTH BBITEKAET cymie-
CTBOBAHHC HHTEI'DAJIOB H abCcoTioTHAS CXOOUMOCTb PsAa B IIpaBOﬁ qya-
CTH.

HoxasareascrBo. CHayana npoBepuM yTBEPKIEHME TEOPEMDI
Aas npocroit dynkuuu f, npunuMarome 3HaYeHnst

Y,y ¥Yns- -
Ilycre
By={z:z€ A, f[f(z)=uwy},
Bnk:{zil'EA”, f('E):yk}

Torna

[ F@) du = yep(Bi) =D yk Y n(Bui) =
A k k n
=3 > wBu) =Y [ fle)dp. (16)
n k n A,

Tax xak pag y_ yrp{By), B upennosnoxenun nunrerpupyemocry f Ha A,
abCOIIFOTHO CXOAMTCS, A MEPhI BCEX MHOKECTB HCOTPUILIATEILHBI, TO CXO-
AsTCA abCOTIOTHO M BCE OCTAJIbHBIC PsIb! B Nenodke paseHcrs (16).

B ciayuae npoussosbHoll yHKIMM f M3 €¢ MHTErpHpYeMOCTH Ha A
BLITEKAET, YTO JJIA JI060r0 € > ( CyIecTByeT NpoCTas MHTErPUPYeMas
Ha A dyHKUMA g, YAOBICTBOPSIOMAS YCJIOBUIO

|f(z) —g(z)] <e. (17)
s g nmeem
[ g(z)du = S [ 9(z)du, (18)
A n A, £ 4

11—1324
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NpUYEM ¢ MHTErpHpyeMa Ha Kaxkaom MHoxectse A, v psn (18) ab-
COJIIOTHO CXOOUTCA. M3 9TOrc nocjeaHero obCTOATENLCTBA U M3 OLEH-
ku (17) BbiTEKAET, 4TO f TOXKE HHTErpHUPYEMa Ha KAXIOM A, 1

S| [ f@du- [ 9@ dp| <Y en(4n) = en(4),
n A, An n

|/ f@du— [ 9@)du| < en(4),
A A
4710 BMecte ¢ (18) mpusonut x abcosoTHON cxonMMOCTH psIa

> [ fl@)du

n A,
H K OII€eHKe

}E [ f@du— | f(x)du[ < 2ep(A).
n A, A

Tax xak € > 0 npou3BoOJIBLHO, TO

> [ I@du= [ f(z)dp
n A, A

Cnencreue. Ecnu f unrerpupyema Ha A, to f unrerpupyema u Ha
J06oM uzmepumom MHoXxecTse A’ C A.

M1 noxaszasim, 4To u3 uuTerpupyemoct byHxnuu f no muokecrsy A
crenyer, yTo ecoim A = UA, n A; N A; = @, 1 # j, T0 f uaterpupyema
mo KaxaoMy A, ¥ umHTerpas no A paBeH CymMMe UHTErpajiOB MO MHO-
KecTBaM A,,. DTO yTBEpKICHNE MOXKET ObITh OOPAILICHO B CJleAyIolIeM
CMBICJIE.

Teopema 4. Ecnimn A=JAn, AiNA; =@ npui#jupan

n
> [ lf@ldu (19)
n A,
cxomurest, 70 GyHruMsa [ uarerpupyema na A u

[ f@dp=Y" [ flz)du
A n A

n

HdoxkasaTtennbcTso. HoBbiM 110 CpaBHEHHUIO C IPEABIAYINEH Teope-
MOH 3IeCh ABJIAETCH yTBEPKIEHHE, YTO U3 cXomumocTH psina (19) Boi-
TeKaeT MHTErpupyeMocTs f Ha A.

CHayasia npoBeleM NOKA33aTeJLCTBO AJIA CJlydas HpocToi (PyHK-
nuu f, npunumalomeil suavenus f;. Ilosoxus

BiZ{ZL':.’EEA, f(r):fi}v Ani:Anti,
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nMeeM

Udni=Bi n [ |f@)du=_|fil n(Ani).
n An i
W3 cxonumoctn paga (19) BoiTekaeT, YTO CXOAATCHA PAILDI
DSOS il u(An) = 1l u(By).
n i 1
CXO}IHMOCTB NOoCNeJHero psajia O3HavYaeT, YTO CYMECTBYET MHTErpaJl

[ F@dp =" fin(B).
A i

B obmem ciyuae annpokcumunpyem f npocroit dyskimeir f tax, 410

If(z) — f(z)] <e. (20)

Toraa -
J f@ldu< [ 1f(@)]du+en(An),
A, An

n TaK Kak pan y, u{A,) = p(A) cxomuresa, us cxomumocty psana (19)
BBITEKAET CXOIMMOCTD PIAAA

S/ 1) dp,

n A,
T.€. O TOJIBKO YTO JOKA3aHHOMY, MHTETPHUPYEMOCTb Ha A mpocToit
dysxouu f. Ho torna B cuny (20) ncxomnas dbyHkuust f ToxKe HHTE-
rpupyema 1a A. Teopema nokasana.

Heparencrso Yebuwena. Ecanpl(z) 2083 Auc>0, 10
woized, p@) > <t [ o@dn (21)
A

LeficTBrTensno, nycrs
A'={z:z € A, p(z) 2 c}.

Torna
Je@dp= [e@)du+ [ el@)du> [e(z)dp > cp(A').
A Al AVAY A
Cunencrsue. Ecan
[ 1f@)ldp =0,
A

10 f(x) = 0 moyrn Bcroy.

B camowm neJsie, B cuny HepaseHcTsa HeObleBa, umeem

w{owea 1f@) 2 L} <n [ 1f@)du=0
A
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nis Beex n. [Tosromy

o0
w{z: z € A, f(z) #0} < Zp{z: z €A |f(z)] 2 %} = 0.
n=1
B npensiaymem nyskTe ObLI10 YKa3aHo, 94To uarerpas Jlebera o MuO-
JKECTBY HYJIEBOR Mepbl paBeH HyJI0 4 Jjioboh dyskuun f.
DTO yTBEpKAEHIE MOXHO PACCMATPHUBATL KAK [PENeSbHbIN caydait
caenyomeil BaxxHOH TeopeMbl.

Teopema 5 (abconoTHAA HENPEPBIBHOCTL HHTETrpAasa
JIe6era). Ecan f(x) — cymmupyemast Ha MHOxecTBe A dyHKIN, TO
1A kaxaoro € > 0 cymecrsyer takoe § > 0, 4ro

|/f(:c)du[ <e

JJIs BCAKOro usmepumoro e C A raxoro, 4ro p(e) < 4.

HdoxazaTenbcTBOo. 3aMeTUM NpeXJe BCEro, 4TO HAllle yTBEPKJe-
HUE OYeBUAHO, ecau f orpanudena. Ilycts teneps f — npousBosbHAA
cymmupyemas Ha A dyukuus. [Tonoxum

Ap={z:z € A, n<|f(z)| <n+1},
N
By = U A, Cn =A\Bnw.
n=0

Torga B cusly Teopemsl 3

[1f@Ndu=Y" [ 1f(z)dp.

A n=0 A,
Bribepem N rtak, uro
o0
> lf@ldp= [ |f@)|de<§,
n=N+1 Cn
U IIyCTh .
0<é< Q(N—-H—)

Ecou Teneps p(e) < 6, 10
[ 1@ e < [1f@ldu= [ 1f@ldu+ [ |i()ldp
e e eNBy enCn

IlepBolit U3 CTOAMMX COPaBa MHTETPAJIOB He MPeBOCXOIUT £/2 (cBoii-
ctBo V), a BTOpPO# —- He BOJiblIe, YeM MHTErpasl, B3ATHLI 110 BCEMy MHO-
xectBy Cp, T. €. TAKXKE He IPEBOCXONUT €/2; TakuM 06pa3oM, moJIydaeM

[1f(@)dp <e.
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YcrauosJiennbie CBOHCTBA HHTErpasIa Kax GHYHKUUMNA MHOXKECTBA IPHBO-
OAT K caeayomemy pesynstary. {Iyems f — neompuyameavnas dyms-
YuA, cymmupyemas na npocmparcmee X no mepe 1. Tozda dynxyus

FA) = [ f(a)dp
A

onpedesena das ecex usmepumnr muoxcecms A C X, neompuyamenn-
no u o-addurnucna, m.e. ydosaemeopsaem ycaoguto: ecau A = |J A,
n

v A;NA; = 8, mo F(A) = ) F(A,). UabiMu cioBamu, unmezpaa

n
om Meompuyamesvbnot Pynxkyuu obaadeem xax PYHKYUR MHONCECTEA
scemu ceéoticmeamy o-addumuenot mepsr. ITa Mepa onpeesieHa Ha ToH
)Ke o-ajrebpe, YTO ¥ UCXOJHAST MePA i, M CBA3aHA C [4 YCJAOBUEM: eCcJiy
#(A) =0, Tou F(A) =0.

5. IlpenesrsHbii mepexon non 3HakoM unHTerpasia JleGera.
Bonpoc o npenensnoM nepexoe 1o 3HaKOM HHTErpaJsia, UJiiH, 4To TO XKe
caMoe, O [IOYJIEHHOM WHTEerPUPOBAHNHU CXONANIEroca pAja, YacTo BO3HN-
KaeT B PA3JMYHBIX 33/134aX.

B xs1accHueckoM aHannse yCTaHABIMNBAECTCS, YTO JOCTATOYHBIM YCJI10-
BHEM BO3MOXKHOCTHU TAKOr'0 NPEIeSIbHOrO Nepexoa ABJISeTCs paBHOMEp-
HasA CXOOMMOCTh COOTBETCTBYIOMEN NOC/IEA0BATEILHOCTH (PAaa).

Ceityac Mbl YCTAHOBUM HEKOTOPbIE TEOPEMbI O MPENESIHLHOM NepPexoe
oz, 3HakoM uHrerpana Jlebera, nupeacrasinsomue coboi JaIeKo UiLy-
mue oOoBIEHHsT COOTBETCTBYIOMIMX TEOPEM KJIACCUYEeCKOro aHaJIU3a.

Teopema 6 (Jleber). Ecan mocienosarensraocts {fn} Ha A cxo-
AJHTCA K f H 1pH Bcex n

|fn(z)] < o(2),

roe @ HHTEerpHpyeMma Ha A, 10 npeneJbHas GyHKUMsA [ HHTErpHpyema
HaA AH

[ n@)di > [ F@)di

A A

HdokaszarenncrBo. U3 ycJOBHA TEOpeMbl JIETKO CJGHYET, 4TO
|f(z)] < ¢(z). Hoatomy f (n. 3, ceoitcrso VII) unrerpupyema. IIycts
€ > 0 nponssosibHO. IIo Teopeme 5 (06 aBCOMOTHON HEMPEPBLIBHOCTH
uHTErpasia) Halnerca takoe § > 0, uro, ecau u(B) < §, TO

[ (@) dp < § (22)
B

B cuny teopemst Eroposa muoxkecTso B, yI0OB/IETBOPAIOIIEE YCIOBHIO
y ¥
p(B) < 6, MOXHO BBIGPATE TaK, YTO NOCIISAOBATENLHOCTD { fr } CxomuTca
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Ha C = A\ B paBHoMepno. Cuienosaresbio, Hattnercs takoe N, 410 npn
n 2 N un x € C BLIHOJIHEHO HEPABEHCTBO

/@) = @] < 5.
Torna

| @ dp— [ fa@)dp= [1f@fal@ldpt [ f@) du— [ fulz)dp,
A A B B

¢
u Tak kak |f(z)] € w(z) u |fo(z)] € ¢(z), T0 B cuay (22) nosyyaem

|/ f@du= [ @i < §+5+5=e.
A A

Canencreue. Ecmm|f,(z)] < M =constu f, = f, 10

[ fa@)dn~ [ f(@)du.
A A

3ameuanue. I[lockonpky 3HAYEHUsI, IpUHUMaeMble (pyHKIUEH HA
MHOXKecTBe Mephl 0, He BAKSIOT Ha BeJIMUHHY MHTErpaJja, B Teopeme 6
JIOCTATOYHO MPENNOJIOKHTh, 4T0 { f,} cxomuTcs X f modTH BCloAy U 94TO
KaxK70e U3 HepaBeHCTB | fn(Z)] € ¢(z) TakxKe BHIIOIHACTCA JHIIb TOYTH
BCIOZLY.

Teopema 7 (B. JIesn). Ilycrs Ha mHOXECTBE A
film) <<l <

npu4eM QYHKOUA f;, HHTErpUPYEeMbl U HX HHTErPAJIbI OrPAHHYEHbI B CO-

BOKYIHOCTH
[ falz)dp < K.
A

Torna nouru Bcrogy Ha A cymecTByer (KOHe4HbIH) npeneJ
f(z) = lim fu(z), (23)
n—oco
¢yukunsa f mHrerpupyema Ha A u

[ In@)du— [ f(@)dp.
A A

ITpn aToM Ha MHOXKECTBE, HA KOTOpOoM npenen (23) He cymecTsyer,
hyHKUMIO f MOXKHO 3203Th [IPOU3BOJILHO, HAIPUMED, TIOJIOKHMB HA 3TOM
muoxecrse f(z) = 0.

llokasarenscrso. Byaem npennonarars fi(z) > 0, Tak xak 06-
it ciyqail JIErKo CBOOUTCA K 9TOMY IIyTeM Mepexofa K QYHKUUsIM

f_n:fn“fL
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Paccmorpum MHOXKECTBO
Q={zr:z €A, fo(z) = x}.

Jlerko Bugmetsb, uto 2 = (|J Qy), rae

ron
O ={x:z€ A, falz) >r}.
B cuny nepasencrsa Yebbimena (21)
Q) < K/r.

Tak kak QY) c--c P c ..., TO p(UQ&”) < K/r; vo upu

Jo6oM 7 "
cyay,
noatomy p({2) < K/r. Beuny HpOM:BOJ‘IbHOCTM T OTCIOAA CJIeAYET, Y4TO
pn(§2) = 0.

Tem campIM [OKa3aHO, 9TO MOHOTOHH&SI MOCJIENOBATENBHOCTE { fr(z)}

HOYTH BCIOAY Ha A uMeer xoHewyHsl npenen f(z).
O6o3nauunmM uyepes A, MHOXECTBO Te€X TOYEK € A, 11J1 KOTOPbIX

r-1<flx)<r, r=1,2,...,
U nookuM @{x) = r Ha A,.
Ecan 6yner nokasaHa MHTETPHPYeMOCTDh p(x) HAa A, TO yTBEpKIeHHe

Haieil TeopeMbl CAENAETCA HENOCPEACTBEHHBIM CNEICTBHEM TEOpPEMBI 6.
[Tonoxnm

s
B, = {J A,
r=1

Tak xax Ha B, dynkuuu f,, u f orpanmyens! u scerna (z) < f(z) + 1,
TO

[e@du< [ f@)dutu(A) = lim [ fo(z)dptp(A) < K+p(Ad).
B, B, B,

Ho s
[ e@ydu =" ru(4,).
B r=1
OI‘paHH‘IeHHOCTb K€ 9THUX CYMM O3Ha4vYaeT CXOOUMOCTh pAla
oo
YorwA) = [ o(z)dp.
r=1 A

Takum 0b6paszoM, HHTErPpUPYEMOCTEL ¢ HA A gokasaHa. YCJIOBHE MOHO-
TOHHOrO HeyOniBauus dyHkuuit f,, () MOXHO, OYEBHIHO, 3AMEHUTh
B ,H,OKa3aHHOﬁ TEeopeEMe YCJIOBUEM UX MOHOTOHHOIO HeBO3pPDAaCTaHU A.
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Cunencreue. Ecom ¢,(z) 20 n

o0

S [ @) dn < o,

n=1A

o0
TO 1OYTH BCIORy Ha A psn Y Yn,{x) cxonurcs n
n=1

/ (i ¥n(@)) du = fj [ Walz) dp.
A =1 n=1A4

Teopema 8 (®ary). Ecin moc/i1eaocBareibHOCTh H3MEDHMbBIX HeE-
orpunaresbHpix Gyukuult {f,,} cxonnrest noyrn Bciony na A K f u

/ fn(.’E)d[l s Ka
A

10 f mATEerpupyemMa Ha A H

[ f@)du< K.
A

HdokasareancTso. Homoxum
¢n(z) = inf fr(z);
k2n
Py, M3MEPUMA, TAK KAK

{z:pn(z) <c}= U {z: filz) <c}.
kzn
Hanee, 0 < pp(x) < fulz), 109T0MY @, HHTEIPUDPYEMBI, H
[ en(z)dp < [ falz)dp < K;
A A
HaKOHel,

pr(z) < < pnlr) <o
Jim on(z) = f(z)

no4TH BCAy. I103TOMY, IpUMeHss NPEabLAYIIYO TeopeMy K {yy}, no-
JyvaeM TpebyeMblit pe3ysibTar.

6. Uurerpan Jlebera mo MmHOXecTBy beckoHeunolt mepsni. [lo
CHX TIOP, TOBODPs1 00 MHTErpaJie u ero CBOMCTBAX, MBI CYUTAJIM, YTO Pac-
cMaTpuBarTCA QYHKIMK, 330aHHBIE Ha, TOM MJIM MHOM H3MEPUMOM MHO-
KeCTBe KOHEIHOH Mepul. OJIHAKO YACTO NPUXOIUTCS UMETH JIeJi0 ¢ PYHK-
LUSIMH, 330aHHBIMU Ha MHOXECTBE, MEpa KOTOPOro GeCKOHe4Ha, HAIIPH-
Mep, Ha npamoil ¢ jeberosoit Mepoit Ha Heli. [losTomy BaxkHO pacupo-
CTPaHUTD MTOHITHE MHTErpaJia U Ha 3TOT ciaydait. Mbl Oorpasnyumcs npu
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3TOM TEM IPDAKTUY4YECKH HauboJiee CYIECTBEHHBIM CJ1y4acM, Korga pac-
cMarpuBaeMoe MHOXKECTBO X moxer BbIThH MpencTaBJICHO KakK CyMMa
CYETHOI'0 YMCJIa MHOXKECTB KOHEUYHOM MEpPbIX

X =UXn, p(Xn) <oo. (24)

Ecsn npocTpanctso X, B KOTOPOM 33/1aHa MEPA U4, IPEACTABIMO KaK
CyMMa CYETHOIO HMCJIa MHOMXKECTB KOHEYHOH Mepsl, TO mMepa u Ha X
Ha3pIBaeTcA o-KoHeuno# (cM. n. 3 § 3). IIpumepamu o-KOHEYHBIX Mep
cayxar Mepsl Jlebera Ha mpsiMO#, MJIOCKOCTH, B 1-MEPHOM IIPOCTPaH-
crse. Mepy, He YAOBJIETBOPSLIOHLYIO YCJAOBHIO 0-KOHEYHOCTH, MOXKHO I10-
JIyYUTH, HAIIPHMEp, IPUIIKCAB Kaxaol Touke Ha npamoil sec 1. Torma
BCe [IOJMHOXECTBA NPAMOU MOXKHO CUHTATh U3MEPUMbBIMHU, NPUYUEM KO-
HEeYHble MHOXKECTBA OYIyT UMETh KOHEYHYI0 MEpY, & OCTaJjIbHble — Bec-
KOHEUYHYIO.

HazoseM ucuepnugarowetl nocaedogameabvHocmvio BCAKYIO MOHO-
TOHHO BO3PACTAILIYIO MOCASIOBATEILHOCTE { X, } U3MEPHMBIX HOIMHO-
KECTB MEOKeCTBA X , yIOBJICTBOPAIOMYO yca0Bmio (24). Benem Teneps
CJIefyI0LIee ONpeHesIeHHe.

Onpepenenune 4. Uamepumas dbyuxknus f, orpeaesieHHas HA MHO-
xkecrBe X ¢ 0-KOHeYHOU Mepoit p, HasblBaeTca cymmupyemold Ha X,
€CJIM OHA CyMMHpyeMa Ha KaxnoM usMmepuMmom nogmuoxectse A C X
KOHE4YHOH Mepbl U eCJId U1 KaxKJIOH ucuepnbiBaroiell nociesosaresib-

noctu {Xp} mpenen
lim / flz)du (25)
n—o0
Xn
CYLUIECTBYET M He 33BHCHUT OT BbIOODA 9TOH MOCIE0BATEHBHOCTH. DTOT
Ipefest HA3bIBAETCA UHINeZpaaom om f no muoxcecmsy X u obo3Hada-

eTCsAaA CUMBOJIOM
[ f(=)dp.
X

fIcno Takxke, uro ecnu pyHKUnA f paBHA HYJK BHE HEKOTOPOrO MHO-
JKECTBA KOHEYHOH Mepbl, TO JJIs Hee TOJBKO 4TO ChOopMyJSUPOBAHHOE
oIIpedesieHNe HHTeIPAsia PABHOCHJIBHO TOMY, KOTOpOe 65110 IaHO B 1. 3.

3ameqanue. OnpenesieHue HHTETPAJa OT TPOCTOH GyHKIUY, TaH-
HOE B II. 2, MOXKHO [IOCJIOBHO [E€PEHECTH Ha cJiyvall 6eCKOHEeYHOH Mepbl.
SlcHO npH 3TOM, 4TO 1151 CYMMUPYEMOCTH IIpOCTOl pyHKIHU HeoOXoau-
MO, 4TOOBI Kaxxa0€e OTJIMYHOE OT HYJIA 3HAYCHUE OHa [IPMHUMAJIA TOJIbKO
Ha MHOXeCTBe KOHe4HOI mepbl. OnpemesieHue CyMMUPYEMOCTH, JAHHOE
B II. 3, CYHWIECTBEHHO CBA3aH0 C NIPEAIIOJI0XKEHNEM KOHEYHOCTH MEPHI MHO-
xectBa X. elicrBurensHo, ecym p(X) = 00, TO U3 paBHOMEpHOI cxo-
JIUMOCTH TIOCJIEHOBATEJILHOCTH IIPOCTHIX CyMMUpPYyeMbix dyHximil {@,}
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He cyienyeT, BooDiie roBopsi, CXOAMMOCTb HOC/IEHOBATEJIbHOCTU UX MHTe-
rpaJios (npusenute npumep!).

Pesynbrarni, u3a0KeHHble B 0. 3 ¥ 4 U1 Cirydyast KOHEYHOH Mepbl,
B OCHOBHOM [EDEHOCSITCsl Ha WHTErpallbl [0 MHOXKeCTBY OeckoHedHOMN
MEPBI.

CylecTBeHHOE OTJIMYME COCTOMT B TOM, 4TO B cay4ae p(X) = oo
orpaHnyeHHas u3Mepumas yHkius Ha X He 06a3aHa OBITH CyMMHUDYe-
Moit. B gacthocry, ecoim p(X) = 00, TO HUKAKasi OTJIMYHAA OT HyJId
KOHCTaHTa He MHTerpupyema Ha X.

Yuraress 6e3 Tpya IpoBepuT, 4T0 Teopemst Jlebera, B. Jiesn u @aty
OCTaIOTCS CIIPABE/INBLIMUA B CJIy4yae OECKOHEeUHO! Mephl.

7. CpaBHenue uHTerpasa Jlebera ¢ unrerpasom Pumana. Ber-
SACHUM CBA3b Mexnay uHrerpasiamu JleGera m Pumana. Ilpu stom Mmbl
OrpaHr4YuMCa npocreiimmM cayuyaeM suHeiiHOM Mmeps! Jlebera Ha nps-
MOH.

Teopema 9. Ecnu cymecrByer unrerpa Pumana
b
I=(R) [ f(z)da,
a

to f unTerpupyema Ha |a,b] no JleGery u

/ flz)du =1

0.0}
HokasaTenscTpo. Paccmorpum pasbuenue orpeska [a, b na 2"

yacTei ToOUuKaMu k
I = a+ -27(b - a)

¥ COOTBETCTBYOWIME 3TOMY pasbnenuto cymmbr dapby:
2" b 2"
b—a —a
Q, = o7 ZMnka Wnp = 97 Zmnk,
k=1 k=1

rae Myu, — BepxHAA IpaHb [ Ha OTPE3Ke

Tp-1 < T K Tk,

a Mnpr — HIDKHAA rpadb f 1a ToM ke orpeske. Ilo onpenenennio unre-
rpana Pumana, . .
I= lim Q, = lim w,.
n—roo n—»00

THonoxum

fo(@) = Mpr upn 741 < 7 < 24,
<

Snlx) =mupr 1pu Ty € 2 < Tk
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B Touke x = b pysruMn f, U f,, MOXHO IOONPEASTUTH NPOU3BOJILHO.
JIerko BLIYHCIUTD, 9TO

[ Fa(@)dp =, [ fnl@)dp = wn.
[a,8] [a,b}

Tak kKak HocaenoBaTesIbHOCTL {f,} He BO3pacTaer, a NOCJIEIOBATENIb-
HocTh { fn} He yObIBaer, TO moYTH BCIOLY

fo(z) = f(2) 2 f(2), folz) = f(z) < f(2).

ITo reopeme B. JleBu
/ f(@)du = lim Q, =1= lim w, = [ flz)dp.
{a,b] n—oo n—00 [ayb]

IToatomy

[ @) - f@ldu= [ (F@) - f@)du=0

[a,b] [a,b]

H, CJIENOBATEJIBHO, [IOYTH BCIOAY

fl@) - f(z) =0,

f(z) = f(z) = f(a),
/ flxydu=1.

[a,b]
Teopema gokasana.

Jlerko ykazartb npuMepbl OrpaHudeHHbIX MYHK M HA HEKOTOPOM OT-
pe3sKe, UHTerpupyemsIx no Jlebery, HO He MHTErpUpyembix 110 PumaHy
(nanmpumep, yxe ynoMmuHasmascsa Gbyukuusa Jupuxie Ha orpeske [0, 1],
paBHas 1 nuia paiuonasibHbX ¥ 0 st HppauuoHabHEIX T). Heorpa-
HuyeHHble PpyHKUMH Boobme He MoryT ObITh MHTErpupyemsl 1o Puma-
Hy, HO MHOTHe u3 HHX MHTerpupyems! no Jlebery. B uyactaoctn, nrobas
dbyukunsa f(z) > 0, pna koropo#t unrerpan Pumana

b
[ f@de

a+e

CyHIECTBYeT HpH KaxKIoM € > 0 u umeer koHeuHsrit npenest I npu & - 0,
unrerpupyema no Jlebery na [a, b}, npuuem

b
[ f@)dp=lim [ f(z)dz.

[a,b6] ate
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HecobcTBennblit mHTErpas

b
31_!)% +/ f(z)dz

B CJIy4ae, Koraa b

lim [ |f(z)ldz = oo,
e—0
ate
HE CYWECTBYeT B Jie0eroBOM CMbICJIEe, HOCKOJBKY, COIMJIACHO CBOMCT-
By VIII 1. 3, u3 cymmupyemoctn dynxkuuu f(z) cienyer, 9to u byHKIMs

|f(z)] Toxe cymmupyema. Hanpumep, uurerpas
(11
[ g sin 3 dz
0

cymecTByeT kak (yCJIOBHO cxousimuics) HecoberBenubiit unrerpas Pu-
MaHa, HO HE CyWIeCTBYeT KaK uHrerpaJ Jlebera.

Ecam paccmarpusaerca dynkuus na Beelt npamoit (mim nonynps-
Moit), To uHTerpasa PuMana Juia Takoil ¢pyHKIMN MOXKET CyLIeCTBOBATD
JIMIUb B HeCOBCTBEHHOM cMbIcie. ONsiThb-TaKH, €CJIH TAKOH UHTErpaJsl CXo-
nuTcs abCoIIOTHO, TO COOTBETCTBYOMMH J1e6eroB MHTErpaja CyuecTByeT
U UMEeEeT TO XKe caMoe 3HadeHue. FCn 3Ke 3TOT MHTErpasl CXOOUTCH JIMIb
yCJIOBHO, TO B J1eGeroBoM cMbicsie (pyHKIIMs He unterpupyema. Hanpu-
Mep, dyHkuua sinz/z He uHTerpupyema o Jlebery Ha Bceil npamoit,

IIOCKOJIBKY o

/

Onuako HeCOOCTBEHHBIN MHTErpaJ

sinz —
= ldz = o0.

oo,
smxr
[ %t ds,
—0oQ

KaK U3BECTHO, CYyUIECTBYET, U DABEH 7.

§ 6. IIpsimblie nMpou3BeIeHUA CUCTEM MHOXECTB H Mep.
Teopema Py6uHH

B anasinse BaxHyI0 pOJIb UTPAIOT TEOPEMBI O CBEAEHHH JBOUHOTO (HJIH
BOOOIE MHOTOKPATHOI'O) HHTErpaJia K NMOBTOPHOMY. B Teopuu KpaTHbIX
nnTerpanon Jlebera OCHOBHLIM Pe3yJIbTATOM ABJIAETCS TAK HA3bIBAEMasd
teopema Dyb6buuu, xoropaa 6yaer noKa3zaHa B KOHIE STOro napa-
rpada. [IpenBapuresbHO Mbl YCTAHOBHM HEKOTODbIE BCIOMOIATEJIBHbIE
noHATUs ¥ (HaKThHl, UMEIOIIKE, BIPOYEM, H CAMOCTOSITEIIbHBIA HHTEpeC.
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1. IlpousBeneHue cucrem MHoXecTB. MHOoXecTBo Z ynopsano-
yeanbix nap (z,y), rae ¢ € X, y € Y, HA3LIBACTCH NPAMBIM TPO-
usgedenuem MHoxecrs X U Y n obosnavaerca X X Y. Ananornu-
HO, MHOXECTBO Z YHNOPSIZIOYEHHBIX KOHEYHbIX NOCJE0BaTeNnbHOCTEN
(z1,...,Zpn), rae x; € X, HA3LIBACTCA NPAMBIM [IPOU3BEIIEHNEM MHO-
xectB Xi,...,X, u obo3Hadaercs

Z:X1X"‘XXn: H)(k-

B vacraom cJiydae, Korjaa

7 d
Xi=-=X, =X,
MHOXECTBO Z €CTb N-3 CTeleHb MHOXKecTBa X :
Z=X"

Hanpumep, koopouHatHoe n-MepHoe npocrpanctso R* ects n-a cre-
netib yucs10Boii npsaMoil R. Eguununstit ky6 I™, 1. e. MHOXKECTBO 371€MeH-
1oB 13 R"” ¢ KOOpOMHATAMHE, [IOIMMHEHHBIMH YCIJIOBHIO

ngkgl, k:l,...,n,
sBJIfIeTCA N-# cTeneHplo eaunuyuHoro cermenta It = [0, 1].
Ecnu G,,...,6,, — cucreMbl HOAMHOXECTB MHOXECTB X1,...,Xp,
TO
R = 61 X -+ X 67,
0003HAYAET CHCTEMY IOAMHOMXKECTB MHOXKECTBA X = M X, NpeacTaBu-
MBIX B BHIE
A:Al X "'XAn,
roe A; € Sy,
Ecm &, =--- =6, =6, 10 R ectb n-s1 crenens cucremol S&:
R=6"
Hanpumep, cucrema napaJsiesnenunenoB B R” eCTb 1i-51 CTeneHb CUCTEMBI
orpeskos B R!.

Teopema 1. Ecinm 64,...,6,, — noaykoasna, 10 1 R = N &,
€CTh IOJIYKOJIBIIO.

HokaszaresabcTrso. COriacHo ONpPEIEsICHHIO MNOJIYKOJIbLE HaM

HYXKHO IIPOBEPUTh, 4TO ecam A, B € R, to AN B € R, u ecsm, Kpome
m

Toro, B C A, 10 A = |JCi,meCy = B,C;NC; =@npui #j
i=1

uC; € R(i=1,...,n). llposegeM N0Ka3aTENILCTBO U151 Cilydaa 11 = 2.

L IIycts A € 6; x &4, B € 6; X G2; 9T0 3HAYUT, YTO

A=4; x Ay, A € 64, Ay € By,
B = B x By, B, € 6,, B, € 6,.
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Torma

ANB = (141 ﬁBI) X (Az ﬂBz),
U TaK Kaxk

A10B1€61, AzﬂBzGGz,
TO

ANB e 6; x G,.
II. Tlpeamosioxkum Terepb, AOMOJHUTENLHO, YTO
B; C Al, By C Ag;

B CHJIy TOTrO, 4TO 61 n 62 — [OJIYKOJIbUa, UMCIOT MEeCTO Pa3JIOXKCHUA:

Ay =B uBMu...uB®,
Ay =B, uBMu---uBY.
Ho rorna
A=A; x Ay = (B, x B)U (B, x B8V)Yu---u (B, x B§)u
u(BWY x By)u(BY x BMyu---uBY x BM)u

IlepBbiM 4nieHOM 3TOrO paszjiokeHus ciyxut B; x By = B, n Bce
4JieHbl NpHHaUIekar cucreme G; x Gs.
Teopema nokasaHa.

Onuako u3 npennosiokedus, 4to cucteMbl Gf cyTh Kosbua {Mian
g-airebphl), €me He BBLITEKAeT, BOODOIIe TOBOPsl, YTO NPOU3BEIEHHE
K 64 6yner xonbiom (cooTBercTBenHO 0-asre6poit).

2. IIpousBenenusa mep. Ilycrs Ha nonykonsuax &y, ...,6, 3a13-

HBbL MephI
I‘l(Al)a-"uu‘n(An)a Ak esk-

s npocToTsl 6yaeM CYUTATH 9TH MEPHI KOHEYHBIMH, XOTS H3JIAraeMble
HIDKE pacCyXIeHusA X (aKThl HEPEHOCATCS, 6e3 CyLIeCTBEeHHBIX U3MEHe-
null, Ha cay4alt o-KoHeuHsIX Mep (cMm., HanpuMep, [21]).

OnpenenuM Ha NOJYKOJLLE

R=6,x--x6, (1)

Mepy
B=f X - X g (2)

¢opmy.toit p(A) = p1(A1) x - x pn(An), (3)
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rue '
A=A x---x A4,.

Cnenyer eme nmokasarb, 910 u(A) — neficTBuTesibHO Mepa, T.e€. 4TO
»Ta QYHKIMA MHOXKeCTBA amgmutusHa. Caeiaem 3To jiJjis caydas n = 2.
Hycrs nano pasmoxenne

A=A, x Ay =UB®, BONBY =g upu i# 7,
k

B® = B*) » B
B cuny stemmet 2 § 5 tn. I cymecTByoT Takne pasyioKeHuUs

A =or, Ay =05,

kK

. (k) 6 . C(m)
YTO MHOXeCcTBa Bl SABJIAIOTCA O0beIMHEHUAMH HEKOTOPBIX 1 s

k
U MHOXKECTBA Bé - 06LEeJIMHEHUSIMA HEKOTOPBIX C;") . OueBngno, 4To

B(A) = i (An)pa(A2) = 3 > (G e (€5, (@)

p(BM) = 1 (BN ua(BY) = 3 5" (@™ )ma(C5™),  (5)

npryem B (5) cipaBa cymma GepeTcs 1o BCeM Cfm) CB%k) u Cén) CBék),

a B npaBofi yactu paseHcTBa (4) CTOAT MO OXHOMY Pa3y BCE “JIGHBI,
TIOSIBJISIIONIMECST B NPAaBLix 9acTax paseHcTs (5). [Tosromy

u(A) = Z p(Br),
P

4TO 1 TpeGOBAIOCH I0KA3ATE.

Taxmm 06pa3soM, B 9aCTHOCTH, AMIMTUBHOCTL 3JIEMEHTAPHBLIX MEp
B 7TI-MEDHOM E€BKJIMAOBOM NPOCTPAHCTBE CJAEAYeT U3 AJJAUTHBHOCTH JiM-
HeHHOH Mepbl Ha npaMOil.

Mepy (2), sanannyo Ha nosykossue (1) dopmynott (3), Mbr Gyaem

Ha3bIBATb NPOUIBETEHUEM MEP 1, - - - 5 fin-

Teopema 2. Ecaumepnt py, - . . , Uy 0-4JIHTHBHEI, TO 0-a/IHTHBHA
HMepa jL = fi1 X - - X fin.

HokazarenbcTBOo mpobemeM njaA cay4dasa nn = 2. Obosnavyum
uepes Ay J1eberoso npojgosekenue mepnt p1. Ilycrs C = G C,, rne
CnNCyp = @ upn n # m, npuiuem C u C, sxogar B &1 x Gggz,ltr.e.

C=AxB, A€ Gy, B € 6.,

Cn - An x Bn; An € Gla Bn € 62-
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Iycte MHOXKecTBA A M Ay, As, ... nexat B npoctpancTse X . [Tosoxum

s x € X
p2(By), eciu z € A,,

(2 z =
fn(=) { 0, ecoiu z ¢ A,
Jlerko Bugets, 4ro ans r € A

Z fa(z) = p2(B),
MI0?TOMY B CHJLY CJIeACTBUsA u3 Teopembl B. Jlepn (cm. 1. 5 § 5)
Y. [ fa@dh = [ pa(B)dA = A (A)pa(B) = w1 (A)pa(B),
n A A

HO

/ fa(z)dAy = ,U2(Bn)ﬂ1(An) = .U(Cn)
A

1, CJIEJOBATE/BHO,

" 1(Ch) = w(C).

Ecou p1,...,1n 0-3aJA0UTHBHBIE MEDbI, 3aJlaHHbIE COOTBETCTBEHHO
Ha g-anrebpax Gy, ..., S, To ux npouseederuem MbI HA30BEM JIE0ETOBO
HIPOJOJIKEHNE MEPBL 41 X - X [b,. Bygem 0603Ha49aTh €ro CHMBOJIOM

Q- @y U R fg.
B wactHOCTH, 11pU
Br = = fn =
HOJIy4aeM 1-10 CTETIEHb MEDBI Ut
L= Q®uk, ke = p
Hanpumep, n-mepuas mepa Jlebera p™ ecth n-st crenens juHeliHo# Mepbl
Jlebera p.

3aMeTHM, 4YTO NPOM3BEICHUE MEP ABTOMATUYECKM OKA3bIBAETCA [10JI-
HBIM (Jaxe eCJI MEpBI fi, . .., [y ObLIH HEIOJIHBI).

3. Beipaxenue 1niockoil Mepsl Yepes HHTErpaJl JJuHelHol me-
pPbI cedeHHH M reoMerpuueckoe omnpenesienne mHTerpasa Jle-
6era. Ilycts obsacts G Ha MIOCKOCTH (T, ¥) OTPAHUYEHA BEPTUKAJIAMA
z =a,y =bu kpussimu y = ¢(x), y = ().

Kak usBectHo, muomanp 06sactd G BBIPAXKAETCA UHTETPAJIOM

b
V(G) = [ {¢(x) - b(z)} dr.

Ilpu aToMm pasHocth w(xg) — (o) pasHa miube cedenus obmactu G
BEPTUKAJILIO T = Zg. Hamell 3a1aueill aBsieTca nepeHecTu Takoil crocob
U3IMEPEHUA IVIOMWAaAelt Ha IPOU3BOJIbHBIE MEPbI-IIPOU3BEACHHA

M= e O [y
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B nasnbnefimeM OyACT Npeinonaratscs, YT MEPBl fiy M fi, OlpeJeseHbl
Ha o-anrebpax, o-aAIUTUBHLL 1 O0JAJAIOT CBOHCTBOM MOMHOTH! (eciu
B C Awu p(A) = 0, 1o B u3sMcpumo), KOTOPbIM, KAK YKA3BIBAJIOCH
paHee, 00J1a/1a10T BCE J1€0CTOBBI NPOIOJIZKEHNS.

Breeaesm obosnaxiennsi:

A, ={y:(z,y) € A} (z duxcuporano},
Ay ={z:(z,y) € A} (y duxcuposano).

Ecoiu X u Y — gucnossie npsamele (a X x Y — miockocts), T0 Ag,
€CTb MPOEKIINA Ha OCh Y CeueHUss MHO¥KeCTBA A BepTUKaJILHON npsMoif
T = Zg.

Teopema 3. B nepeunciaeHHpIX Bbie NPEIITOJOXKEHUAX T JIO-
Goro p-uzMepuMoro Maoxecrsa'l) A

p(d) = [ py(da)dps = [ pa(4y) dpy.
X Y

Hoxaszarenscrso. Jocrarodno n1oKka3arh paBeHCTBO
u(A) = [ pa(@)dps, rtae pale) = py(4s), (6)
X

TaK KAK BTOPOE YTBEPKICHUE TEOPEMBl BIOJHE AHAJIOTUYHO IEepBOMY.
3aMeTuM, 9TO TeOpeMa ABTOMATHYECKH BKJIIOYAET B cebsi yTBEPKAEHHE,
49TO NPU NOWMU 6cex T (B CMBICJIE MEpBL U, ) MHoucecTnea A, usmepumon
OMHOCUMEADHO MEPYL [by U 9TO QYHKUMA @ A () UIMEPUMA OTNHOCUTNCAD-
MO Mepb iy . Bes atoro dopmyana (6) He umesia 661 CMbICA.

Mepa g — 370 J1e6eroBo NpPONOILKEHHE MEDhl T = [iy X (i, ONpe-
nenendoli Ha cucreme &,, MAOKecTB Buua A = A, x Ay, Hysa Taknx
MHOXKECTB PaBeHCTBO (6) OUEBUAHO, TAK KAK [IJIA HMX '

ty(Ag,) mpu T € Ay,
eat) = {
0 apu = & Ay,.

Bes tpyaa nepesocurcs paserctBo (6) u Ha MHoxkecTBa u3s R(S,,),
Pa3JIoKUMBIE B KOHEYHYK CYMMY IIONapPHO HENepecexaioluXcs MHO-
Kecrs us G,,.

HokasaresnbcTro paBeHcTBa (6) B obmeM ciiyyae onupaeTrcs Ha cjie-
AYIOLYIO JIEMMY, KOTOPasi UMEET U CaMOCTOATE IbHbI MHTepec IS Te-
OpHH J1eOEroBBIX MPOAOJIKEHHH.

1y 3amerum, 4To unTerpupoBanue no X (paKTUYECKH CBOAUTCA K HHTErPUPOBAHMIO

no muoxkectsy | J Ay C X, BHe KOTOPOTO HOJBLIHTETPAIbHAA (DYHKOHUA DPABHA HYJIO.
y

AHanoruyHo, / = /
Y UA-:
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Jdemma. [nsa m060oro u-HsmMepuMoro MHOXeCTBa A cyuiecrByer
MHOXKecTBO B Buia

B=(Bp,, By>---D2B,D>...,
n

B":UBHI\'7 By C---CByp C..uy
k

rae MHOxecTBa By npunaniexar R(G,,), npuuem A C B u
w(4) = p(B). (7)

Hoxkaszarenscrro. Ilo onpenenenyo u3sMepuMocTu npu Ji0boM n

MHOXKeCTBO A MOxKHO norpysuth Bo MHOKecTBO Cfy = | J Ay -— 06benn-
T

HEHHE MHOXeCTB A, us 6, Tak, 410

1(Crn) < p(A) +1/n.

n
Ionoxum B, = () Cr u 3amerum, 410 MHOXectBa B, nmewor
k=1
Bun, B, = {Jdns, the 0, npunamgnexar G,,. Ilosoxus, HakOHel,
s
k
B, = Ons, MBI IIOJIY9UM CHCTEMY MHOXKECTB B,p ¢ Hy»XHbIMHA CBOH-
s=1
CTBaMU.

JlemMa nokasana.

Pagenctso (6) JIErko NepeHoCHTCs ¢ MHOXKECTB By € R(6,,) Ha MuO-
xKectsa B, n B npu nomomu teopems! B. JleBu (Teopema 7 § 5), Tax
KaK

¥B, (:IJ) = lim (ank(m)a ¥ By, < ¥B.,., S
k—o0
SOB('E) = lim ¥B, (.’II), $B, 2 ¥By 2 ---
n—o0

B cusly HEnpephlBHOCTH MEPbl 9TH DABEHCTBA UMEIOT MECTO B Karkiof
rouke z. Ecom p(A) = 0, to pu(B) = 0 u nouryn Bcoay

op() = py(Bz) = 0.
Tax kak A, C By, TO ANA NOYTH BCEX T MHOXKECTBO A, M3MEpUMO U
YA = :Uy(Al) =0,
[walz)dpz =0 = p(A).
CrenoBaTensno, 1Jisi MHOKeCTB A Mepbl Hysb dhopmysia (6) sepua. B 06-

wem ciy4ae npeactasum A B suge B\ C, rae B cuny (7), p(C) = 0. Tax
kak ¢opmyna (6) BepHa nnia MHoxectB B # C, TO JIETKO BUIETH, YTO
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OHa BepHa U aJs camoro Muoxecrsa A. [JokasaresbCTBO Teopemsl 3
3aKOHYEHO.

IIycrs reneps Y — qncsiopas npsamad, [, — JjuHeiinaa mepa Jlebera,
a MHOXKeCTBO A eCcTb MHOMXKECTBO TOHEK (T,Yy) BHAA

{(z,y):zeM, 0<y< fla)} (8)
rae M -— xakoe-10 fi;-H3MEPHMOe MHOXKECTBO, & f(z) — nHTerpupyemas
HeoTpHuuaTesibHas QyHKIUs. B aToM ciyuae

f(x) upm z € M,
Iy (A:) = {
0 npu = ¢ M,

WA = [ flz)dpu.
M

Taxum obpazoM, J0Ka3aHA CIEHYOIAST TEOPEMA.

Teopema 4. Hurerpan JleGera neorpuuarensuoil ¢pyuxuun f(x)
paBeH Mepe i = Ly & f, MHOXecTBa A, onpeneeHHOro COOTHOINEHH-
em (8).

Korna X — vucnosas npsaMmas, MHOXKecTBO M — oTpe3sok, a dhyHk-
uus f(z) unrerpupyema no Pumany, a1a TeopeMa CBOAMTCS K W3BECTHO-
MY BBIPaKeHMIO MHTErPaJia Yyepes IIOUWAdb, PACIIOIOKEHHYIO 101 rpa-
buxoM pysKLIHH.

4. Teopema ®y6uuu. Paccmorpum tpoiiHoe npomssenenme U =
=X xY x Z;ecsmHa X, Y, Z 3a3aHbI MEPHI Uiz, fby, [z, TO MEPY
Hu = g @ iy @ f1;
MOKHO OMNpPEIE/IUTh KaK
(Hz ® l‘y) ® Wz,

Ny Ke Kak
Bz ® (1y ® ).

B neficrBuresibHOCTH, KaK JIETKO NPOBEPUTD, 9TH ONPEAC/ICHUS PAB-
HOCUJIbHBL.

Cuenyomas TeopeMa ABJIACTCA OCHOBHOH B TEOpHM KPATHBIX HHTE-
rpPaJioB.

Teopema 5 (®y6uuwn). Ilycrs mepsl pi; H i, OHPEUEJICHH HA
o-aarebpax, ¢-agaANTHBHEL H [OJIHBI; [IYCTh, AAJIEE,

B= @y
i Qyuxuns f(x,y) HHTErPHpYEMa IO Mepe (. Ha MHOXECTBE
ACXxY. (9)
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Tornal)

[ f@wydu= [ ( [ fv)duy)dus= [( [ f(y)du:)dny.
A

X A Y A,
(10)

YrBepxaeHue TeopeMbl BKJIIUAET CYLIECTBOBAHUE BHYTDEHHMX MH-
TerpaJioB B CKODKaX NMpu MOYTH BCeX 3HAUEHNUAX MIEPEMEHHOIO, 10 KOTO-
poMy 6epyTcs1 BHCIIHUE WHTErPAJibl.

Jokazarenscrao. lIpoBenem cHayana 10Ka3aTeIbCTBO IJIfA CIIY-
yas f(z,y) = 0. C 2710il ueabio paccMoTpum TPORHOE NPOU3BEIEHME

U=XxY xZ,
rie TpeTI/lﬁ MHOXKHTEJIb €CTbh YHCJIOBas MNpsiMas, ¥ IIPOU3BEAEHNE MEp
1 1
A=pa QpyQpu =pp,

roe u! ecTh unelinas jeberopa Mepa.
B U onpenenum noamuoxectso W yciosuem: (z.y,z) € W, ecnn
(z,y) € A, 0< z < f(z,y). B cuny Teopems 4

AW) = [ f(z,y)dp. (11)
A

C apyroit cToponsl, 110 Teopeme 3

AW) = [ &W.) dp, (12)
X

rne € = py x p' u W, obosnayaer MHOxKecTBO nap (Y, 2), A/1A KOTOPBIX
(z,y,2z) € W. Ilpu aTtoM, CHOBa 110 Teopeme 4,

EW.) = [ flay)du, (13)
Az
Comnocrasinas (11), (12) u (13), nonyuaem
[ fley)dp= /(/ f(x,y)duy) dp,
A X A,

4TO ¥ TPebBOBATIOCH I0KA3ATh.
Obmuii coyyail cBoanTcsa K pa3oOpaHHOMY IIPU IICMOIUM PABEHCTSH

f(z’y) = f+(l‘,y) - f—(xvy)7
Frloy) = LEDLEIED ) el =S

1) Cwm. cnocky x Teopeve 3.
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3ameuvanne. Kax nokassisaior NMpUBOJIMMbIC HMXKC NpUMEPLI, U3
CyHI€CTBOBAaHHMA IIOBTOPHBIX MHTEIPaJiOB

[ ([ fdn)dpe w [ ([ fdps)dn, (14)
Y 4,

X AL
He CJIeAyIoT, Boobie rosopsi, Hu paseHcrsa (10), Hu UHTErpUpPYEMOCTH
dbyuxuun f(z,y) na A. Onnaxo, ecau cywecmeyem xoms o, 0dun u3 un-
mezpanog

[ (] V@wlds)due wn [ ([ 17@wlds) s, (15)
X A. Y A,

mo f(z,y) unmezpupyema na A u cnpasedaucvt pasencmea (10).

HelicTBurensHo, MycTh, HANpUMep, mepBblil U3 uHTerpaJios (15) cy-
wectsyer 1 pased M. Oyukuua f,(z,y) = min{|f(z,y)],n} n3mepuma,
orpaHuyeHa, a sgaunt, u cymmupyema Ha A. Ilo reopeme QyGunn

[ fa@vydu= [ ([ falw,y)duy) du < M. (16)
A X Az

Oyuxuuu  f, 06pasyrOT MOHOTOHHO HeyOBIBAIOLIYIO HOCJIHOBATEIIb-
HOCTb, JIOUTH BCIOJLy cxoasinyiocs K | f(z, y)|. Tlo reopeme B. Jlesu orcio-
na n s Hepasenctsa (16) crneayer, uto byuxuusa | f(z,y)| cymmupyema
Ha A. Ho torna n f(z,y) cymmupyema u 11st Hee BepHa Teopema DPybn-
uu. OTCI0/1a BHITEKAET HALE YTBEPKACHNE.

Mb1 nokasasu reopemy @yOuny B IPENIIOAOKEHUN, UTO MEPSI fiy ¥ fiy
(a sHauwuT, U pu) xkoHeunsl. OHAKO OHA OCTACTCA CIPABEIJIUBON U B Cy-
4yae g-KOHeunblx Mep (cM., Haupumep, [21], c. 208).

IIpuseneM npumepsl QyHKUMH, 1J1F KOTOPHIX CYWECTBYOT MOBTOPHLIE HH-
rerpansl (14), o paBenctso (10) ne umeer mecra.
1. Oyers A = [—1,1)%,
Ty 2 2
T,Y)=—s—25= upu z - +y >0 u f(0,0)=0;
=,y @EraE P y £(0,0)
Toraa

1
/ flz,y)dz =0

pu BCEX Yy H
1

[ faydy=0

-1
upu Bcex x. [loatomy

1

/(f (e} de) dy = f(ff(z,y>dy)dx=o,

-1 -1 -1
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HO HHTEerpaJl B CMbICJIEe JBOHHOrO HHTEerpasia Jlebera no KB3aJapaTy He cyue-

CTBYeT, TaK KakK
1 i 1 2r 1
sin  cos
[ [ \fewldedy> [ar [ RO gy g fdr - o
0 o 0

-

2. Oycrs A = [0,1}?,

27" npu 2—11.‘<$$§,.—1_T; '2lﬁ'<y<§;1:'i‘v
f(zvy) = _22n+1 IIpH 27!% S r< 2—1,7; ‘2‘15 S Y < 2n.1—1 )
0 B OCTAJIBHBIX CJIy4asX.

MOXHO MOACYHTATD, YTO
1,1
[(/ f@yydz) dy =,
0 0
1,1
J([ f@ ) dy) dz =
0

0



F1TABA VI

HEOIIPEJEJIEHHBIA UHTEIPAJI JIEBETA.
TEOPUS NINPPEPEHIINPOBAHN S

B a0l riiase mbi 6yi1eM paceMarpuBaTh uHTErpast Jlebera B OCHOBHOM
11 dyHKuH HA NPsAMOR, CYMTasz, YTO Mepa, 110 KOTOPOi 3TOT HETEIpaJt
bepercs, ects 0bObryHaAs NIMHeliHas mepa Jlebera.

Ecnun f — cymmupyemasi dbyHKuus, ONpeaeseHHAsh H3 H3MEPHMOM
npocrpancTee X ¢ Mepoil g, To unTerpaJi
J (@) du *)
A

CYLIECTBYET AJIs1 KaxkJoro namepumoro A C X u npu ¢pukcuposanHoit f
NpenCcTaBsIszeT coboil pyHKINIO MHOXKECTBA, ONPEIE/IEHHYTO IJIA BCEX H3-
Mmepumbix nonmuoxectB A C X. Takoll uuterpasr HA3BIBACTCA Heonpe-
deaennvim unmezpasom Jlebeza. poctpancTBom X MoOXKeT, B 4acTHO-
CTH, CIIyXUTh OTPE30K 4ducioBol npamoit. Ecsu npu stom A — Toxke
HEKOTOPBIR OTpesok, To uHTerpan (x) Gyaer ¢gpyHkuneit napsl To4ex -—
KOHIIOB oTpe3ka A. Bynem cuutarh, 4To B 3TOM Cyuae Mepoil 4 ABsgeT-
cs1 obbranast Mepa Jlebera u nucars dt BMecro du. 3aduxcupoBas ojuH
13 KOHIOB NPOMEXKYTKA HHTETPHPOBAHA, CKAKEM, neBbI, MBI MOXEM

H3y4aTh CBOICTBA MHTErpaJia / f(t) dt, B3aroro no orpesky la, z], Kax

dbyBKUIMH OOHOTrO nepememioroaz. DTa 3313493 NPUBENET HAC K PACCMOT-
PEHUIO HEKOTOPBIX BAXKHBIX KJaccoB ¢pyuxkuuit na upamoii. Obmei 3a-
Jade u3ydeHust nHrerpasa Jlebera or dpukcuposannoit byukuun f kak
GbYHKUIHHE MHOZKECTBA TTOCBAIIEH § 5.

13 snemeHTAPHOrO KypCa aHa/IN3a M3BECTHDB! CJEIYIONe OCHOBHLBIE
PaBEHCTBA, HAWIIME CBsA3b MEXAY onepanusmu audeperuuponanms
H MHTEIpUPOBaHusi: ecnu f — "enpepbiBHas GyHKUusA, a F — dyuxunus,
MMeIOnIasl HENPEPHIBHYIO NIPOU3BOAHYI0, TO

D4 [ fwa=f@),

2) /b F'(t)dt = F(b) — F(a).

CrnpamuBaeTrca: BepHO i paBeHcTBO 1) nnst hyHKuul, CyMMUPYeEMbIX
B cyblcne Jlebera? Kaxos knace dynxkumii (Bo3MoxxHo, 6osee mupokuil ),
IJ151 KOTOPOro BBIHOJIHAETCA PABEHCTBO 2)7

DTUM BONPOCAM TIOCBAIMEHBI CIICAYIOIEe Naparpadbt TasHof rnasbl.
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§ 1. MoHoToHEBIe (DYHKIHMH.

HuddepesuupyemocTs nHTErpaJda
10 BepXHEMY Tpeney

1. OcuoBHBIe cBoMcrBa MoHOTOHHBIX yHKuMA. Hsyvenue
csoitcTB unTerpasia Jlebera

3(2) = [ f(t)dt (1)

KaK YHKINN BEPXHEIO OpPEaeJsa Mbl HAYHEM CO CJIEIYIOUIEro OYEBHII-
HOI0, HO BAaXKHOTO 3aMeYaHusA: ecsid PyHKUUss [ HEOTPHUATESbHA, TO
& () — moHoTonno Heybuisaomasn Gyuxnua. Jlanee, BCakas CyMMupye-
Mast (PYHKIUSA €CTh PA3HOCTH ABYX HEOTPULATENbHBIX CYMMHUPYEMBIX:

f(&) = f+(t) - f-(2). (2)
ITosromy umrerpan (1) passiaraercs B PasHOCTb JABYX MOHOTOHHO He-
yobiBaromux ¢dyuxunit. CiaepoBarensHo, usydenue uHrerpasia Jlebera
Kak (YHKIUUM BEPXHEro NPENesia MOXKHO CBECTH K H3YYEHHK) MOHOTOH-
HbIX (pyskuuii Toro ke tuna. Mounorousnie hyHKIMY (HE3aBUCKHMO OT UX
[IPOUCXOXKIEHUS1) O0JIAIAI0T PALOM IPOCThIX U BAXKHBIX CBOHCTB, KOTO-
peie cefiyac ByyT U3JIOMKEHDI.

HanomuuMm HekoTopsie mousitus. Beroogy, riie He OroBOpPEHO OpOTHB-
Hoe, ByayT paccMaTpuBarbcsa (hyHKIMM, 33JaHHbIE HA HEKOTOPOM OT-
peske.

Dyukuusa f HA3LIBACTCA MOHOMOKHO Heybweaow,et, ecnu u3 1 < Ty

e f(z1) < f(z2);

AHAJIOTHYHO ONPEHEJISIOTCS MOHOTOHHO HEeBO3pAacTaomue QyHKIUH.
[lycts f — npoussonbHas dbynkuus Ha npavoit. [Iperen?!)

(hm f(zo + h)

(ecJtu OH cymiecTBYeT) Ha3bIBAETCA npedeaom cnpasa GyHKuuM f B TOU-
Ke To u obo3nadaerca f(xo+0). Auanoruvno onpenesnaercs f(xg—0) —
npedea caeea byuxuuu f B Touke To. Pasencrso f(zg + 0) = f(zo — 0)
03HAYAET, OYEBUIHO, YTO B TOYKE To (PYHKHHUA f WM HENPEPbIBHA, NN
uMeeT ycTpanuMbiil paspbiB. Touka, B KOTOpoii 06a 3Tu npenena cy-
MIECTBYIOT, HO HE paBHBbI MEXAy CoOGOi, HASBLIBAGTCA MOYKOT Pa3pPHIEa
nepeozo poda, a pasuoctsb f(zg + 0) — f(xo — 0) Ha3BIBaeTCA CcKA“KOM
dbyuruuu f B 3TOH TOYKe.

1y Cumpos h — +0 o3uauaeT, 4T0 h CTPEMHTCS K HYJTIO, IPUHUMAS TOJILKO MOJIO-
KUTETHHBIE 3HAYCHUA.
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Ecnu f(xo) = f(zg —0), To f Ha3BIBAETCA HENpepwuieHol CAE60 B TOY-
Ke Tg, a ecim f(xzo) = f(xo+0), 10 f nenpepwera cnpasa B 37101 TOYKe.

YeTaHOBEM OCHOBHBIE CBOMCTBa MOHOTOHHBIX (hyHkumit. s onpe-
[I&JIEHHOCTH Mbl OyJieM FOBOPMTh O MOHOTOHHO HeyObIBalOHIMX (DYHK-
LMAX, XOTsl ICHO, YTO BCE CKA3AHHOE HMXKE ABTOMATHIECKH [IEPEHOCUTCSA
Ha PYHKUMH, MOHOTOHHO HEBO3PACTAIOLIKE.

1. Beaxas monomonno neybwearowas na [a,b] dynrxyus [ usmepuma
U Ozpanudena, a caedoeamesso, CYMMUPYEMa.
JeficTBUTENLHO, 110 ONPERENIEHHI0 MOHOTOHHOCTH,

fla) < f(z) < f(b) mna [a,b].
Hanee, nyia 1106010 NOCTOAHHOTO ¢ MHOMXKECTRO
Ac:{x:f(X)<C}

ecth ubo oTpesok, ubo nomyurTepsast (mubo nycro). B camom mese,
OyCcTh TOYKH, B KOTOPBIX f(z) < ¢, CymIECTBYIOT, 1 HycTh d ecTh TOY-
HAas BepxHAs rpanb Takux z. Torma A, ecrs miuu orpesox [a,d], win
NOJIyNHTEPBAN [a, d).

2. Monomonnas QyHKUUA MOICEM UMETNG PA3PLIGBL TNOALKO TLEPBO20
poda.

JeflcTBITENBHO, IYCTh Zg — NPOM3BOJIbHAA TOUKA HA [a, b] n z, —Tp,
opuueM z, < Zo. Torma nocaenoBaresbHocTs { f(y,)} orpannyena cuu-
3y u cBepxy (Hanpumep, sesimaunamu f(a) u f(b)). CnenoBarensHo, ona
uMmeeT xoTs Obl ogHy npenenbhyio Touky. Ho nanudite y moboit Takoii
NOCIENOBATEIBHOCTY HECKOJILKUX NPEIENbHLIX TOYCK MPOTUBOPEYHIIO
6bl, O4eBUIHO, MOHOTOHHOCTH byHxuuun f. Takum obpasom, f(zg — 0)
CymeCTByeT. AHATIOTHYHO yCTAHABIMBAETCA cymecTroBanue f(xo + 0).

Monoronnas ¢pyHkumsa He obszana 6b1TH HenpepoisHoit. OnHako sep-
HO CJIEAYIOUIEE YTBEepXK IeHUE.

3. Muoorcecmso movex pazpuiea Monomonnoti gynxyuu He boree wem
CHEMHO.

HeitcrBurensHo, cymma 10H0r0 KOHEYHOI'O YHCIIA CKAYKOB MOHOTOH-
Holt pyukuun f Ha orpeske [a,b] ue npesocxomur f(b) — f(a). Cueno-
BATEJIbHO, JJIsI KAXKIOT0 71 YUCJIO CKAYKOB, BEJINYHHA KOTOPBIX DoJIblIe,
yem 1/n, koneuno. Cymmupys no Bcem n = 1, 2,..., nojayvaeMm, 4To
obliee YUCII0 CKAYKOB KOHEYHO MJIM CYETHO.

Cpenn MOHOTOHHBIX (BDYHKIMHE OPOCTEHIINME SBJISTIOTCS TAK HA3LIBA-
emble ynryuu cxauwxos. OHU crpoATcs cienyrwuM obpasom. Iycro
Ha OTpe3Ke [a, b] 330aK0 KOHCYHOE M/ CHETHOE YHCJIO TOYEK

T1,..-,Z25--.
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M MYCTb KaXKJOU M3 HUX HOCTABJIEHO B COOTBETCTBUE MNOJIOKUTEJILHOE
unciio hy,, npudem Y h, < co. Onpenesnum dbyuxunio f ua [a, b], noso-

fl@) =" hn (3

Tn<ZT

KUB

Acuo, uro aTa dbyHKIMA MOHOTOHHO HeybbiBawomasn. Kpome Toro, ona
HEeNpepblBHA CJIeBa') B Kax[o# TOYKe, a COBOKYMHOCTb €€ TOYCK
pa3phbiBa COBIAIAET C MHOXKECTBOM {Zp }?), IpHYEM CKAYOK B TOYKE Tp
paseH h,. HelicTBUTENbHO,

z—0)= lim f(z—¢€)= lim h
flz-0)= Jim f@—e)= Im 3

Tp<T~—£
HO TakK KaK KaXJIOE T, YIOBJIETBOPAOIIEE YCJIOBUI T, < I, yAOBJET-
BOPSeT ¥ YCJIOBHIO Ly, < T — € NPU JOCTATOYHO MAJIOM £, TO HOCJICIHU
npenen paseH  y . h, = f(z). Takum obpazom, f(z — 0) = f(z).

Ta<lx
Ecau touka r cos nmajaer C O}IHOﬁ U3 TOYCK Tp, CKAKEM, T = Ty,

TO
f@ne +0) = lim flzn+e)= lim Y hy= Y  hn,
e =40
Tp <Eng+e TnKLng

T.€. f(ZTng +0) — f(@ng — 0) = hn,.

Haxkoner, eciu £ He COBHAJAET HU C OJHOH U3 TOUEK I, TO
B HEl (DYHKUMSA CKAYKOB HENPEpBIBHA ([IPOBENUTE IOKA3aTEIBCTBO!).

IIpocrettiunti Tun GyHKUUE CKAYKOB — CTyTEHYaThIe (DyHKUNH, Y KO-
TOPBIX TOYKH PA3PHIBA MOXKHO PACIOJIOKHUTH B MOHOTOHHYIO [10CJI€/I0Ba~
TEeBHOCTD

< < Ty < ..

B obwem ciyuae QpyHKUUS CKAYKOB MOXKET HMeTh M OoJiee CJIOKHYIO
CTPYKTYDY, Haupumep, eciu {Z,} — MHOXECTBO BCEX PALHMOHAJIBHBIX
Touek Ha orpeske [a,b], a h, = 1/2", 10 dopmyna (3) onpenensaer
(DYHKIHUIO CKAYKOB, PA3PLIBHYIO B PALIMOHAJIBHBIX TOYKAX U HEIPepbIB-
HYIO B MPPALUOHAJIbHDLIX.

1Y Ecnu 661 Mu1 onpeneston f dopmystot

f@= 3 hn,

oK

TO nosy4usiu 661 PYHKUMIO, HEIPEPBIBHYI0 CIPaBa.

2)Ec.rm HY OOHA U3 TOYEK T HE COBHANAeT ¢ b, nockosibKy Tn = b He yvyacTByeT
B cymme (3). YUTobsl yuecTs CkadoK B TOUKe b, Hano BMecTo [a,b] paccmarpusars
nonyunrepsan [a,b+¢€), € > 0.
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Apyroit Tuin MOHOTOHHBIX (DYHKUHMH, B HEKOTOPOM CMBICJIE IPOTHBO-
NOJIOKHbIR PYHKLHAM CKAYKOB, — HENPEPhIBHLIE MOHOTOHHBIE (DYHK-
miy. VIMeeT MeCToO cilefyiomee yTBEPKIECHHE.

4. Beaxyo MmoHOmMORMY0 GYnKyulo, HENPEPUBHYIO CAE6G, MONCHO
npedcmasums Kax CyMMy HenpepueHot monomonnot gyuxyuu u Gyrx-
YUl cKauKo8 (HENPEPBIGHOT CAC6a) U MPUMOM eJUHCTEERHLIM 00PA3OAM.

Hefictsurensno, nycrs f — HeyObIBAOIIAs HeNpepbiBHAs CaeBa
dbyHKUMA ¥ T, T2, ... — BCE €e TOYKH paspuiBa, a hy, hy,... — ee
CKad4Ku B 3Tux Toukax. Ilosmoxum

H(z)= Y hp.

Pasnocts ¢ = f — H ecTb HeyObIBaWOLasi HenpepuBHAA (DyHKIMHA.
JJ1a NoKa3aTenbCTBa PACCMOTPUM PA3HOCTh

p(z") —p(a') = [f(z") — f(2)] - [H(z") ~ H(a")],
rne ' < z'. 3pech cupaBa CTOMT PasHOCTb MEXKIY NOJIHBIM IpHpAle-
mueM ¢yukupy f Ha orpeske [z',x”] ¥ cymMMOll ee CKaukOB Ha 3TOM

orpeske. fIcHO, UTO 3Ta BeJMYMHA HEOTPUUATEJBHA, T.€. ¢ — HEeyObI-
Batomas yukius. Jasee, nist npousBoabHON TOYKHN T° mMeeM

p(z* —0)=fz* —0) = H(z" = 0) = f(z" = 0) = > ha,
Tpla*

pe*+0)=f(z"+0) - H(z" +0) = f(z" +0) ~ > hn,
Tp LT

OTKYOa
o(z* +0) — p(z* — 0) = f(z* +0) — fa* - 0) — h* = 0

(rme h* — ckavok byukuun H B Touke z*). OTCiofa U U3 HENPEPLIBHO-
cru f n H cjieBa BHITEKAET, YTO @ JAEHCTBHTE/BHO HElpePhIRHA.

2. Iuddepennupyemocts MoHorounol dbynknuu. Ilepefinem
TeNephb K BOIPOCY O CyHIeCTBOBAHUY NPOUBBOIHON ¥ MOHOTOHHON by HK-
[IMH.

Teopema 1 (Jleber). Monorounaa ¢gpyukuus f, onpenesensas
Ha oTpeske [a, b}, IMeeT HOYTH BCIOAY HA 3TOM OTpE3Ke KOHEYHYIO IPO-
U3BOIHYIO.

IIpeskne Bcero BBEAEM HEKOTOPbIE NOHATHS, KOTOPbIE OYAYT HyXKHbI
OJ1s1 JOKa3aTeJILCTBa 3TOR TeopeMsbl.
Kax uspecrso, npoussonno#t (pyHKUMM f B TOUKE I¢ HA3LIBAETCA Npe-

JeJ1 OTHOINEHN A
12 = floe) ()
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HNpU T — Zg. DTOT NPENEI MOKET, KOHEYHO, M He CYIIECTBOBATH, OQHAKO
BCEra UMEIT CMBICJ CJAEMYIONUE YeThIPe BeMUYUHBI (KOTOPble MOI'YT
[IPUHUMATH U DECKOHEYHBIE 3HAMEHUS):

Anp — Bepxuuit npenen orxomenus (4) 1pu T, CTPEMSIEMCA K g
cnpasa (T.e. TaK, 4To T — Tp > 0). DTa BeSIMINHA HASBIBAETCS GEPIHUM
NPAGHLM NPOUIBOTHBIM UCAOM.

Amp (Hustcree npasoe npouseodnoe wucao) — HUKHHAY TIPESIEST OTHO-
weHust (4) npu r = Ty crpasa.

Aqes (8epTHee sneeoe npousgodnoe wucao) — BEpXHUH Ipenes OTHO-
menus (4) ipu © — o caesa.

Anen (HUDICHEE NE60€ MPOU3EOTHOE “UCAO) — HHKHUIA Npenes OTHO-
wenus (4) npu & — xo CJEBA.

y

Puc. 19

Ha puc. 19 noxkasann! npsiMble C yrioBbiMu Koadduumentamu Aqp,
Anps Anes, Anes COOTBeTCTBeHHO. fIcHO, 9TO BCerma

Arxp S Anp u /\.neB < A.neB-

Ecnu App 1 Ayp KOHEYHBI M paBHBI MeXK Ay coDoit, TO 9T0 oburee ux 3Ha-
yeHMe ecTb NpaBasg npoussonHad dpyuxuun f(x) B TOUKE Zo. AHAJIOMY-
HO, €CJTH Ajes = Ajes, TO X OOINEE 3HAUEHUE €CTh JIEBAS MPOU3BOIHAA.
CymecrBoBanne y f B TOYKE Tp KOHEYHOH NPOU3BOANON PABHOCHJIIBHO
TOMY, YTO B 3TOI TOYKE BCE NPOM3BOAHbIE YHCIa GYHKUUK f KOHCYHBI
U paBHbI MexAy coboit. [loaTomy yTBepxKAcHHE Teopembl Jlebera Mox-
HO cOPMYAMPOBATH CJEAYIOIUM 00pa3oM: 048 MOoMOMOHHOT Ha [a,b]
PYHKYUU COOTNHOWEHUS

—00 < Apes = Anp = Ajtes = Anp < o0

6unoAReHB: Nowmu écrody na [a, b).
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Ynpaxuenue. I[lycte f*(z) = ~ f(z). Kax ¢cBa3anbl npOU3BoAHbIe YHCIA
ang f* ¢ 1pou3BOAHBIMU YucaamMu f7 “
Orserpre Ha Taxol xe Bompoc npu nepexosge ot f(zr) x f(—z).

HokasarenscTBo Teopemst Jlebera onupaercsi Ha NPUBOANMYK) HIDKE
JIEMMY, KOTOPOH MBI OyAeM MOJIL30BATHCS U B JaJIbHOHLIEM.

Brenewm ciienyromee onpenestenne. [lycrs g{x) — Henpepsisuas GpyHK-
uus, 330aHHaA Ha orpeske a € z < b. Touky zp 3TOro orpeska Mbl
HazoBeM moukot, Heeudumol cnpaca Jast GYHKUHE ¢, €CJU CYUIECTBYET
takas Touka &(xg < & < b), uro g(ze) < g(&) (puc. 20).

\\
~

I====<z--"

b ————— -

|
L

[ b
e N\

2
8

)
N
&

Jlemma (®. Pucc). Hdua moboi HenpepsiBHOH (DyHKUHM § MHO-
KECTBO TOYEK, HEBHIHMBIX CTIDABA, OTKPBITO Ha oTpeske |a,b] n, cure-
JIOBATEJILHO, MPEICTABIACTCA B BUIE CYMMbI KOHEYHOIO HJIH CYETHOrO
YHCJTA TOMAPHO HENTEPECEKATOIUXCA HHTEPBAJIOB (ay, by) (M, BO3MOXKHO,
[OJIYHHTEPBAaJIa, COAEPKAIEro TOUKY a). B KOHUEBhIX TOYKAX 3THX HH-
TEepPBAJIOB BHUIOJIHEHBl HEPABEHCTBA

glar) < g(bs). (5)

Joka3aTelbCTBO JEeMMbl. ECIU Zg — TOYKA, HEBHIUMAS
crpaBa U g, TO TeM Ke CBOHCTBOM Oyner objafarh, B CUJly Henpe-
PBHIBHOCTH g, 1 J1100asa TOYKa, JOCTATOYHO 6yiM3kasA K Tg. CrenosaTesin-
HO, MHOJKECTBO TaKHX TOYeK OTKpbITo Ha [a, b]. Ilycrs (ak,by) — omun
M3 COCTABJISIIOMMX €ro MHTepBanos. [Ipennosoxum, 4To

glax) > g(bx); (6)

TOTHA B HHTepBase (ay,by) HAllIETCA BHyTpenHsas TOYKA Tg, B KOTOPOi
g(zo) > g(by). Ilyctb 2* — camas npasas u3 Beex To4eK T Ha (ag,by),
B KoTOpbIX g(z) = g(x0).

Hockosbky z* € (ag,br), cymectsyer Takast Touka & > z*, 4T0
g(&) > g(z*). Touxa £ He moxeT Jiexarh Ha untepsase (ax, by ), Tak xax
¥ -~ camaR npasas TOYKA HA 9TOM HHTepBaJse, B KoTopoii ¢(x) = g(zy),
toraa kak g(by) < g(zo). C Apyroit cropomnsl, HepapeHCTBO £ > by Tak-
e HEeBO3MOXKHO, Tak Kak Mbi umesn 6u1 g(br) < g(zo) < g(£), a b
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He feagemes TOYKoll, Hesuaumol cupasa. [losyderHoe nporuBopeuue
NOKa3bIBAET, YTO HepaBeHcTBO (6) He uMeer mecTa, T.e. g(ar) < g(be),
u JemMma jokazadHa. durarens 6e3 Tpyna NpPOBEPHUT, 4TO (haKTUYECKU
g(ar) = g(by), ecotu TosIbKO Gy # a.

3ameuanune. Hasosem Touky zg Hesudumol caeea nna HENPEPHIB-
Holt dyuxuun g(x), ecou cymecrByer Takoe & < Zog, 410 g(€) > g(zo).
Taxkue xe pacCy HeHUs NOKA3LIBAIOT, YTO MHOXKECTBO HEBHIAUMBIX CJIe-
Ba TOYEK €CTh CyMMa KOHEYHOTO MJIM CYETHOTO YUCJa MONAPHO Heme-
PEKPBIBAIOMMXC UHTEPBANIOB (ag, br) (M, BO3MOXHO, NOJIyMHTEPBAJIA,
BKJIIOYAKOUIEIO TOYKY b), mpudem

glax) < g(by)-

Iepeltnem Tenepsb K J0Ka3aTesLCTBY caMmol Teopemsl Jlebera. Jdoxa-
JKEM ee CHayasa B NPENIOJIOKEeHHH, 9TO f — HeNnpepbIBHAS MOHOTOH-
HO HeybbIBatomast GyHkuus. /s 1oKa3aTesCTBa TEOPEeMbl JOCTATOYHO
YCTAHOBUTb, YTO TIOYTH BCIOILY

1) Aup <0, 2) Anen = Anp-

HeitcTBurensHo, ecim Mbl onoxuM f*(z) = — f(—z), To f* 6ymer 1o-
K€ MOHOTOHHO HeyObiBawulett HenpepbiBaol ¢yuxuumett, onpenenenHo#
Ha orpeske [—b, —a]. Ecom A} u A}, —— BepXHee npasoe u HWXHee Jie-
BO€ [IPOU3BOIHBIE YACJA IJA f*, TO, KaK JIETKO MPOBEPHUTH (CM. YIpax-
HEHWUE BBILIE), TPOM3BOIHBIE Unc/ia HYHKUMH f 1 f* B COOTBETCTBYIOIMX
TOYKaX CBA3AHBI PABEHCTBAMHU AL, = Ajes; Alen = Anp. 1l03TOMY, TIPR-

MEHHB HepaBeHCTBO 2) K f*(x), mosyuum
>\np P A.nes- (7)

COGILI/IHI/IB NOJIyY€HHBIE HEPABEHCTBA B OIHY LIETIOMKY U UCIIOJIb3Ys OIlpe-
JdeJIeHne IIPOU3BOAHDbIX YHCeJI, 6}’}181\’1 UMCTh

Anp € Asten € Ajes < /\np < Anpa
a 93TO U O3HA4YaeT, 4TO
Anes = /\np = Ajen = Anp~

Nokaxxem Brauase, 4to Ay, < oo nouru seogy. Ecmm Ayp = 00 B Heko-
TOpO# TOuKe &g, TO OuiaA J0boro nocrosiuaoro C > 0 crpaBa OT TOYKH Ig
Haiflnercsi rakas To4ka &, 4TO

1O = o) |

£ —zo

f(&) = f(zo) > C(€ — z0),
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HJTHU

J(&) = C¢> f(zo) — Cuo.

Muade roBopsi, TOYKA To OKA3LIBAETCI TOYKOH, HEBUIMMON CripaBa Ijis

Gy HKIUY o) = f(z) - Cx.

B cuny nemmbr @. Prcca MHOXKECTBO TAKMX TOYEK OTKPBITO, H HA KOHIIAX
COCTABJSIIOUIAX €r0 HHTEPBAJoB {ay, by ) BBIOJIHEHBI HEPABEHCTBA

flar) — Cay < f(bi) — Cby,

T. €.
fbe) — flax) 2 Cbg — ag).

Hens ua C 1 cyMMUpys N0J1yYeHHBIE HEPABEHCTBA [0 BCeM HHTEPBaJiam

(ar, by), mony M

flbe) — flax) _ f(B) — f(a)
Dk —ar) < ol < oo
k k

3nech C' MOXHO ObLI0 B3ATb KaK yroiuo GoasmnM. Takum obpasom,
MHOXKEeCTBO TEX TOYEK, B KOTOPBIX Ay, = 00, MOMXKHO NOKPBITH HHTEPBA-
JIAMH, CYMMa JUINH KOTOPBIX CKOJIb YTOTHO Mafia. ClienoBaTesabHo, Mepa
3TOro MHoOXecrsa passHa 0.

Tor ke npueM, cBasamHbhi ¢ gemmoit @. Pucca, nossosisier moka-
338Th, YTO HOYTH BCIOAY Anen 2 App, HO TeNepp 3TOT MPHEM HPHIETCS
MIPUMEHHTH JBAXKIBL. PaCCMOTPHM HApy pallMOHABHBIX 4ucea ¢ u C,
s xoropbix 0 < ¢ < C < 0o u nostoxkum p = ¢/C. Oboznaqum 4epes
E.c cOBOKYyNHOCTb TeX , At KOTOPBIX Agp > C, @ Apes < ¢. Eciiu MbI
JokaxeM, 4ro pE.c = 0, To orcioma 6yaer cienoBars, 94To MOUTH BCIOLY
Anen 2 Agp, TAK KaK MHOMKECTBO TEX TOMEK, [UE Ajep < App, OYEBHIIHO,
IIPENCTABUMO B BHJE CYMMBI He GoJiee 9eM CYETHOTO YUCJAA MHOKECTB
Buga E.co.

YCTaHOBMM TeNepPb OCHOBHOE HEPABEHCTBO.
Las ar0bozo unmepsana (o, B) C [a,b] umeenm

IL(ECC N ((X,ﬂ)) < P(ﬁ - O;).

JelcTBUTeBHO, IpekKIe PACCMOTPUM MHOXECTBO Tex ¢ € (a, 8), aas
KOTOPBIX Anes < €. 714 Besikolt Takolt Toukm x Hafinercsa taxoe € < x,

101G

ceBa ;13151 dbyuknun f(z) — ¢z u no semme @. Pucca (cm. 3ameqanne
BBIILIE) MHOXKECTBO TAKHX T NPEACTABAMO B BUJC CYMMbl He GoJlee ueM
CHETHOIO 4Y1CJ1a HElePCCeKAomMX s HHTepBaios (ax, 3i) C (a, 8), npu-
qem flan) — cag 2 f(Or) — cOe, T.c.

F(Bi) — flaw) < (B — ax). (8)

9TO , e f(€) — c€ > f(z) — cz. Hoaromy z HeBnouMa
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Ha xaxnpom us3 unrepsanos (ax, ) paccMoTpum mMuokectso Gy, Tex T,
nns Koropelx Ag, > C. CHoBa npnmensis nemmy @. Pucca (teneps, xax
¥ IPH JIOKA3ATe/IbCTBe HePaBeHCTBA Ay < 00, 17151 TOYEK, HEBUANMBIX
CIPABa), Mbl NHOJAY4UM, 4TO () TMPEICTABUMO B Buae CyMMLI He Bojee
4EM CUETHOTO MCJIA HENEePCCEKAIOMWNXCA HHTEPBANIOB ((uy:, k) U

Bri = arj < Gl (Bri) = Flawy)]. (9)

fcuo, uro Muoxectso E.c N (a, f) NOKphIBaeTCs CUCTEMOH MHTEpBA-
5108 (@kj, Brj), npudem B cuity (8) u (9) umeem

D (Brs—ar) < E DU (By) — flawg)] <
k,j k,j
<ED 1B ~ flaw)] Z(ﬂk —ox) < p(B - a),
k
U OCHOBHO€ HEPABEHCTBO HOKA3aHO.

Teneps sterko noxasats, 4to pF.c = 0.
IIpu aTOM IOCTATOYHO KCHOJIL30BATEL TOJIBKO TO CBOHCTBO MHOXECTBA
E.c, KOTOpOE OnuCchBAETCS OCHOBHBIM HEPABEHCTBOM.

Jlemma. Ilycrs nsmepumoe muoxecTBo A Ha orpeske [a, b] Takoso,
410 AsA aoboro uurepsana («,3) C [a,b] Bolmosiercsi HepaBeHCTBO
AN (e, B)) < p(B—a), rme 0 < p < 1. Torga pA = 0.

Hoxkaszarenscro. IIycrs pA = t. Ilna awboro € > 0 cymecrsy-
€T TAKOe OTKPbITOe MHOKECTBO ', pABHOE CyMME CHYETHOIO YMCJIa Herne-
PECEKAIOMIUXCH MHTEPBAIOB (Um, b ), 4T0 A C G 1 Y (b —am) < t+€

m
(cm. ynpaxuenne B n. 7, § 4, o V). Honoxum t, = p[A N (am, bm)]-
fcno, uto t = Zt Io yciosuio gemmMbl, ty, < p(by — a). Crienosa-

TenbHO, t < p E(bm —am) < p(t+¢€), u 12K Kax € > 0 TPOU3BOJIBHO, TO

< pt. Ho O < p < 1 nnosromy t = 0.
ﬂeMMa NOKa3aHa, 1 TeM CaMbIM 3aBCPIIEHO JIOKA3aTCIIHCTBO TCOPEe-
Mbl 1 B NPEANOJIOKCHUE HENPEPBIBHOCTH DYHKUMUK f.

Te e paccyXAeHNs NEPEeHOCTCs. W HA CIIy4Yall paspuIBHON MOHOTOH-
HOH hyHKUIHM, ecsau BOCHONbL30BaThCA 060Omennem nemmer @. Pucca
Ha GYHKIMM C PA3pLIBAMH IIEPBOTO POAA.

IIycts ¢ — dyuxuma HAa oTpeske [, b], nMemAas paspeIBbl TOJIBLKO
niepsoro pona. Hazosem Touky g € [a,b] nesudumoli cnpasa das g(z),
€CJIM CYIIEeCTBYeT Takoe £ > Zg, UTO

max [g(zo — 0), g(z0), g(ze + 0)] < g(&).
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Toraa, Kak 1 i CAYYa€e HENPEPLIBHO ¢, MHOJICECTE0 TROYEK, HEBUIUMBL
Cnpasa 0ast g, OMEPWING, U 6 KOMUAT COCMASASNOUWUT €20 UHTIEePGAos
(ak,bi) ewnoanaromes nepasencmea

glax) < g(bi).

XOoTs1 IOKA3ATEIBCTBO TEOPEMBI 1 JIOBOJIBHO JIJIMHEO, CAMA OHA HMECT
npocroll Harnsanubi cmbica. Hoscnus, Hanpumep, nodeMy Anp (M Ajes)
00:13aH0 6bITh KOHEYHLIM TT0YTH Betony. OrHomenne A f / Az — 370 «Ko0-
adpdbuunecHT pacTKeHnA» oTpeska [a, b] B jaHHON TOuYKe T npu 0TOOpaA-
wenny f. Tak kak npyn aToM 0TOBpAXKCHNY KOHEUIHBIH 0TPe30K [a, b] upe-
BpalaeTca B KoHeuHsllt orpesox [f(a), f(b)], To «pacrsbkeHne» He Mo-
XKeT ObITh OECKOHEYHBIM HA MHOKECTBE TTOJIOKUTEIbHON MepPhI.

Unorpa OblBaeT mojie3Ha CIENYIOHIAs TeopeMa O NOYJIEHHOM Iud-
depeHIUPOBAHNY PA M3 MOHOTOHHBIX (hYHKIMIL, HasbIBaeMasi HHOTAA
«MmaJioll Teopemolt yOunirs.

Teopema 2. Becrony cxonsamuiics pag
> Fu(z) = F(z), (10)
n=1

rae F,, — MoHOTOHHO HeyOpBalomye ¢yukuun Ha [a,b), nodrn scioay
JIOIYCKAaeT MOYJIEHHOE QU epeHnupoBanuie:

> Fi(z) = F'(a).

Hoxasarenscrso. 3amenus I, (z) ua F, (z)— F,(a), MOxX1O cun-
TaTh, 4TO BCe Fy, () HEOTPHUATENLIBI 1 OOPAILAIOTCS B HYJIbL HPU T = q.
B cuuty teopemn! 1 cymecTByeT MHOXKecTBO nosiHo# mepnt E C {a, b],
Ha KOTOpOM cyuecTByloT Bce F)(z) n F'(z). llycre z € E, a £ € [a, b]
npou3BoJIbHO. Meem
2onei{Fe(l) — Fal2)} _ F(§) - F(x)
£—xz - g-z
Tax xak € — z u F,(§) — F,{(z) uveror onunakosbiil 35aK (MOHOTOH-
HoCTb!), TO npu Jsobom N

T {Fa(§) ~ Fa(@)} _ F(§) - Fla)
E—=x = E—x )

Ilepexons x npenesny npu £ — x, 0oJay4aem

N
> Fi(z) < F'(x).
n=1
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Iockonbky Bee Fl(n) > 0, OTCK)}m CJIeNYeT, 4TO
ZF’ (z) < F'(z). (11)

Wrak, pag us Hpousaonﬂmx F " () cxonmres Beiony Ha E. TTokaxkem, 14to
npu noytu Beex z B (11) uMeer mecto 3uak paseHcTBa. A xaxagoro k
Halinercs Takas yacru4Has cymma Sy, (x) psiua (10), €to
0 < F(b) = Sp, (b) < 1/2".
Tak kak dyukuus F(z) — Sy, (z) = Y. Fn(z) — HeyObBaromas,
m>n
TO U TIpH JIIOOOM I :

0< F(z) = Sy (z) < 1/2%,

OTKYZHa CJIIYeT, YTO DS
o0

k=1
cocrosiiuit u3 HeyObBawmux GyHKUMA, CXOouTea (Jaxe PaBHOMEPHO)
Ha BCeM otpeske [a, b]. Toraa, 1o y:xe MOKa3aHHOMY, DAL

oo

> [F' (=) - Sy, (@), (13)
=1
nosy4eHusl#t n3 (12) nownenusiM quddepeHINPOBAHNEM, CXOOUTCSA 10
uy Beoay. Caengosarensro, obumil wiien pana (13) nouru Bcrooy crpe-
Murca K Hyso, T.e. Sy, (z) — F'(z) — 0 nouru sciony. Ho eciu Goi
B HepasenctBe (11) cTosin 3HaK <, TO HUKAKAS [I0CJIEL0BATENILHOCTD
YaCTUYHBIX CYMM He MOIJIa 61)1 cxoauthes Kk F'(z). CaenosarenbHo,

Z = F'(z)

MOYTH BCIOAY. Teopema aoxasana.

CanencrBue. OyHKOUIT CKAYKOB HMEET HOYTY BCIOAY IIPOH3BOJHYIO,
PAaBHYIO HYJIIO.

HeflcrBuresibHO, Takas (PYHKIUS eCTh CyMMa CXOMISIIErOCs DA He-
yOBIBAIOIIMX «CTYIIEHEH»:

Fo(z) =
h, npu x> x,,
KaxXOasi U3 KOTOPbIX UMEET MOYTH BCIOLY PABHYIO HYJIIO IPOU3BOAHYIO.

0 npu z < zq,

3. IIponsBonHast MHTErpaJa o BepxueMy upeneay. [lockonbky
WHTEerpaJi

f p(t)dt

a
ot Ji0boii cymmupyeMolt byHKIHH MOXKHO IPEACTABUTD B BUIE PAZHOCTH
JIBYX MOHOTOHHBIX (DyHKIUH, U3 Teopemsl 1 Cpa3y BHITEKAET CIIENYOmuit
pe3yJibTar.
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Teopema 3. i kaxaoi CcyMMHPYEMOt (QYHKIINY @ OPOH3BOAHAS
T
d
o / (t) dt (14)
a
CYIHIECTBYET NPH HOYTH BCEX T

Heobxoaumo nomuepkHy Th, YTO XOTS MBI ¥ YCTAHOBHJIH CYLIECTBOBA-
H¥e 1pousBOAHON (14) MOYTH BCiOLY, BOIPOC O PABEHCTBE

L [ olt)dt = o(z)

noka He obcyxgadics. B neficteurensroctu (cM. § 3) 310 paBeHCTBO OKa-
3BIBAETCA BEPHBIM ITOYTH BCIOLY A5 Ni0bolt cymmupyemolt GyHkuuu .

§ 2. DYyHKIMHN ¢ OrPAHHYEHHBIM H3MEeHEHUEM

Bonpoc o anddepenunpyemoctn unrerpasia Jlebera no sepxremy
npeaesly MpuBes HAC K PACCMOTpEHuio kiacca yHKIMHU, OpencTaBu-
MBIX B BHJC Pa3HOCTel#l MOHOTOHHLIX ¢yHkumi. B aTom naparpade Mot
JanMM 1718 3TUX QYHKUME OPYroe OlMCAHHEe, He OIMPAIIIEecs Ha 110-
HATUE MOHOTOHHOCTH, H PACCMOTPUM OCHOBHBIE MX cBoiicTBa. Haunem
C HeODXOIMMBIX onpeaeeHni.

Onpenenenwue 1. Oyuxkuus f, sagasuas va orpeske [a, b], Hazsl-
BaeTcsa Pynkyuel ¢ 02PAHULEHHBIM USMENEHUEM, ECIIH CYUIECTBYET Ta-
kast nocrosinnas C, 4ro, kakoBo 6ol HU 610 pasbuenue orpeska [a, D]
TOYKaMU

a=x9 <11 < -<ZTp =>b,
BBINOJIHEHO HEPABEHCTBO

> If(@e) = flze-1)l < C. (1)
k=1

Besikas MOHOTOHHAs (DYHKIMS AMeeT OTPAHHYEHHOE M3MEHeHHe, TaK
Kax s Hee CyMMa, crosmas B (1) caena, e 3asucHt ot BeIGOpa pas-
6nenna u Bcerna pasHa | f(b) — f(a)l.

Onpenenenue 2. Ilycts f -— hyHKIUSA C OrpaAaHUYEHHBIM H3MEHE-
mneM. TouyHaa BepxHsAA rpadb cyMm (1) 110 BCEBOSMOXKHBIM KOHETHBIM
pasbuennsM orpeska [a, b] HaskBaeTCA NOARBIM usMmenenuesm (LU noa-
noti sapuayuet) Gyuxnuu f #a orpeske [a,b] u obosnavaerca V2{f].
Takum oGpaszom,

Velf) =sup Y |f(zx) — fzi-1)]-

k=1
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3ameuanne. Pynkuusa f, 3a7aHHas1 HA BCel NPAMOIi, HA3LIBAETCA
Pynxyueli ¢ ozpanunennum usmenenues, ecau sesmuuust VE[f] orpa-
HUYEHLI B COBOKYNHOCTH. IIpu 3ToM
: b
lim V(]

b—o0
a——00

HA3BIBAETCS NOANBM usMeneruesm GyHkmyu f Ha npsmolt —oo < = < 00
o)
u obosuavaerca V22 [f].
YCTaHOBHM OCHOBHBIE CBOIHCTBA IOJIHOTO U3MeHeHUs (hyHKIMML.

1. Ecau o — nocmosamHoe 4ucao, mo
Viaf] = |a|V2[f].

9ro cpasy cienyer us onpeaesenus V2| f].
2. Ecau f u g — Pynryuu ¢ 02panuveHHsimM UsMeneruem, mo f + g
MONCE UMEEM 02DGHUNEHHOE UIMEHEHUE U

VI + 9] < V2T + Vgl (2)

JelicTBUTENBHO, AJIsT KAXKI0TO pasbueHust 0Tpeska [a, b] umeem

D 1f (k) + glak) — flae-1) — glme—s)| <
k
<Y 1f(@x) = flaa-)l + Y lg(er) — glze-1)],
k

k
OTKyJa, TOCKOJILKY BCETIA
sup(A + B) < sup A +sup B,

noJiy4aeM Tpebyemoe HEpaBEeHCTBO.

CsoiictBa 1 u 2 03Ha4aloT, 4TO JuHelHas KoMOuHaumsa QyHEIHH
C OrpaHHYeHHBIM H3MeHenreM (ONpee/IeRHbIX Ha, JAHHOM OTpe3Ke [a, b))
€CTb CHOBA, (PYHKLMA C OIPAHMYEHHBIM n3MmeHenuem. Munimu crosamu,
PYHKUUU € 02PAHUNEHHBIM USMEHEHUEM 00pa3ytom aunelinoe NPocmpan-
ecmeo (B OTJIMUME OT MHOXKECTBA MOHOTOHHBIX (pyHKILUH, KOTOpHIE M-
HellHOrO IPOCTPAHCTBA He 00pa3yoT).

3. Fecaua <b<c, mo

Vo1 + VLA = VELS)- (3)

HeficTBUTEIBHO, PACCMOTPUM CHadalla Takoe pasbueune orpeska [a,cl,
B KOTOPOM b ClyuT ogHOH U3 TO4ex neJsieHud, ckaxeMm, ¢, = b. Toraa

S (k) = flar-)l = D 1 flw) = Flae-a)l+
k=1 k=1

+ 37 1f(me) — Flae-n)] < VR + VELAL (@)

k=r+1
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BosbMeM Temeph pOW3BOJILHOE pazbuenue orpeska [a,c¢]. fcHo, 4ro
eCJIM K ero TOYKaM JeSIeHus A00aBUTh elle 0Ny, HMEHHO TOYKY b, To
CYyMMa, "

Y1) = fzr-a)]

k=1
oT Takoro nobasiyienHust He yMeubmuTca. CnemroBaresbHO, HEPABEHCTBO
(4) BBIIOSTHEHO st m0Boro pasbuenust oTpeska [, ¢f, MO3ITOMY

VI S VLA + VELS)- (4)

C apyroit croponsl, ana scaxoro € > 0 Halinyrca Takue pasbuenus
orpes3kos [a, b] u [b, ¢, aro

Do) = Sl > Vel - 5,
Do) = F@) > VA - 5

CoenuHuB TH OBa pa3sbueHus1, MBI NOJIYIMM pasbueHue oTpeska [a,d],
7151 KOTOPOTO

Do) — flaroa)l =
k
=§:U@D—ﬂﬂqﬂ+§:U@ﬁ—f@ﬁdbﬂﬁm+Wﬂﬂ—&

B cuny nponsBosisrOCTH € > ( OTCIOHA CHEAYET, YTO
Vil 2 Ve L]+ VLS. (5)
Uz (4') u (5) cnenyer (3).
Tax xak NOJHOe u3MeHeHue J1I000H GyHKIUN HA J06OM OTpe3Ke He-
OTPHLATEJHHO, TO U3 cBoiicTBa 3 cpaldy caenyer cBOHUCTBO 4.

4. @
v o(z) = V]

MOHOMOHHO HeYObLLBaAULa.

5. Feau f nenpepuisna 8 movke ¥ caesa, mo u v HENPEPUGHE 8 3ot
MoYKe CAL6q.

HeiltcTBuresibao, nycts € > 0 3anmaHo. Beifepem § > 0 tak, 4to
[f(z*) — f(2)] < £/2, xax TospkO T* — & < z < z*. Hanee, Boibepem
pasbueHue

A=< < < Tp=2z"

TaK, 4YTO

VU= Y 1 () - Flaw-1) < §. (6)

k=1



354 I'a. VI. Heonpedeaennunil unmezpan Jlebeza

IIput 5TOM MBI MOXEM CYUTATDH, YTO
¥ —xa_1 <6

(nnaue mbl go6aBusK 6bl €ie OOHY TOYKY pasbuenus, OTYEro PasHOCTh,
crosimas B (6) csieBa, MOIJIa OBl TOJIBKO YMEHBUIUTHCH), IO3TOMY

1f(2*) = flza_1)] < /2
U, cne,aosaTeano,
n—1
VEA =D 1f @) = 1)l <e.
k=1

Ho rorna, rem 6outee,

VEf]-VE-1{fl <e, me v(@*)—v(zn_1) <e.

a

Tak kax v — MOHOTOHHO HeyObiBawOmasn GYHKIMsI, TO OTCIONA CIeHyerT,
qro v(z*) — v(z) < € 1M BCEX T TAKHUX, 4TO Tp-1 < T < z*. A aro 1
03HAYAET HENPEPbIBHOCTDL (DYHKIMHU U B TOUKE T* CJIEBA.

Ecnu f venpepsiBaa B TOYKE ¥ CIpaBa, TO, KaK [TOKA3BIBAIOT aHAJIO-
TMHYHbIE PACCYKJIEHH, U U HEIIPEPBIBHA, B 3To# Touke cripasBa. Ciaenosa-
TEJIBHO, ecal [ Henpepuiena ¢ nekomopot mouxe (uau Ha 6cem ompesre
la,b]), mo nenpepuena u v.

Iycts f — npousBosibHaA HYHKUMA HA [a, b] ¢ OrpaHUYEHHBIM H3Me-
HEHUEM ¥ v -—— ee IOJIHOE W3MeHeHue Ha [a, z]. Paccmorpum pasnocTs

g=v—f.

9Ta pa3sHOCTDb NPEICTaBiaseT cobolt MOHOTOHHO HeybbIBaoIy 0 hYyHK-
muaro. HeticrsurensHo, nycts ' < z'. Torna

p(a") — p(z') = [v(a") — v(=")] - [f(z") - F(=")]. (7)
Ho Bcerpa "
|f(z") ~ f(a")] < v(") —v(z) = V3 [f],
[O3TOMY TIpaBas, a 3HAYUT, M JIeBasd 4acTh paBeHcTBa (7) HEOTPHUA-

TEJILHBL.
Wrak, nockoIbKy
f =v—-9,
MBI TIOJIYYHUJIA CJAEOYIOIUl pesysibTar:

Teopema 1. Bcakasa ¢QyHKUNA ¢ OrpDAHHYEHHBIM H3MEHEHHEM MO-
KeT ObITh NPENCTABJICHA KAK PA3HOCTH ABYX MOHOTOHHO HEYOBIBAIOIIUX
hyHKIHH.

ObparHoe yTBEPXKIEHUE OYEBUIHO: BCAKAA (DYHKIMA, IPEACTABUMA
B BHJE PA3HOCTH IBYX MOHOTOHHBEIX, UMEeT OrpaHNUYE€HHOE U3MEHEHMUE.
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IToaromMy coBOKynHOCTE QyHKUH, HPEACTABUMbBIX B BUIE PA3HOCTU MO-
HOTOHHBIX (bYHKLHUI, pACCMOTpPEHHAA HAMH euwe B IpeaplaynieM Hapa-
rpace, 3TO ¥ €CTh COBOKYITHOCTL (pyHKUMHI C OrpaHUYEHHBIM H3MEHEHN-
eM.

U3 reopemsl 1 ¥ ycTanoBsieHHON B IpeaplaylieM naparpade TeopeMbl
Jlebera 0 CymecTBOBaHMY NPOU3BOAHON y MOHOTOHHOM hbyHKLUM Ccpasy
CJIeNyeT, YTO 8CAKaR PYHKUUS € 0ZDAHUNCHHOM USMEHERUEM UMEET NO-
NmMU 8CHJY KOHENHYIO NPOU3BOTHYI0.

Hepeiinsa oT MOHOTOHHBIX (YHKIMH K (DYHKUKAM C OrPaHNYEHHBIM
M3MEHEHHEM, II0JIE3HO cienyroumM obpa3zom 0600IIUTE BBEIEHHOE BBI-
e noHATHE (PYHKUMM CKadkoB. [IycTb 1,..., Tn,... — KOHEYHOE WJIU
CUETHOE MHOXECTBO TOYEK Ha [a, b]. [TocTaBuM B COOTBETCTBHE KaXKI0H
U3 3THX TOYEK T, B3 YUCNA gn U hy, Tak, 9TO

> _(lgnl + lhal) < co.

n

[Tpennosoxum, KpoMe TOro, YTo €CJd I, = a, TC g, = 0, a ecau

Zn =b, 10 hy, = 0.
Y@ = Y gut 3 b (8)

Honoxnm
Tn LT Lpn<T

Ms1 6yneM HasbiBaTh TEHEpb PYHKYUAMU CKa%¥K06 J1IOObIe DyHKIMY
suna (8). INonHoe usmenenue dynkuun ¥W(x) paBHO, O4EBUIHO,

3 (Ugn] + [al).

Touxamu paspeiBa pyuxuun (8) ciayxKar Te I, I KOTOPHIX XOT:
OBl OIHO U3 YMCeJT §p, Ry, OTAUYHO OT HYJIS; IIPH 3TOM

1/)(1“71) - T/’(xn - 0) = Gn, 2/)(:1"71 + 0) - w(xn) = hn~

Teneph JIerKO MOJIy4aeTcsl CJeAyiollee yTBEepxIeHHe, obobluaiouee
yTBepxaenue 4 0. 1 npeapigymero naparpada.

Besakas dyHkuusa f ¢ OrpaHHYEHHLIM H3MEHEHHEM, OMpPeIesIeHHAs
Ha [a,b], MOXeT ObITh IpencTap/ieHa, U MPUTOM EIMHCTBEHHLIM 06pa-

30M, B BUIE
f=w+1,
Ille @ HelpepbIBHA, a 1 — QYHKIUSA CKAYKOB.

Ynpaxuennsa 1. Ecnmu f umeer Ha [a, b] orpaHnveHHy 0 NPOH3BOAHYIO
(r.e. f'(x) cymecrsyer Bciony u |f/ (z)| < C), To f ~— dyuxuus c orpanuyen-
HBIM U3MEHEHHUEM, TIPUIEM

V21 € Cb—a).
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2. Ilycty f(z) = zsin % npu =z # 0 n f(0) = 0. Iloxa3arts, 4T0 U3MeHeHHE
dysxuun f Ha [0, 1] 6eckoneuno.

ITocTosiHHBIE, U TOJBKO OHHU, HPEICTABIAIOT coboit dyHKIINHK, NOTHOE
n3MeHeHne Kotopbix pasHo 0. Homoxum

Il = V2.
Besiwanna V2[f] obnanaer cpoficrsamn 2) u 3) nopmsr (cm. m. 1 § 3
it IT), Ho e cpolictsom 1). Ecoin paccmorpers ToJibko GyHKIMY, YIIO-
BJIETBOPAIOIME AONOJHATEbHOMY yeiosuio f(a) = 0, To oHM Takxe
06pasyioT JMHeitHOe NPOCTPAHCTBO, B KOTOpoM pesmumna V2[f] obia-
naeT yxe Bcemu cpoficTsamu HopMmel. [Ipoctpanctso VO[a,b] dynxuuit
C OrpaHMYeHHBIM M3MEHEeHHeM Ha [a,b], YIOBIETBOPAIOLMX YCJIOBHIO
f(a) = 0, ¢c 0BbIYHBIMY ONIPEIESIEHUAMY CJIOKEHUA ¥ YMHOXKEHHI Ha YH-

cJjla U C HOpMOIit

Il = V2L,
HA3BIBAETCS NPOCTMPAHCTNEOM PUHKUYUT € 02DAHUNEHHBIM USMEHEHUEM.
(Hdoxaxkure NOJIHOTY 3TOrO NPOCTPAHCTBA. )

Yupaxuenune. Jokaxure, uto ||f|| = |f(a)] + V2[f] apaserca nopmot
B IpocTpancThe 6cex QPyHKuuit C OrpAaHMYEHHBIM H3MEHEeHHEeM Ha OTpesKe [a, b]
M JOKaXHTE HOJIHOTY 3TOr0 NPOCTPAHCTBA.

§ 3. IlponsBogHasa HeonmpeleJIeHHOro HHTerpaJa Jlebera

B § 1 mu1 nokasanm, gro unterpay Jlebera
[ f@at
a

Kak pyHKIMA OT T MMEeT NOYTH BCIOJly KOHEUHYIO npou3BonHyo. OnHa-
KO MBI II0KA €1l€ He BBIACHU/IN, KaK CBA3aHa 3Ta NPOM3BOAHAA C MObIH-
terpasibHolt hyukuuelt. Ceifuac Mbl YCTAaHOBUM Cjlefyloniuil pe3ysibTar,
ynoMsinyThifl B Kouie § 1.

Teopema 1. [us Besakoit cymmupyemoli pyakunn f noyTH BCrogy
HMEeT MECTO PABEHCTBO

4 [ f(t)dt = f(a).

HoxaszarenbcTso. [Honoxum

(@) = [ f(t)dt.
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IlokaxkeM BHa4aJie, YTO HOUTH BCIOLY
f(z) > ¥'(2).

Ecn f(z) < ®'(x), T0 HalinyTcsa Takue pauuoHalbHbIE Yucia a u 3,

41O

fl@) <a< B < d(z). (1)
IIycts Eop — MHOKECTBO TEX TOYEK, B KOTOPBIX BbLIIOJIHEHO HEDABEH-
ctBo (1). OHo usmepumo, nockosbky f u ®' usmepumor. ITokaxem, 4ro
Mepa KaxkAoro u3z MHomectB Eug pasua mymo. Tak Kak qHCIO 9THX
MHOXKECTB CHETHO, TO 0TCIofa ByaeT CJIenoBarh, YTo

plz: f(z) < ®'(z)} =0.
Hycts € > 0 npousBosbHO ¥ nycTh § > 0 TaKOBO, 4TO

|/ 10 dt‘ <e,

Kak ToJbKO ue) < & (rakoe § cymecrsyeT mia juoboro € B custy abeo-
JIIOTHOU HelpepbIBHOCTH MHTErpaJia; cM. TeopeMy b § 5 ru1. V). Beibepem
Teneps OTKpbIToe MHOXKeCTBO G C [a, b] Tax, 410

G DEss v p(@) < p(Eqg) +6
{cm. ynpaxHsenune B 1. 7 § 4 ri1. V). Eciin z € Equp, TO

M2 @

a7t Bcex £ > x, IOCTATOYHO BJIM3KUX K X. 3alUCaB HEPABEHCTBO (2)

B BUJE
®(€) — B > 2(z) - B,

HOJIy49aeM, YTO TOYKA T — HeBUiuMas cupasa i1is byukuuu @(z) — Sz

Ha JII0DOM M3 COCTaBJIAIOIMX HHTEpBaJioB MHoxectBa (. Hcnomesys

gemmy @. Pucca, Mbl MOXKEM MO3TOMY YKA3aTh TAKOE OTKPBITOE MHOXKE-

ctBo S = [ J(ag, br), cocTosimee U3 HENEepeCceKanIUXCa HHTEPBAJIOB, YTO

k
Eag cCSCcGu
®(bi) — Bbr = ®(ar) — Pax,

Q(br) — ®(ax) = Blbr — ax),

T. €.

HJIN

by
[ 1t dt > Bk ~ ).

CyMMHpys TaKue HepaBeHCTBA 110 BceM mHTepBaJiam (ag, by), cocra-
BJISIOMMM S, MoJlyvyaem

[ £ dt > Bu(S). 3)
S
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B 10 xe Bpems
[f@di= [ fydt+ [ fleydt<
s Eap S\Eap
<ap(Eap)+e < ap(S) +e+|ajd. (4)

Cpasuusast (3) n (4), nosydaem
ap(S) + e+ |ald > Bu(S),
u(S) < L.

Taxum obpa3oMm, MHOXKECTBO Fo3 MOXKHO 3aKJIOUYHTh B OTKPBLITOE
MHO2K€CTBO CKOJIb YTOJHO MaJIOH Mepbl (Mbl MOXKEM CYUTATh, HAIIPUMED,
470 |a}d < €), a 9710 1 o3HavaeT, yTo U{Fyp) = 0. Wtak, Mbl nokasasn,

e f@) > ¥ (2)

TIOYTH BCIOAY. 3aMenuB f(z) Ha — f(Z), MBI TAKUM XK€ [yTeM [OJLy4uM,
<ITO MOYTH BCIOAY

~f(z) 2 =2¥'(z), me. f(z)<®(z)

", CJIe00BATEJIbHO, MOYTH BCIOLY

z

fl@) =)= & [ f(

a

§ 4. BoccranosJiieHHe (JpYHKIIHH II0 €€ IIPOU3BOIHOH.
AB6conroTHO HenpephiBHbIe (DYHKIHA

Wrak, Mbl peminiy nepsbiii ©3 NOCTABJICHHBIX B HavaJie 3TOH IJiaBbl
BOIIPOCOB, YCTAHOBUB PABEHCTBO

% /zf(t) dt = f(z) (mouru Bcomy)

Iist 060l cyMmupyemoit Ha [a, b] dyHkunu f. PaccMoTprM Teneps BTO-
poii U3 chOpMYJIMPOBAHHBIX TaM BOIPOCOB, T. €. BBIACHUM, Kak obobia-
erca Ha caydail uarerpana Jlebera ¢opmyna Herorona-J/leitbruua

H@:H@+iﬁ@ﬁ, (1)

XOPOILO W3BECTHAA B CJIy4Yae HeNnpephiBHO nudpepenuupyembix (HyHK-
UMl U3 3JIeMEHTAPHOrO aHAJIN3A.
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EcrecTBEHHO OrpaHHYHTLCA paccMoTpeHueM dyHkuult F, saseno-
Mo auddepeHIMpyeMBIX ToYTH BCoay (umHave paseHcTBO {1) mpocto
He umeeT CMbICIa). Kak Mbl yxe 3HaeM, TAKUMH, B YACTHOCTH, ABJIAIOT-
cA QyHKUMM C OrpAHUYCHHBIM U3MEHEHHEM.

C npyroit croponsl, uarerpaJt, crosmuii 8 (1) cnpasa, ectb QPYHK-
UMs ¢ OrpaHuYeHHuIM H3MeHenueM. [loatomy paseHctso (1) He Moxer
6bITH BEPHO U151 Gosiee wUpoKoro kiaacca gpyukuuit. [lockonbky Becaxkas
(byHKUIUS ¢ OrpAHUYEHHBIM UBMEHEHHUEM eCTh DA3HOCTh JBYX MOHOTOHHO
HeyOBIBAIOIIMX,, TO KMEHHO MOHOTOHHbIE (DYHKIIMU U HYy2KHO PACCMOTPETh
B IIEPBYI0 OYE€PENb.

OnHaxo IS NPOU3BOJLHBIX MOHOTOHHBLIX (dyHkuuil pasencrso (1),
BOODHIE rOBOPA, He HMeeT MecTa. BmecTe ¢ TeM cnpaBeanBa Ciefyomas
TeopeMa.

Teopema 1. Ilponspognas f' moHOTOHHO HeybbIiBarouledl GyHK-
oqun f cyMmupyema u
b
[ @) de < (b - fla).
a
HdoxkaszaresnscrBo. Ilo onpenenennto, nponssogHas GpyHkuun f
B TOYKE T ecThb Nipefes oTHomeHus b)

on(a) = LB =T @

npu h — 0. I3 MOHOTOHHOCTH f BBITEKAET €e CYMMUPYEMOCTh, 8 3HAYNT,
H CYMMHUDYEMOCTb Kaxaofl us dbysxumi ¢p. IlosTomy pasencrso (2)
MOXKHO NPOHHTErprpoBars. [omyuaem

b
/cph(x)dx:%/bf(x—i—h)dx—%/bf(m)dmz

| bh L ot
=z b/ f(@)dz — 3 / f(z)d=.

Crosiwee cupasa Beipaxenue npu h — +0 crpemurca x f(b) — f(a + 0).
(Joxaxkure!) Ioaromy, npumenus Teopemy Darty (reopema 8 § 5 rn. V),
MBI [OJIyHaeM

b b
[ 1@ da < lim, [on(a)ds = £0) - fla+0) < SO) — @)

(camo cymecrBOBaHue vHTErpasa or f' Taxxke obecneuuBaeTCs Teope-
Mot Paty).
Teopema noxasana.

1Y Urobet sripasenue f(x + h) umesno cmbics npu mobom z € [a,b], MoxEO cun-
TaTs, 410 f(x) = f(b) npu z > b u f(z) = f(a) opun z < a.
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wink
—

1
3
Puc. 21

Herpynxo npusecTy npumep MOHOTOHHON GYHKIMH, ja KOTOpPO
MMeeT MECTO CTPOroe HEPABEHCTBO

b
J f'(z)ds < f(b) - f(a).
JocTaro4Ho MOI0XKUTL
@ = {

VinrepecHo, OTHAKO, YTO CYINECTBYIOT HENpepbiBHbl€ MOHOTOHHbIC
byHKUNH, 1151 KOTOPBIX CTPOrOe HEPABEHCTBO

[ F®)dt < f(2) - £(a)

0 mpu 0<z<1/2,
1 opn 1/2<z< 1.

BBIIIOJIHEHO HIPH BCEX T > 4. Bor onun u3 HpOCTeﬁU.IPIX IpUMEPOB. Pac-
CMOTPpUM Ha OTPE3KE [0, 1] KaHTOPOBO MHOXECTBO N ONpeaeJIinM f CHa-
JaJia Ha €r0 CMEXHBIX HHTEPBAaJlaX, NOJIOXKUB
2k—1 _ n—-1
f(t): 271 b k_172’37""2 )
Ha k-M CMEXHOM HHTEpBaJIe N-TO paHra (BK.HIO‘{aH Hu ero KOHH,bI). (I/IH-
TEPBAJIbl HYMEPYIOTCs CJIeBa Hanpano.) C.HeJlOBaTe.HbHO,

f@®) =1/2 npn 1/3<t<2/3,
fit)=1/4 npn 1/9<¢t<2/9,
F@)=3/4 unpu 7/9<t<8/9

u . 1. (puc. 21). Taxum obpa3som, f onpenesnena na orpeske [0, 1] Bcioay,
KpOMe TOYEK BTOPOTO POJia KAHTOPOBA MHOXKECTBA (T. €. TO4eK, He IIpH-
HAUTEXKAIMX HH CMEXKHBEIM UHTEDPBAJIaM, HU COBOKYITHOCTH MX KOHIIOB).
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Joonpeaenum Tenepb f B 3TUX OCTABINMXCS TOUKaX Cleayromum obpa-
soM. IIyers t* — o/Ha u3 TaKux TO4YEK M nycrb {t,} — cxoasnasics
K Hell BO3pACTAIOMAs NOCJIEHOBATENLHOCTh TOYEK NEpPBOro poaa (T.e.
KOHIIOB CMEZKHBIX nHTepBasios). Torma cymecTsyer npeges

lim f(t,); 3)
n—00
AHAJIOTHYHO, CYIECTBYET U TIPeIes
. ! :
lim f(t),), (4)
n—roe
ecain {fI,} — yObiBaomas mocsjaeNoBaTeIbHOCTL TOYEK MEPBOTO PO,

cxofsuuascs k ¥, npnuem npegens: (3) 1 (4) pasan mexy coboit. ITpu-
HAB 3TO ofiuee 3HaveHue 3a f(t*), MBI MOJYYMM MOHOTOHHYIO (DYHK-
LM, ONPEJIeJIEHHY0 M HelpephiBHY0 Ha BeeM orpeske [0, 1], HasbiBae-
MYI0 «KaHTOpOBO# Jecthuueit». Ee npoussonnas pasHa, 04eBUIHO, HY-
JIIO B KQXA0H TOYKe JH000ro CMEXHOTO MHTEpBaJla, T.e. NOYTH BCIOLY.
CilenoBarenbHo, 115 5TOH QYHKIUN nMeeM

0= [ F®)dt < f(z) - 1(0) = J(x)

npu Jsiobom x u3 nosayunrepsaia 0 < z < 1.
OTMerHM MONYTHO, YTO B Cjydae MOHOTOHHOH f(x) paBeHCTBO

b T
/ f'(t)dt = f(b) — f(a) Bneder paBencTBoO / ') dt = f(z) - f(a) upu

10060M T 13 nonyuHTepBasia ¢ < = £ b.
Yrobsr onucars kiace GbyHKUUR, 1151 KOTOPLIX UMeeT MeCTO paBeH-
CTBO

b
[ F@dt = f(b) - f(a),
BBCIEM CJiieayriuee onpae,u,enenne.

Onpenenesne 1. Oyukuua f, 3anaHHast HA HEKOTOPOM OTPE3Ke
[a, ], HasbIBaETCA abcoaromno HenpepueHoti Ha HEM, €CJIM AJA JT0Boro
€ > O nafinercs takoe § > 0, 9To, KakoBa 661 HE ObLIa KOHEYHAS! CHCTEMA
MONAPHO HENEPCCEKAOMMUXCST HHTEPBAJIOB

(ak7bk)7 kzla"‘a”‘;
¢ cyMMOl JinH, MeHbmefi §:
n
D bk —ar) <8,

k=1
BBLIINIOJIHEHO HEPABEHCTBO

S TUFb) - flaw)] < e

k=1
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fcHo, 4TO Besikas abCOIIOTHO HenpepbiBHas (MYHKIUA PABHOMEDHO He-
npepbiBHa. O6parHoe, Booblie rOBOPsi, HEBEPHO, HAIPUMED: OHHUCAHHAS
BBIIIE «KAHTOPOBA JIECTHULA®» HENPEpBIBHA (4 3HAYUT, U PABHOMEDPHO
HelnpepbiBHA) HA oTpeske [0, 1], onHakxo oHa He aBCOTIOTHO HENPEPBIBHA.
HeficTBUTEIbHO, KAHTOPOBO MHOXECTBO MOXHO ITOKPBITH KOHEYHOR cu-
creMolt unTepBasnos (ag,bi) (k = 1,...,n), cymMMa OJIMH KOTOPBIX CKOJIb
yrogHo Mana. Bmecre ¢ Tem juis Kaxk ol Tako#l CUCTEMbl MHTEPBAJIOB
BBIIIOJIHEHO, OYEBUJIHO, PABEHCTBO

STIf) - flax)| = 1.
k=1

YkaxkeM OCHOBHbIE CBOHCTBA abCONIOTHO HENPEPBIBHBIX MYHKIMH.

1. 3amMeruM npexkae BCero, 4TO B OIpeneseHnn 1 MOXHO BMECTO JIO-
Golf KoHedYHOH CHCTEMbl HHTEPBAJIOB ¢ CyMMOR JymmH < ¢ paccMa-
TpUBATh JIO6YI0 KOHEYHYO UJM CYETHY O CACTEMY UHTEPBAJIOB,
CyMMa JIJIMH KOTOpbiX < 4. JelhcTBuTe/IbHO, NYCTh OJIs NaHHOro £ > (
Mbl BeIOpasin & > 0 Tak, 4ro

ST - flar) <e
k=1

11715t JTI060H KOHEYHOH CuCTEeMBbI HHTEPBAJIOB (ayg, by ), yIOBIeTBOpAIOmEtt

YCJIOBHIO n
E (bk - ak) < (5,
k=1

u nycrs (op,B;) — CYeTHas CHCTeMa MHTEPBAJIOB C CyMMOH JJIHH,

He npesocxonsumett §. Torga npu oboM n nMeeM

STIFB) — flow)l < &
k=1

Nepexoas 3IeCh K IPENeJiy [pU 1 — 00, NOJyYaeM

ST1(Br) — flow)l <&

k=1

2. Beaxas abcomommo nenpepwighas GYHKYUA UMEETN 02ZPDARUNEHHOE
uMeHeHue.

HeiicTBuTesnio, abCoTIOTHAS HENPepbIBHOCTh (GYHKUUK f HA OTpE3-
ke [a, b} o3Hayaer, B wacTHOCTH, YTO M1 Kaxkaoro € > 0 MoxHO § > 0
BeIOpATh TAK, YTO HOJIHOE u3MeHeHHe (PyHKUHH f Ha OTPE3KEe JNJIMHBI
< 6 Gyner e 6onbme, qem €. [lockonbky OTpe3ok {a,b] MoxHO pas-
OHTH Ha KOHEYHOE YHCJIO OTPE3KOB JJIMHEL < §, TO U [TOJTHOE H3MEHEHUe
dynkuuu f Ha [a, b] xoHeuyHo.
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3. Cymma abconrommno nenpepuehux Pynkyul v npoussedenue maxoti
PYHKYUY HA HUCAO cYymb aBCOANMHO HETPEPBIEHBIE PYHKYUL.

D70 cpasy BhITEKAeT W3 onpelesieHus abcosiloTHON HenpepbIBHOCTH
U CBOICTB MOJIyJIst CYMMBbL ¥ IIPOU3BEIEHMUSI.

CaoitcTBa 2 1 3 03HAYAIOT, YTO GOCOANOMHO HENPEPLIEHBIE PYHKUUU
6 npocmpancmee 6cex’) Gynryuli ¢ 02PAHUNEHHMM UIMEHENUEM 00pa-
3yI0Mm Aunelinoe MHO2000pa3Ue.

4. Beakas abcoaromno Henpepusnasi Guuxuyus modcem bums nped-
CTABAEHE KAK PAZHOCTD (8YL abCOMOTNHO HENPEPULEHMT HEYOBEAOUUT
Pyrryut.

HeficrBurensHo, abCOMIOTHO HenpepblBHAA (DYHKUMA, KAaK BCAKAA
GbyHKUMA ¢ OrpaHHMYEHHBIM M3MEHEHHEM, MOXKET ObITb NPEeCTABJIEHA

B BHIE
f:U_ga

v(z) = VZ7If] n g(z) =v(z) - f(z)
— neyObiBatomue dyuxkuun. [TokaxkeM, 4T0 KAXKIAA 13 3THX ABYX DYHK-
uuit abCosTIOTHO HenpepbiBHA. JJOCTATOYHO HUPOBEPUTDL 3T0 11 v. IlycTs
€ > 0 3anano. Beibepem ¢ > 0 pyist 3T0T0 € Tak, KaK 3T0 OUKTyeTCsa abco-
JHOTHOH HenpepbIBHOCTHIO hyHkimy f. BospbMeM cuctemMy n uHTEPBAJIOB
(ar, br) ¢ cymmapHoil nnunoft MeHbmie, YeMm §, ¥ PACCMOTPUM CYMMY

n
> (w(br) ~ v(a)). (5)
k=1
OTa cyMMma MpeacTasaseT cobofl TOYHYIO BEPXHIO PaHb 4HCes

rge

n myg
> > 1f @) ~ fl@ra-1)] - (6)
k=1 I=1

IO BCEBO3MOXKHBIM KOHEUHBIM Pa3bueHusim

a) =210 <211 <Z12 < - < Tymy = by,

ay = Tog < Tog < ZTog <+ < Tam, = b,

An = ZTno < Tp, <Zp2 < - < ZTpm, = bn
HHTEPBAIIOB (a1, b1), .. ., (@n, by). Tak Kax cyMMa J1IMH BCEX UHTEPBAJIOB
(Tk,1-1,Zr 1), 110 KOTOpPBIM Oepercs cymma (6), He npesocxomut 6 > 0, TO
kaxfag us cymm (6) ne 6osbiue, uem . Crrenoparesibuo, u cymma, (5), —
UX TOYHAs BEPXH:AsA I'PaHb, — He Boiblne, 9eM €.

Crenyroliue aBe TeOpeMbl YCTAHAB/INBAIOT TECHYIO CBA3b MEKILY IO~

HATHEeM abCOJIIOTHON HENpepbIBHOCTH M HEONPCHETEHHLIM HHTETPAJIOM
Jlebera.

1Y Cwm. ynpaxuenue B § 2.
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Teopema 2. QOyukuus
F@) = [ 1@,
a

npeacrasisaonias cobofl HeonpenesIeHHbIH HHTErpajg CyMMHPYeMOoit
¢dyHEIHH, a6COJIIOTHO HENPEPBIBHA.

Hoxasarenscrso. Eciu {(ax,by)} — xakas-nmbo cucrema He-
[IEPECEKAIOHUIUXCS UHTEPBAJIOB, TO

Z|F(bk)— @) =3| [ r0d| <Y [ ol -

k=1 ax k=1 as
= [ ®ld
LkJ(ak,bk)

B cuJly abCOJIIOTHON HENpepLIBHOCTH HHTerpasa Jlebera nociensee Bbl-
paXKeHHe CTPEMUTCA K HYJIO, KOTOd CYMMapHas [JIMHA UHTEePBAJIOB
{(ak, bi) cTpemurcs x HymO.

Teopema 3 (Jleber). Ipoussoauas f = F' abcosorno Henpe-
peIBHOH pyHKIHH, 3amaHHO Ha oTpeske [a,b], cymmupyema Ha 3TOM
orpeske H aJjist kKaxaoro z (a <z < b)

[ ) dt = F) - F(a).

Teopemnt 2 u 3 MOKa3BIBAIOT, YTO AOCOJIIOTHO HEMpepPHIBHbIE (hYHK-
IIMH, ¥ TOJIBKO OHHU, BOCCTAHABJIMBAIOTCS C TOYHOCTBHIO 0 IIOCTOAHHOIO
CJIAraeMoro Mo CBOeH NMPOM3BOIHON C [IOMOIIBIO ONEPAIUN HHTEIPHPOBA-
HUSL.

JLlna noxa3arensbCTBa TEOPEMBI 3 HAM MOHAN0OUTCS CIIENYIOMA JIeM-
Ma.

Jlemma. Eciu npousBoaHasi abCOIFOTHO HeNPEPBIBHONH MOHOTOHHO
HeyObiBatometi ¢pyuxnuu f pasHa 0 no4YTH BCIOAY, TO 3Ta (DyHKUHA —
[IOCTOSAHHASL.

HoxazareabcrBo JdeMmMmbl. Ilycts f sagana na [a,b]. Tak kak
f — HenpepbIBHAS MOHOTOHHAsI DYHKIHS, TO ee 00JIACTh 3HAYEHHI! eCTh
orpe3ok [f(a), f(b)]. [TokaxeM, 4To A/INHA STOrO OTPE3Ka PABHA HYJIIO,
ecrm f'(x) = 0 mourn Berony. Tem cambiM lemma Gyaer nokaszana. Pa-
300beM MHOXECTBO TOYEK OTpesKa |a,b] Ha nBa knacca: MHOxecTBO E
Tex Todexk, B KOTopwix f'(z) = 0, u Z — ero monosnenue. Ilo yco-
suto JlemMmsl p(Z) = 0. Beibepem sekoropoe € > 0, naitnem to § > 0,
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KOTOPOE OTBEYAET 9TOMY € B CHJLY abCosloTHOH HenpepbIBHOCTH Dy HK-
uud f, ¥ 3aKJII04HM Z B OTKPHITOE MHOXKECTBO, MEPA KOTOPOrO MEHbIIe
& (310 Bo3MOxkHO, 1ockoibKy p(Z) = 0). Nnaue rosopsi, Z nokpeiBaer-
Cs1 KOHEYHOM UM cueTHOH cucTeMolt uHTepBaioB (ag, by), cymma =
KOTOPBIX Menblie §. B cootBetcTBHY ¢ BBIGOPOM § nOJTydaeM

Z |f(br) ~ flar)] <e.
"

CaiemoBatesibHO, BCsi cuctema uatepsasios (ax,bi) (a rem Bosee, u 3a-
KJIIOYEHHOE B UX CYMMe MHOXKEeCTBO Z ) nepeBoautcs hyukuueil f B Muo-
KECTBO, Mepa Kotopero menbue €. Takum obpasom, pu(f(Z)) = 0.
Paccmorpum Teneps MHOXKecTBO E = [0, 0]\ Z. [lycts 29 € E. Toraa,
nockobky f'(zo) = 0, Ana Bcex z, HOCTATOYHO DAMBKHUX K Lo, BBIIOJI-

HEHO HEPABEHCTBO
fle) - f (EO)
r— o
T.e. (MBI CYHTAEM [JIsl ONPENEJIEHHOCTH, YTO T > Tg)

f(=) = f(wo) < e(z — o)

HJIN

exg — f(xo) < ex — f(z);
TAKHUM O6pa30M, Zg €CTh TO4YKa, HeBUIAUMAaA CnpaBa OJIA (byHKU,HPI
g(z) = ez — f(z). CnenoBarensuo, no gemme ®. Pucca, MHOXKECTBO
E coumepxurca B xoHeUHOH uin CYeTHOH CUCTEME HEllepeCceKaIOUIMX s
UHTEPBAJIOB (k, O;), B KOHIAX KOTOPBIX BBINOJHAIOTCA YCJIOBUS

€8k — f(Br) 2 ear — flag),

T. €.

f(Be) ~ flaw) < e(Br — ),
Z(f(ﬂk) - flaw)) sZ(ﬂh - ) <elb—a).

OTKY/Ia
Nuaqe rosopst, muoxecrso E nepesogurca dyskumeil f B MHOXKECTBO,
HOKPBIBAIOLIEECH CUCTEMON MHTEPBAJIOB, CYMMa JIJIMH KOTOPBIX MEHbIIE
e(b — a). Beuuy npoussosbHOCTH € OTCIoaa caeayer, uro p(f(E)) = 0.

Urak, u f(E), u f(Z) umeror mepy Hysib. Ho B cymMe aTu 1Ba MHOXKE-
cTBa coCTaBJA0T 0Tpesok [f(a), f(b)]. Tem cambiM AOKa3aHO, YTO AJIHHA
9TOro OTpe3Ka eCTh HyJib, T.e. 4To f(z) = const.

Tenepp yxe Jlerko nokasbiBaerca um cama teopema 3. ocrarouno
OrPaHMYUTHCH Cy4aeM, koriaa dynkuus F(z) He yOpiaer. B aToM ciy-

(@) = F(a) - [ £(t)dt ()
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npencrassigeT coboil pyHKUMIO, TOKe MOHOTOHHO HeybuiBatouyyio. Ileti-
CTBUTEJIBHO, ecan ' > ', To 1o Teopeme 1

1]

®(z") — 8(z) = F(z") — F(z') — / Ft)dt > 0.

Kpowme roro, ® abcomoTHO HenpepbiBHa (KAK Pa3sHOCTb ABYX aBCOIIOTHO
HenpepbiBHbIX GyHxumi) u &'(z) = 0 nouru sciony (cornacHo Teopeme 1
§ 3). IToaromy B ey stemmbt @ ects xoucranta. [losoxus B (7) z = a,
AOJIYYAEM, YTO 9Ta KOHCTaHTa pasHa F'(a).

Teopema gokaszana.

Mgl BHlein BbINIE, YTO BCAKYIO (PYHKUHIO f C OrPAHMYEHHBIM M3Me-
HEHHEeM MOXXHO NPeACTaBUTh Kak cyMMy dyHKUnu ckadxos H u Henpe-
PBIBHOR (DyHKIMY ¢ OTPAHWYEHHBIM uaMeHenuem (§ 2),

f=H+op

PaccMoTpuMm Teneps HENpEpBIBHYI, HO He abCOJIIOTHO HENpPepbIBHYIO
GbYHKUHIO ¢ OrpAHUYEHHBIM M3MEHEHUEM (0 ¥ [I0JI0XKUM

W) = [ 0 ds

Pasnocts

X=¢—9
npencrasjisier coboii HenpepsIBHYI (OYHKIHIO C OTPAHUYEeHHBIM U3MeHe-
HueM. IIpu srom

4y@)=¢/(e) - & [P Wdt=0

HOYTH BCIOIY.
Hasosem nenpepsiBHy10 GYHKIMIO C OUPAHUYEHHBIM H3MEHEHNEM CUH-
2yanpHol, eC/IU ee IPOUBBOIHAS PABHA HYJIIO IOYTH BCIOAY. Mbl MOoxeM
Tenepb ¢POPMYJTUPOBATH CIEAYIOWUN Pe3ybTaT:
6CAKAA PYNKYUSL C 02PARUNEHHBIM USMEHEHUEM Modcem Obimb nped-
cmasaena 6 6ude CYMMbl MPET KOMNOHEHT

f=H+4d+x (8)

— PYHKYUU CKAYKO8, GOCOMOMHO HENPEPHIBROT PYHKYUL U CUHRYAD-
noti pynryuy.

Herpyano 1okasarb, 9T0 Kax[I0€ M3 CJIaraeMbiX B passiokenun (8)
onpeaesaerca camoil bynxuueil f OMHOZHAYHO C TOYHOCTBIO IO KOHCTaH-
To1. Ecnin hyHKuMH, BXOnAmme B paBeHCTBO (8), HOpMUPOBATH, NIOTPEdO-
BaB O0palleHKsT ABYX U3 HUX B HYJIb B TOYKE T = @, TO pa3jioxkenue (8)
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Oyitler yxe B TOYHOCTH €IMHCTBeHHBbIM. IIponuddepernuposans paBeH-
¢TBO (8), MBI IIOJIYYNM, YTO HOYTH BCHOLY

f(z) = ¢'(z)
(mockosibky H' u x' pasubl Hyuo nioutn sciony). CenoBaTesibHO, IPU
MHTErpUPOBAHUYM IPOU3BOIHON OT (DYHKIMYU ¢ OrPAHUYEHHBIM H3MEHEHH-
€M BOCCTAHABJIMBAETCsI HE caMa 3ta (hyHKUUs, a TOJALKO ee abCOIIOTHO
HEIpEepbIBHASL KOMIOHEHTA. [Be Ipyrue KOMIOHEHTs! ((hyHKLUMA CKad-
KOB U CHHTYJISIDHAs) MPH 3TOM «OECCIIEMHO HCUE3AI0T.

IMoy4urensHO CPAaBHUTH pe3y ibTAThl ITOro naparpada ¢ TeM, 4ro
laeT Teopus obobuennsix dyukuui. Kax u B rn. IV, 6ysem nosumars
noz 0606imenHOR byHxuuel uHeilubIil HenpepbIBHLIN YHKIIMOHATT HAX
npoctpancTBoM K unuTHBIX beckoHeuHo juddepeHuupyembix pyHk-
uuit. Ilpy s10M 0OBIYHON JIOKANBHO cyMMupyemoit dynkuun f coro-
CTABJISIETCS cbyHKgoHOHan, getictByonuit Ha saemenTs! @ € K o dop-

mynae (f,p) = / f(2)p(z) dx. Ob6o6mennON NPOUIBOAHOR OT 3TOrO
o0

dyHKIMOHATa CIy:KUT (DYHKUHOHAJ, CTAaBAHUI B COOTBETCTBUE 3Je-
o

MeHty ¢ € K wumcio (f',p) = — / f(z)¢'(z) dx. Tak kax B kuac-
-0
ce obobmennpix GyHkuuil ypassenne y' = 0 mMeer TONBKO OOBIYHBIE
pemeHus (KOHCTAHTBL), TO BCAKas 0600menHas QyHKUMA ¢ TOYHOCTHIO
10 KOHCTAHTBI BOCCTAHABJIMBAETCA 110 CBOel mpoumsBoguoi. B uacrtHo-
CTH, BCAKasl JIOKAJIbHO CyMMupyeMas GyHKUMA f ¢ TOYHOCTBIO 10 KOH-
CTaHTBI II0YTH BCIOAY BOCCTAHABJINBAETCH NO cBoed obBobmeHHOH
npoussonso# f'. Ilpennosoxum renepsb, 4To QyHKUMA [ OOYTH
BCIOJy UMeeT NPOH3BOIHYI0, HANpuUMep, f — MOHOTOHHAS (DYHKIUS.
O6osnauum uepes fi; = df /dz obbrynyio npoussoguyio dyukuum f.
{(Mst yxe Bupmenu, 9o df /dz Moxer pasHaTbca ( MOYTH BCIOLY, XO-
1 f(x) # const!) Oynkuus df /dz sBAsETCS JIOKATBLHO CYyMMHpPYE-
MOt (MBI npemmosiaraeM, 4To f MOHOTOHHA) M, CEAOBATEC/IBHO, MBI MO-
7KeM COMOCTaBHUTh 3TOH dyHkuuu pynkiumonasn (0606meH Y0 GYHKIMIO)

[e@) s
{(fi,¢) = / g{;(p(z) dz. CymwecrBennbiit ¢pakT COCTOUT B TOM, YTO 00-

—0oQ
obwennaa pynxyusn f1, 6oobwe zo60ps, ne cognadaem ¢ obobwennotl
dynxyuett f'. Hanpumep, ecou

@) = {

o fi =0,a f' =4 (cM. npumep 1 B 1. 3 § 4 1. IV).
Teopema 3, cOGCTBEHHO POBOPS, U O3HAYALT, YTO CPEIU BCeX (PYHKIMH
C OrPAaHMYEHHbIM HU3MEHEHHEM [LJIs1 aDCOJIIOTHO HENPepPbIBHbIX QYHKIHI

1 opu z >0,
0 mpu z <0,
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(v TONBKO ;151 HUX!) TPOM3BONHASA, MOHUMAEMas B ODBIYHOM CMBICJIE,
cosnanaer ¢ 06o6meHHoA TPOM3BOIHOM TOH )e DyHKUMH.

3/1eCh Mbl CHOBA CTAJIKMBACGMCHA C TEM IOJOKEHUEM, O KOTOPOM YXKe
rosopunock B § 4 ri1. IV: ;U1 BbINONHUMOCTH OCHOBHBIX Ollepauuil ana-
ausa (B JAHHOM CJyvae pedb MIET O BOCCTAHOBJCHHW (PYHKIHUM IO €e
IPON3BOLHOH) HYXKHO HJIH, OCTABasICh B PAMKaX KJIACCHYECKHUX OIpe-
esiennii, OrpaHm4YuTBLCA HOCTATOYHO y3KHUM 3anacoMm ¢yukuuit (abco-
JIIOTHO HENPEPBLIBHBIMHA), WK Xe, HAo60pOT, CYNIECTBEHHO PACHIMPHTh
nousATHe PYHKUMH (PACIIMPUB IPH 9TOM Y OINPEAETICHHE IIPOU3BOIHOIM).

Ynpaxuenus 1. Ilokasars, 4T0 onpenesieHne abCoIOTHON HenpepbiB-
HOCTH, COPMYJIMPOBAHHOE BBILIE, PABHOCHJIBHO caeayomeMy: f abcosoTno
HenpephlBHA Ha [u, b], ecin OHa Kax10e HOIMHOXKECTBO MEphl HYJ1b 3TOI0 OT-
pe3Ka [ECPEBOANT CHOBA B MHOXKECTBO MepbI HYJIb.

2. Haittn 06001meHny0 IPOU3BOHYIO «KAHTOPOBOI JIECTHHIBI».

3. IIycts f — dbynkuua c orpaHNyeHHBIM U3MeHeHueM, f — ee 0600uIeH-
Hasa npousBogHas u fi —— ¢yuxuonan (obobmennan pyukuma), onpenesise-
Ml «0BbI9HON» nponsponuoit df /dr dyukmuu f. dokasars, 4To

a) ecyin f aBCOMTIOTHO HenpephiBHA, TO f = fi;

6) ecn f' = f1, o f(z) sxBuBasenTHA abCOIOTHC HENpepHBHOH (hyHK-
oMM, T.€. coBnajaer ¢ takoil dyuxumefi mourn Bcoay. B wacrnocru, ecnum
f = fi u f HenpepriBHa, TO H f aBGCOIIOTHO HENMpPEPBLIBHA.

§ 5. Unterpan Jlebera kak ¢pyHKIIMA MHOXKECTBaA.
Teopema Pagmona—Hukomuma

1. Bapans1. Pasznoxenve Xana u pasnoxenne 2Kopnana. Ilo-
HATAA U (PAKTHI, H3JIOKEHHBIE B NPEIbLAYIMX naparpadax mist QyHk-
uu#i Ha OpsIMOR, PAaCHPOCTPAHSAIOTCA B 3HAYUTEJBHOR CTElneHNM W Ha
byHKIMY, 330aHHbIE HA POM3BOJILHOM NPOCTPAHCTBE C MEPOii.

IMycth X — HEKOTOPOE NPOCTPAHCTBO ¢ (KOHE4HO) Mepo#t p u f —
cymmupyemas no p dbyuxkuus va X. Ilpu atom f Oyner cymmmupyema
HA KadKJIOM H3MEepHMOM noamHoxectse A mHoxecTBa X M, CJi€n0OBa-

TeJIbHO, HHTErpaJl
®(4) = [ f(z)dp (1)
A

(c bukcupoBannoit f) npeucrasisier co6ol hyHKIMIO MHOXKECTBA, ONpe-
JEJIGHHYIO U 0-3IIUTUBHYIO Ha o-ayirebpe G, BCeX M3MEPHMBIX MHO-
xKects npocrpanctBa X . Takum 06pa3oM, 471 J1000ro pasyioKeHud

A=A
k
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HU3MEPUMOro MHOXKeCTBAa A B KOHEUHYIO0 MJIM CYETHYIO CYMMY IIOIAPHO
HENEPEeCeKAIUIMXCH N3IMEPUMbIX MHOXECTB BbIIIOJIHEHO PaBEHCTBO

B(A) =D B(A).
k

Wnage rosopst, dyuxkuus @, onpenenentas pasencrsoM (1), obnanaer
BCEMH CBOHCTBaMu g-aJUIMTUBHON MBI, 32 UCKJII0YEHNEM, OBITH MOXKET,
reorpunarennnoctu. ([Ipu reorpunarensuolt f neorpuuaresvia u $.)

Onpenesenne 1. IlpousBosbHass (KOHEUHAsA) O-aJAUTHBHAA
dyukua muoxecrsa P, onpenesiennas Ha HeKOTOpoH g-asrebpe non-
MHOXECTB OAHHOIO NPOCTPAHCTBA X, HA3BIBAGTCA 3HAKONEPEMEHHOY
Mepotl, K, Kopode, 3aGpRJoM.

IousiTve 3apsia CIIYKAT €CTECTBEHHBIM 0B0ODIIEHNEM IOHATUS T-A-
JUTHBHON Mepbl U, KaK Mbl YBHIUM HMKE, CBOOUTCH B OIIPEACHECHHOM
CMBICJIE K DTOMY TOHATHIO.

Yuopaxnenne. Joxasars, wro njasa moboro (xoHeunoro) sapaasa P, sa-
JaBHOTO Ha o-asrebpe mMEOxecTB O, CyleCTByeT Takas KOHCTAHTA €, 4YTO
|®(A)] € c upu Bcex A € 6.

Ecnu paccmarpuBaercs peanbHbIR snekTpudeckuil sapsi, pacnosio-
JKeHHBIN, CKajKeM, HA HEKOTOPOH NOBEPXHOCTH, TO 3Ty IOBEPXHOCTh
MOXKHO Pa3/ejuTh Ha ABe OBJIACTU: HECYLYIO TIONOXKHUTEIIbHBIR 3apsa
(1. e. Takyt0, 910 M106aA €€ YACTH 3APSIKEHA IOJIKUTEIJIBHO) 1 HECY LY IO
oTpuiaTesibublil 3apsan. MaremaTnyeckuM 3KBUBAJIEHTOM 3TOro ¢hakra
CJIYKWT HPHBOIMMAsL HIXKe TeopeMa, 1.

Brenem npenBapuTenbHO CAEAYIOMYIO TEPMUHOJIOIMK. Ilycth @ —
3apsil, OnpeleJieH bl Ha o-ajirebpe G noaMHoxkecTs npocTpaHcTBa X .
MuoxkectBo ' € © HasbIBAETCA OMPUUATREALHBIM OTHOCUTELHO P,
ecsin $(EN F) € 0 gns smobore F € 6; ananornuno E HaspiBaerca
noaoscumenvrum, ect $(EN F) > 0 goa seex F € 6.

Teopema 1. Eciim ® — sapan, onpenenennbiii na X, To Cyiie-
CTByeT Taxoe u3mepumoe MHOXxecTBo A~ C X, 410 A™ 0oTpHUATEIHHO
n AT = X\ A™ nonoxuresnsno (otHocuTensno $).

Hoxaszarensctso. Ionoxum
a = inf ®(A4),

TAe HUXKHAA TPaHb OepeTcs 10 BCEM OTPULIATENILHBEIM MHOXKecTBam A.
Ilycrs {Ap} — Taxas NoC/1€00BATENLHOCTS OTPHIATETLHBIX MHOKECTB,

4TO
lim ®{4,) = a.

Nn-—+00
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Torma A~ = |J A, npencrasisier coboit, KaK JIErKO BUOETH, TAKOE OT-

PHUATESIHHOE MHOMXKECTBO, 4TO
$(A7) = a.
IMokaxem, 4to A~ U €CTb HCKOMOE MHOXECTBO, T. €. TIOKaXKEM, YTO
At =X\ A~

10J10KUTeNbHO. IlycTh 3T0 He Tak, T.e. nycte AT comepxur Takoe us-
mepumoe noamuoxectso Cy, uro $(Ch) < 0. Ilpu stom muoxkectBo Co
He MOXeT ObITh OTPULATESILHBIM, TAaK KAK MHAY€e Mbl IPHCOEAMHMIIN Obl
ero Kk A7 v nostyynsin 661 OTPULIATEIBHOE MHOXKECTBO A, J1J151 KOTOPOTro

®(4) < a,

YTO HEBO3MOXKHO. I103TOMY CyIeCTByeT TaKOe HauMeHbUIee HEJIOe YHCII0
k1, nust koroporo B Cg Haltnerca nogmHoxecTBo C1, yIOBJETBOPSAIOLIEE
YCJIOBHIO

2(Ch) 2 1/k1.

Pazymeercs, C; # Cy. s muoxectsa Cp \ C1 MOXKHO HOBTOPUTE pac-
cyxaenue, nposenennoe giis Co; Mbl IOJTy4uM MHOXecTBO Ca, yOoOBJe-
TBOPAIOWEE YCIIOBUIO

®(Cy) 2 1/ky, k2 2 K,

u T. 1. Hakonen, nosoxum
oo
Fo = C()\ U Ci.
=1

MuoxecrBo Fy He nycto, tak kak ®(Cp) < 0, a &(C;) > O0mpu i > 1.
Y3 noctpoenus caenyer, uro Fy orpunarensho. ITostoMmy, npucoenuuus
ero Kk A, Mbl CHOBa MPUXCAUM K IPOTHBOPEYHIO C OIpEIesIeHUEM a.
CuienoBarensHo, a1 Beex usmepumoix E C X\ A™ nmeem

®(E) 2 0,

T.e. X \ A” NOJIOKUTENBHO.
Teopema nokazasa.

Pasbuenne npocrpancTBa X Ha OTPUIATEIBHYIO 4acTh A~ M noso-
xnrenbuyio AY masoisaercs pasaoscenuem Xana.
Paznoxenne Xana, Boobile roBopsi, He eJUHCTBEHHO, OOHAKO €CJIU

X=ATUAT u X=A; UAS
-— JIBa TaKUX Pa3JIOKEHUs, TO I Bcakoro K € G

SENAD)=B(ENA;) u S(ENAT)=3ENA}). (2
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HeitcTBuTesbHO,

EN(A7 \ A7) C EN 47, (3)
oTkyna caenyert, 4to ®(E N (A7 \ 45)) < 0. B 10 xe Bpema
En (47 \ 47) C ENAf, (4)

orkyna ®(E N (A7 \ A7) = 0. Takum obpaszom, S(EN (AT \ A7) =0.
Anajtornuno nonyvaem ®(E N (A5 \ A7) € 0. Orcona cienyer, 410

F(ENAT) = B(EN A7)

Touno Tak xe JOKA3BIBAETCS U BTOPOE 13 pasencrs (2).
TaxuM obpasom, na G sapan ¢ onnosHayHo onpenenser ABE HEOTPH-
naresbHble HYHKUMHE MHOXKECTBA, 3 HMEHHO:

3+H(E) = B(EN AY),
3~ (E)= —B(ENA™),

Ha3bIBAEMbIE COOTBETCTBEHHO aeprHeli sapuayuetd n nuxcnell eapuayuet
sapsna ®. [Ipu sTom, oueBumIHO,
1) =0+ - &,
2) @1 u @~ npencrasaAoT OO0l HEOTPHIATEILHBIC -3 AU TUBHBIE
GYHKIMHE MHOXKECTBA, T. €. MEPHI.

Mepott 6yner, ouesuano, u Gpyukuus |®| = &7 + &~; ona nasvisaet-
cst noanoti eapuayueti 3apana P, a npencrasieaue ® B BUIE PA3ZHOCTH
BepxHell v HwXHell Bapuanuil Ha3bIBaeTCs pasaoxcenuem Kopdana 3T0-
ro 3apsapa &.

SamMeuvanne. Mol paccMaTpuBany cefdyac KOHEYHLIE 3aPsAlbl, T. €.
Takue pynkunu P, 3HaUEHHS KOTOPHIX OrPAHUYEHB! KAK CBEPXY, TAK
u cun3y (CM. ynpakHeHHe B Hadajie 9TOro myHkTa). Ilpm arom &1
n &~ — koneunnie Mepsl. CKkaszaHHOE BbINIE MOXKHO 06OBIUTL HA 3a-
pAAbl, OPAHUYUEHHBIE JIUIID ¢ OJHOM CTOPOHBI, T. €. TAKHE, IJISI KOTOPBIX
xots1 661 onHa u3 BestmamnH sup $(A) u inf $(A) xoneuna.

2. OcHoBHBbIe THUIIBI 3apsI0B. [lycTh 4 — HEKOTOpas g-aIIUTHB-
Has Mepa, OlIpejesIeHHas B IpocTpaHcTse X Ha HeKOTOpol o-anrebpe ©.
MuoxecTsa, Bxonsupe B G, Mpl 6yaeM HA3bIBATL UdMEPUMbIMU. BBEaem
CHEAYIONIE TOHATHA.

Me! ckaxeM, 4To 3apan P, onpenesieHHbIl Ha mHoxkecTBax E € &,
cocpedomoner Ha uaMepumom MmHuoxcecmee Ag, ecou P(FE) = 0 nns
kaxxaoro £ C X\ Ag. MuoskectBo Ag HA3BIBAETCA TIPH STOM HOCUMEAEM
sapsana &.

3apsan ® nasviBaercs nenpepuenvim, ecnu ®(E) = 0 pna moboro ox-
HorouyeyHoro muoxkectsa F. 3apsn ¢ HaswviBaercs duckpemmuiM, ecJu
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OH COCpeAoTOYeH Ha HEKOTOPOM KOHE€YHOM HUJId CYETHOM MHOXECTBE.
WubiMu cj0BaMy, JUCKPETHOCTDb 3apsada O3HAYaeT CYHIeCTBOBAHHUE TAKO-

I'0 KOHEYHOI'0 HJIM CYETHOTO MHOXKECTBA TOYEK Cj,..., Cp,--., YTO JJId
xaxgoro E C X
B(E) = Y ®(ck).
cL€EE

Bapsn ¢ HaspBaeTCs ¢6COAI0OMHO HenpepyeHbiMm (OTHOCHTEJIBHO JAHHOR
mepsl pt), ecnu P(A) = 0 gaa BCAKOro M3Mepmmoro A, 1A KOTOpOro
1w(A) = 0.

3apsin ® HasbiBaeTCs cuHzyasproiM (OTHOCHTEILHO MEpBI [4), €CIJIU
OH COCPEAOTOYEH HA HEKOTOPOM MHOXKECTBE HyJeBolt u-mepsl. fAcho, 4To
€CJIH 3apsifi OTHOBPEMEHHO aDCOJIIOTHO HENPEPBIBEH U CHHTYJIAPEH OTHO-
CHUTESIbHO [4, TO OH HYJIeBOii.

3. AGcouioTHO HenpepeiBHBIE 3apaabl. Teopema Pamona—Hu-
kopuma. IIpumepom 3apsana, aDCOIOTHO HETPEPBIBHOIO OTHOCKTEJIHHO
NAHHOH MepBI [, MOXKET CJIyXXUTb uHTerpast Jlebera

®(4) = [ f@)du
A

ot ¢GhurcupoBaHnoil cymmupyemolt ¢yHkimu f, paccMarpuBaeMblil Kak
QyHKIUA MHOXKeCTBa. OKa3bIBAETCA, YTO ITUM U UCHEPIHIBAIOTCA BCE
abCOJTIOTHO HEmpepbiBHbIE 3apsabl. Have roBops, COpaBenjuBa CJie-
Ayouas TeopeMa.

Teopema 2 (Pamou-Huxounum). Ilycts p — HEkOTOpAast Ko-
HeYHas O-aAHHTHBHAS Mepa, ONpedcJIeHHasT Ha o-ajarebpe G moaMHO-
xects u3 X, a ® -— 3apsn, onpenesenHslit Ha TOH xke o-aarebpe n abco-
JIIOTHO HenpepwIBHbIE oTHOoCUTEeNsHO . Torna cymecTsyer Takas CyM-
mupyemast o . pyaxuust f Ha X, 9ro

$(4) = [ f(z)dp
A

IJIA KaXJOro H3Mepumoro A. Jta (pyHKUUs, HA3BIBAEMAA MPOH3BOM-
Holl 3apsana ® mo mepe ., onpeneIaeTcsa OAHO3HAYHO, C TOYHOCTHIO 10
J4-9KBUBAJICHTHOCTH.

(IIse dyHKIMH HA3BIBAIOTCA (1-9KBHBAJICHTHBIMH, €CJIM OHH COBIIAJa-
[OT MOYTH BCIOJAY OTHOCHUTEJILHO MEPBI U.)

JokaszateabcTBOo. Kaxipiit 3apsiy MOXHO NIPEJICTABUTE KaK pa3-
HOCTb ABYX HEOTDHLATEJbHBIX (CM. M. 1), npu 3ToM abCOJIIOTHO Henpe-
PBIBHBI# 3apsil MPEACTABIISIETCSI KAK PA3HOCTh aDCOJIIOTHO HENpEephIB-
ubix. [loaToMy H0Ka3aTeI5CTBO TEOPEMbI JOCTATOYHO [IPOBECTH [JIS He-
OTPHIIATENBHBIX 3aPAN0B, T.e. aus Mmep. Urak, nycrs ® — mepa, ab-
COJIIOTHO HENpepbIBHAsI OTHOCUTEILHO JaHHOR Mephl p. Jokaxem ciie-
AVIOUIYIO JIEMMY.
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Jlemma. Ilycrs mepa ¢ abcosnioTHO HenmpepbIBHA OTHOCHTEIBHO (i
" He paBHA HYJIO TOoxecTBeHHO. Torna cymecTByioT TaKoe n H TaKoe
usmepumoe muoxectso B, yro u(B) > 0 # B nosoxkn1estbHO IO OTHO-

menHio x sapany ¢ — .

HoxasarenbcTBo JeMumbl Hycrs X = A UA} — pasnoxenne
Xana, oTBeyawlee 3apsuy ¢ — %u (n=1,2,...) u mycTs
- _ A - +_ (] 4+
AO:nAn’ AO:UAn'
n=1 n=1
Torna 1
®(Ay) < yu(Ay) npu Beex n,
1.e. ®(Ay) = 0 u, cnenoparensho, ®(AS) > 0, a snaunt, u p(AF) > 0
(B cmity abcosmorroii HenpepobisHocTn @ mo ). IMoatomy malinerca Ta-

koe n, uyto p(A}) > 0. Ito n u muoxecrso B = A} ynosnersopsior
YCJIOBUSAM JIEMMEL.

TlepeiineM Tenmepb HEMOCPENCTBEHHO K JIOKA3aTESILCTBY TEOPEMb.
Iycrs K — muoxecrBo dyukuuil f Ha X, 06/1a121000X CIIEAYIOIMME

cBoficTBamMu: f HEOTpHUATESILHBI, MHTErPUPYEMbBI IO it U / flz)du <

A
< $(A4) nns Beaxoro usmepumoro A. Iyers

M :sup{ / f(z)dp noscem f € K}.
x
BossmeMm nocnepoBarensuocts byuxkmwmit {f,} uz K raxkyio, 4ro
nlgrolo / fa(x)dp = M.
X
Iosnoxum

gn(z) = max(fi(z), ..., falz)).
HokaxemM, uro g, € K, T.€e. 94T0 1J1A BCAKOT0O usmepumoro E
[ gnlz)dp < 2(E).
E
k13
HeftcrBurensno, £ MoxHo npencrasuts B Bune |} FEi, rae Ej He 1epe-

k=1
cexatorcs 1 g, (z) = fr(x) na Ey; nostomy

n

[ al@)dp=3" [ fulz)du <Y ¥(Ey) = $(E).

E k=1 E, k=1

Tlonoxum

f(z) = sup{fn(z)}.
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fcno, uro npu srom f(r) = lim g,(z) u, cienoBaresbHO, IO TEOPEME
n— oo

B. Jlenu,
/f Ydp = hm /gn(m dy = M.

IMokaxem Tenepb, 4T0

‘P(E)—/f(:c)d,u:O.
E

ITo nocrpoenuro, byHKUMS MHOXKECTBA,

ME) = ®(E) - [ f(z)dy
E

HeoTpUiaTesbHa U 06J1a1aeT Bcemu cBoiicTBamu Mephl. Kpome Toro, oHa
aBCOITIOTHO HENpepbiBHA OTHOCHTENBHO (1. Econ A # 0, To B custy JeMMbl
Haitayrca takoe € > 0 u Takoe B, u(B) > 0, yro

en(ENB) < MEN B)

i1 jioboro uamepumoro E. Torga, nosoxus h(z) = f(z) + exs(z),
roe xp — HHIUKATOp MHOXKeCTB3a B, Mbpl mosyuunu Obl ajist j1oboro
usmMepumoro K

/ h(z) dp = / f@)dutep(ENB) < [ f(z)du+®(ENB) < &(B).
E\B

9710 03HAUATIO ObL, 4TO MYHKIMA h IPUHAIJICKUT ONPEIeSIEHHOMY BBIILE
muoxkecTBy K. Ho B To xxe Bpems

[ Mz)du= [ f(z)dp+en(B) > M,
X X
a 310 mporuBopeunt onpenenenuio M. Wrtak, cymecTBoBaHue TaKoit

dyukuu f, uro
B4 = [ f(@)dp,
A

nokaszano. ITokaxkeM ee enMHCTBEHHOCTE. Ecou nJia scex A € 6
= [ f@)du= [ pw)dn
TO HpPHU JO00OM N [/ MHOXKECTB

Ao = {z: fola) - fi(a) > 1/n})

nMeeM

udn) < [ (o) = foe) e =0

Awnasoruyno, gna By, = {z: f1 (z) — f2lz) > 1/m} umeem
p(Bm) = 0.
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Tax xak

{2 hio) # h@)} = (Uan) U (UBn),

TO

plz - fi(z) # f2(2)} =0,

1.€. fi{z) = fo(z) nourn Bcriony. JokasarebCTBO 3aKOHIEHO.

3ameuanue. Teopema Pamona—Huxomuma npencrasiisser coboii,
OYEBHIHO, eCTecTBeHHoe 000buieHne Tecpemsl Jlebera o ToMm, 4To abco-
JIIOTHO HempepbiBHasi GYHKUMS €CTh MHTErpasl 0T cBoel npoussonHoil.
Ozasako B TO BpeMsi KaK Npu paccMorpenuu GyHkiul Ha npamoit y Hac
ectb 3 QEeKTUBHBI COCOD HAXOXKIEHUS TPOU3BOIHOR — BBIYUCIICHHE
npenesia otHomenust A f x Az, reopema Pagona-Hukonnma nmus ycra-
HABJIMBAET CyLlecTBOBaHMe nponssoanol d®/dy abeosoTHO Henpepsis-
Horo 3apsana ¢ no mepe p, HO He maer cnocoba 71 ee BBIMUCIEHHA.
Taxoit cniocob MOXHO yka3aThb, HO Mbl He Oy/leM Ha 2TOM OCTaHABJIH-
BaTbCA. B obumx deprax OH COCTOMT B BBIYUCJIEHHH NDPEIESIa OTHOIIC-
ust $(A)/p(A) 1o HEKOTOPOH CUCTEME MHOXECTB, «CTATHBAIOLIMXCAD
B OIIPEAEJIEHHOM CMBICTIE K IaHHO# Touke. leTannHo 3T¥ BONPOCH! pac-
CMOTpeHbI, Hanpumep, B [53].

§ 6. Hurerpas Cruiarbeca

1. Mepst Cruarrseca. B § 1 npenpinyineil riassl, roBOpUIoCs O Ho-
crpoennu Mepst Jlebera HA MPsIMOHR, Mbl YK€ YIIOMHHAJIK O CJenyroulci
koHcTpykuun. IlycTs Ha HekoTOpOM OTpeske [a,b] 3amaHa MOHOTOHHO
HeybbiBaomas Gbyukuusa F, KOTOPYIO Mbl [Jisi OUpeIesieHHOCTH by ieM
CYUTATh HenpepbiBHOH ciesa. OnpenesmB Mepbl BCEX OTPE3KOB, UHTEP-
BAJIOB ¥ NOJIyMHTEPBAJIOB, IPHHAMJIEXAMNX OCHOBHOMY OTDPEe3Ky |a,b],

paBeHCTBaMU
m(a, ) = F(B) — Fla +0),
mla, 8] = F(8 + 0) — F(a),
mla, f]l = F(8+0) — F(a + 0),
mla, B) = F(8) — F(a),
MBI MOKEM 3aTeM paClHpOCTPaHUThL 3Ty MeEpy C [IOMOIIbI0 Jeberosoit
MPONENYPhl PONOJIKEHIsA Mepbl Ha HeKOoTopylo o-anrebpy ap, comep-
JKAIYIC BCE OTKPBITHIC U BCE 3aMKHYThIe (& 3HAYUT, U BCe BOpesieBCKue)

[OAMHOXKECTBA oTpesKa |a,b]. Mepy pp, nojiyueHHy1o ¢ NOMOIIBIO Ta-
KOIO MOCTPOeHUs, HashiBAIOT Mmepol Jlebeza—Cmuamveca, orBedaiomeit

(1)
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dyuxanu F, a camy dbyukumio F raseiBaioT npouseodaweld dynrxyuet
3TOM Mepbt ).
PaccMoTpum HekoTOphle yacTHbie city4dan mMep JleGera—Crunrbeca.
1. ycts F — byHRUUS CKAYKOB, T1, Ta,... — €€ TOYKU PA3PhIBa,
a hy, he,... — BesiMuMHLI ee CKAYKOB B 3THX Toukax. Torma Mepa ug,
OTBEYAKIAA 9TOH DYHKIMY, yCTpoeHa caenyouuM o6pasoM: Bce MoM-
MHOXECTBA OTpeska [a, b] usamepumsr 1 Mepa muoxectsa A pasHa

pr(A) = Z h;. (2)

;€A

HelicTBurenbao, u3 onpenenenus mepol Jlebera~Cruirrseca cpasy xe
BHMIHO, YTO Mepa KaXIoil To4kM T; paBHa h;, a Mepa JONOJIHEHUS MHO-
xecrsa {z; }$°, pasua nysmo. Pasencrso (2) ns moboro A C [a, b] BeiTe-
KaeT OTCIOAA B CUJIY O-aJAUTUBHOCTH Mepbl fip. Mepa [iF, TOCTpoeHHAas
Mo Kaxoi-nubo (hbyHKIUM CKAYKOB, HA3BIBALTCHA JUCKpemHOU MEePOH.

2. llycrs ¥ — abcosioTHO HenpepbiBHAsA HeyObiBaou@as GbyHKIUA
Ha [a,b] n f = F' -— ee nponssoasasn. Torma cOOTBETCTBYOWAS MEPA L
33BEIOMO OIpeNesIeHa Ha BCeX u3MepuMbix 1o JleGery rnojiMHOXKecTBax
OTpe3KoB [a, b], npriem A8 KaXKIOTO TAKOTO MHOKECTBA A

pr(A) = [ f(z)do. )
A

HeiicTBUTEeNBHO, B cuy TeopeMsbl Jlebera njis KaxIoro NoJiyudTepBaia

[2,) ,
urle, B) = F(B) — F(a) = [ f(z)da.

ITockosbky J1€6€roBo NMPONOTDKCHUE BCAKOH 0-agmUTUBHOM Mephl OI-
HO3HAYHO OIIPENeJISIeTCs CBOUMH 3HAYEHHAMHU HA HCXOLHOM IIOJIYKOJIb-
e, OTCIoAa CJenyeT paseHcTBo (3) mnst Bcex uamepumbix no JleGery
A C [a,b]. Mepa pp, orBeuaninas abCOIOTHO HeNmpepbIBHON (QyHK-
unu F'| HasbiBaeTcst abcoarommo nenpepuienotl Mepoii.

3. Ecaiu F' — cunrynapuast HenpepbIiBHAs HYyHKLUA, TO OTBEYAIOUIANA
elt Mepa uF UEJIUKOM COCPEeIOTCYEeHA HA TOM MHOXecCTBe jeberonoil me-
pbl HyJib, HA KOTOpoM F' oTnuyuna oT HyJss i He cyuectsyer. Cama
Mepa jtp HA3BIBAETCA OPU 3TOM CUH2YAAPHOT MePOit.

feno, uro ecnu F = Fy + Fy, 10 up = pp, + UF,; I109TOMY U3 pas-
JIOKHMOCTH MOHOTOHHOM (pyHKUMH B cyMmy (DYHKIMHM CKAYKOB, abco-
JIIOTHO HENPEpBIBHOH U CUHTYJIAPHOR KOMIIOHEHT CJICLYET, YTO 8CAKYH0

1y Ectu monoTOHHO HeyObiBalomas ¢byukuus F He HenpephlBHA CIEBA, TO N0 Heit
TOXKE MOMKHO ONDENeJHTh Mepy, BHecsH B dhopMysnt (1) o4eBHAHBIE U3MEHEHHUS; HA-
HpuMep, HaAO NoJoKuUTs mia, f] = F(8+0) ~ F(a —0) u T. .
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Mmepy Jlebeza--Cmuamveca moxcno npedemasums 6 eude cymmvt duc-
xpemioli, abcoaOmMHO Henpepuienott U Cun2YAapHoll Komnorwenm. Paz-
JIOXKEHHE MOHOTOHHOH (hDyHKIMU HA TPH COCTABJISUIOIIAE OIIPEIEsIAETCs
€ TOYHOCTBIO JO NOCTOSHHBIX CJ1araeMbix. [103ToMy passiokenne Kaxk o
mepst Jlebera-CtunTbeca Ha AMCKPETRYIO, abCOJIIOTHO HENMpEpbLIBHYIO
M CUHTYJISIDHYIO KOMIIOHEHTHI OJHO3HAa4HO.

Cxaszannoe Bplme OTHOCUTCA K Mepam Jlebera-Crumirbeca Ha
orpeske. Ecau teneps F — orpaHndyenHast (CBEPXY M CHU3Y) MOHO-
ToHNO HeybbBaowan GpyHKnust 1a BCeH npaAMoOl, TO, ONPEIeJIHB Mepy
J11000r0 OTpe3Ka, HHTEepPBAJIa U MOJIYHHTEPBANA HA NpPAMOH C IIOMOIBIO
dopmy s, ananornyesix (1), Mbl TOSTyYUM KOHEYHYIO MepYy Ha BCel nps-
MOli, KOTOpYIO MBIl TOXe OymeM HasbiBaTh Mmepol Jlebeza—Cmuamuveca.
B wacrtrocTu, Mepa Bceif npsaMOi npu 3TOM DyIeT paBHA

F(OO) - F(—OO),

rae . .
F(oo) = zlgx(}c F(z), F(-o0)= IBIEIOOF([L')

(cyuecTBOBaHHME NPENESIOB CJENyeT W3 MOHOTOHHOCTH M OFPAHMYIGHHO-
cru F).

ITonsaTure mepst Jlebera—Cruinrheca Ha CaMOM JieJie HCYEpIIbIBAET BCe
Mephl (T.e. BCe KOUCYHBIE 0-a/JIMTUBHLIE HEOTPHUATE/bHBIC (hyHKIHN
MHOXKeCTB) Ha upaMol. HeficTBuTenbHO, NycTh f — Jj10bas M3 Takux
mep. [Tomoxus

F(z) = p(—o0, z),
MBI [IOJIYYUM MOHOTOHHYIO (byHKIMIO, TAKYIO, YTO OTBeHalomas el me-
pa JlebGera—Crunrbeca coBnamaer ¢ ucxonHolt mepot y. Takum obpa-
30M, TepMHUH «mepbl Jlebera—CTmirThecas» Ha camMoM Jesie He BhifesIsieT
KaKOoro-yimbo CoenyalIbHOro KJjlacca Mep Ha NPAMOH, a yKA3bIBAGT JIUINL
HA OlpejleieHHbIH CIIOCO6 NOCTPOEHUS TAKUX Mep —— IO 33JaHHOH mpo-
u3BOAAmEd GYHKINH.

2. Unrerpaa Jlebera—Cruarseca. [lycrs up — Mmepa Ha orpeske
[a,b], mopoxnernaa monotonaoi dyuxunett F. [Insa atolt Mmepsl obbI4-
HBIM 00PA30M ONpEnesseTCst KJIACC CYMMUpYeMbIX hyHKUME U BBOLUTCA
nouaTHe uHrerpasa Jlebera

/bf(r) dug.

Taxoit unTerpasi, B34Tolil 0 Mepe pp, oTBevaomeil pysxkauu F, Ha3bl-
Baercs unmezpaiom Jlebeza—Cmuimuveca 1 0603HATACTCA CHUMBOJIOM

b
/ f(z)dF(z).
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PHCCMOTPHM HEKOTODbBIE YaCTHBIE CyYau.

1. Eciin F' — ¢bynkuus ckadkos (T. €. eCJiM gp — JAUCKPETHAS Mepa),
b

TO HHTETPAJ / f(z) dF(x) cBonuTcst, oueBuaHo, X cymme » . f(z;)hi, toe
. i
T; — TOYKM pa3peiBa dyHkumn F, a h; — ckauyku F B T04KaX Z;.

2. Bcom F — a6COJI}OTHO HelipepbIBHAA (bym\mm TO HMHTErPaJ

Jlebera—Cruntneca /f(:v dF () pasusierca /f (z)F'(z) dr, T.e. un-

Terpasty or f(z)F ’(a:), B3ATOMY IIO oBbruEOH neGeronol mepe. eit-
CTBUTEJIbHO, ecsid f(z) = const HA HEKOTOPOM HM3MEPUMOM MHOXKE-
cree A C [a,b] u f(z) = 0 Bae A, TO paBeHcTBO

b
[ i(@)dF(z) = / f(@)F'(z) da @)

caenyer u3 (3). B cuity o-annuTuBHOCTH RHTErpasIoB paseHcTso (4) pac-
IPOCTPAHSIETCS M HA NPOCTble (PYHKUUH, CyMMUDPYEMbIE [0 Mepe [f.
Hycre Teneps {f,.} — nocnenoBarenbHoOCTh NpocThIX (byHKUMA, pas-
HOMEDHO CXOUAMAACA K f. MOXHO IIpH 9TOM CYHTATH, YTO IOC/IEHOBA-
TeJIbHOCTD { f,,} HeyOwBaromas. Torna {fn(z)F'(z)} — HeybriBaromasn
IIOCJIEOBATEJILHOCTD, TIOYTH BCIoAy cxopamasAaca Kk f(z)F'(z), u B cuny
Teopemb! B. JleBu, B pasencrse

b b
[ In@)dF () = [ ful@)F'(z) do

MOXHO NlepeliTH K npenesy mpu n — oo.

W3 ckaszaHHOro scHo, 4ro ecau F ecrb cymma (yHKIHH CKA4YKOB
¥ abcoJ1IoTHO HenpepbiBHO (byHkuMu, TO unrerpan Jlebera-Crunrbeca
0 Mepe pp CBOOMTCA K pany (MM KOHEYHOM cymMe) u uHTerpasy
no oberaHOH Mepe Jlebera. Ecnn xe F COnEpXHUT U CHUHTYJAPHY O
KOMIOHEHTY, TO TaKO€e CBeiéHue HEeBO3MOXKHO.

ITousitue unrerpana JleGera—Crusirbeca MOXHO eCTeCTBEHHBIM 00pa-
30M paCIIUPUTDL, Hepeiis 0T MOHOTOHHBIX (bYHKIUH K [POU3BOTIBHBIM
dyHKLIUAM ¢ orpaHnYeHHbIM n3MeHeHneM. Ilycty ¢ — rakas GyHKUIUA.
IIpencraBuM ee B BUOE PA3HOCTH IBYX MOHOTOHHBIX (DyHKIIMH

(I):U_ga

roe v — noJsiHoe maMenenne Gynxkuuu @ Ha orpeske [a,z]. Beenem Te-
nepe unTerpadi Jlebera-Crunreeca no ¢, nonoxus, 10 onpeaesIeHuIO,

b b b
[ $(&)d8() = [ f(@)dv(a) - [ f(z) dg(z).
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Herpynso npoBepnTb, 410 ecar P NpemacTaBieHA KAKUM-JIuO0 HHBIM
cnocoboM KaK pa3sHOCTh ABYX MOHOTOHHBIX (PyHKUHAH, CKaxeM,

® =w-—h,

b b
[ 1@ do@) - [ £(z)dg(z) = [ F@)dui@) - [ f(z)dh(a),

T. €. 0J1A BhiMMCAeHns uHTerpasa Jlebera-Cruirheca no nansoi GyHk-
1 ® MOKHO MOJIB30BATLCs JIOOLIM TpeacrasjeHueM 3Tol dbyHKLuH
B BHIE PA3HOCTY ABYX MOHOTOHHBIX.

3. Hexoropsle npumenenus uHrerpasia Jlebera—Crmirneca
B Teopuu BeposaTHocred. Unrerpan JleGera-CTuiTheca HAXODUT
NPMMEHEeHHUE KAK B aHAJIU3€, TdK U BO MHOIUX HPUKJAAJHBIX BOIPOCAX.
B wacTHOCTH, 3TO MOHATHE MIMPOKO UCHOJIL3YETCS B TEOPUH BEPOSITHOC-
Telt. HanmomumnMm, 4to dynxyueti pacnpedesenus cirydaitnofl senudnsnl €
HasbiBaerca pyukumMs F, onpenensieMast IJisi KaXK/I0r0 T PABEHCTBOM

F(z) = P(§ <),

T.e. F'(x) ecTb BEpOATHOCTD TOTO, YIO CAyYaiHas BejinduHa £ OPUMEeT
3Ha4YeHue, MeHblee . Q4eBUIHO, KK A (DYHKIMA PACHPEIESIEHHST MO-
HOTOHHO He yObIBAET, HENIPEPHIBHA CJICBA U YIAOBJIETBOPSET YCIOBHAM

F(~00) =0, F(400)=1.

O6parHO, KK AYIO TaKyio DYHKIMIO MOKHO cunTarh dhyHKIKeld pacpe-
JeJeHUsA HeKOTOPOU CoydyaifHOH BesTMYHHbBL.

CymecTBEHHLIMY XAPAKTEPUCTHKAMU CJIy YAHHOH BEJTUYHHBI SIBJISIOT-
Cs ee MaTeMaTHieCKOoe OXKUIAHUE

ME = /oo zdF(z) (5)
U JUCnepcua 00 -
DE= [ (z—ME)?dF(x). (6)

Cpenu crydaliHbIX BEJIMYUH BBLIEJSIIOT OOBIYHO Tak HA3LIBAEMBIE
OMCKPETHBIE U HENpepbIBHBIE CAydaiinble Benunuunbl. Ciyvaiinas Besu-
YUHA HA3BIBAETCA JUCKpemuol, eCJAM OHA MOKET NMPUHHUMATH JIMIIb He-
KOTOPOE€ KOHEYHOE WJIH CYETHOE HYMCJIO 3HAYCHUH

T1y---5Lpy---

{manpumep, YHCJI0 BLI3OBOB Ha, TeJ1e>OHHOM CTAHIUH 33 HeKOTOPBIH Ipo-
MEXYTOK BPEMEHH eCTh JUCKPEeTHAas CilydaliHas BeJIMIuHa).
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Ecmpy, ..., pa,... — BEPOATHOCTH, C KOTOPHIMU BeJInuuHa £ NPHHU-
MaeT 3HAYCHUHA L1,. .., Lo, ..., TO GYHKIHCH pacupeneseHus & CIyXKHT,
oueBUIHO, hyHKIMA ckaukos. s Hee unrerpaist (5) u (6) csonarcs
COOTBETCTBEHHO K CyMMaM

M§=Z$mi,
D¢ = Z(zi ~a)’p;, a=M¢.

Cnyuaitnasn Benuyuna £ HA3bLIBAETCH HENPEPLIGHOU, €ciid ee (pyHKIMs
pacnpegenenusi F' abcomorno HenpepwuiBHa. [lpoussomnast F' at1oit
dyHKIMI pacTpeleseHUs Ha3bIBACTCA NAOTMHOCTILIO PacnpedeseHus ge-
poamuocmell ciayuaiinoit sesruyunsl €. B cooTBeTcTBUN €O CKa3aHHBIM
B NpeAblaylieM NyHKTe, 1JIs HeNPEephIBHOH Cci1ydaltHoll BesIMYnHbl CTHII-
ThE€COBCKHME MHTErPaJibl, BBIPAZKAIOUIYE €€ MATEMATHYECKOC OXKHIaHMe
¥ JHCHEPCHIO, CBOAATCA K MHTerpajiaMm 1o obsrunoil ieberosoit mepe:

o0 o0

M¢ = [ ap(z)da, DE= [ (z-a)’p(z)de,
—o0 —0o
rae p = F' — m10THOCTL pacnpenesienus seposraocteit aist € u a = ME.

B aseMeHTapHBIX KypcaxX TeOPUHM BEPOSITHOCTE! OrpaHMYUBAIOTCS
OOBIYHO PACCMOTPEHMEM OUCKPETHHIX M HENPEpPBIBHBIX CJaOyYallHbIX Be-
JIMYUH, KOTOPHIE B OCHOBHOM TOJIBKO W BCTPEYAIOTCA B NPHUKSIAJOHLIX
ponpocax. OgHaxo, Boobiie roBopsi, GyHKIMs paclpenesieHns cry4aii-
HOIl BEJIMYMHBI MOYKET COAEPIKATh U CHHTYJIAPHYIO KOMIIOHEHTY, TaK 4TO
HEe BCAKYIO CiIydailHyIo BeIMYHHY MOXKHO NMPEICTABUTL KaX KOMOHHAIUIO
JUCKPETHOH B HerpepbIBHOM.

Hycrs £ — coyualinas senuumua, F — ee ¢yHruna pacnpenesteHns
" 11 = @) — Apyras ciaydaliHas BesMIMHA, IPEACTABIAOMmAn cobolt Gope-
JIeBCK Y10 Gyrxuuo ot §. Maremaruueckoe oxnanue Mrn BesMUNHE] 77 MOKHO,
110 OIpenesIEHNI0, 3ANUCATh KAK

/0_0 zd®(z),

rae ¢ — $yuknus pacnpenesienns and 7. CyecTBeHHO, OJIHAKO, eCIH @ CyM-
MHpyeMa 110 Mepe, NopoxgaeMoll Ha npsavol dyuxuueit F, To maremaTuye-
CKOE OXM/IAHUE BEJMYHHBI 7] MOXKHO 3aTHCATh H depe3 (YHKIMIO pacnpeesie-
Hus F Besuuuun €, a uMeHno:

Mi=Mp() = | ¢la)dF(a).

— 00
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Heiicreurensno, dynkuns y = ¢(z) onpepensier orobpaxenue nps-
Mot (—00 < z < o00) ¢ 3anannoff Ha Hell Mepoil pp (nopoxnenuoii F')
B IpsaMyr0 (—oo < y < oc) ¢ MEPOH fto, B KOTOPYIO jiF IEPCBOOMTICHA OTO-
Gpaxennem y = (z). Ho u3 pesysmratos ri. V cnenyer, uto ecym (X, p)
u (Y,») — npa mpocTpancTsa ¢ Mepoii, ¢ — coxpansioumee mepy (T. €. Taxoe,
uro v(A) = p(p~'(A))) orobpaxenne, nepesonamee (X, u) B (Y,v), a f —
cymmupyemas dyrkuudg Ha (Y, v), To

[ f@dv= [ f(o(z))dn
Y X

(samena mepemenuwsix B unTerpane Jlebera). Iloaoxus spmecs f(y) =y
M= pp, V= g, MBI ¥ HOIYyYHM Tpebyemoe pabencTso. Taxum obpasom, nois
BLIYMCJIEHUS MATEMATHYECKOTO 0XUIaHUA (& TAKXKe, KOHEYHO, U AUCIEPCHN)
byHKIUUM OT BeaMYMEE! £ JOCTATOYHO 3HATH JMIIL (DYHKIUIO pacnpenesie-
Hus camoll BeauyuHb £.

4. Nurerpan Pumana-Cruiarbeca. Hapsiny ¢ nurerpasiom JleGe-
ra-Ctunrbeca, paCCMOTPEHHBIM BHIIIE W TIpencTaBssgionmM coboit dhaxk-
TUYCCKU DA3HOCTH J1eGeroBhIX MHTErpajioB oT jaanHo#t Qyukuumu f 1o
JIBYM MEpaM, 3aJIaHHBIM HAa NIP;AMOR, MOXKHO ONPCAENMTH €HIe U Tax
HasbiBacMbId nHTerpaa Pumana—Crunreeca. OH BBOOUTCA KaK Npenest
HHTErPAJIBHBIX CYMM, aHAJIOTHYHBIX OOBIMHBIM MHTEIPAJILHBIM CYyMMaM
Pumana.

Iycts cuosa ® — nexoTopas HenpepblBHAA cjeBa (PYHKIMA C OTpa-
HIYEHHBIM M3MEHCHUCM, 33JaHHad Ha NOJYUHTEpBase [a,b) u f — npo-
H3BOJIbHAA (PYHKIHMS HA 3TOM K€ TOJIyUHTEpBase. PaccMOTpHM HEKOTO-
poe pasbuenne )

a=z0<T1 < <Zp=2"b
nosyuHTepBasa [a,b) Ha ssements! [Z;-1,Z;) H, BHIOpPAB B KaskKIOM
U3 HUX [POU3BOJIBHYIO TOUKY &;, COCTABHM CYMMY

Z F(&)[2(z:) — P(zi-1)] (7)

(mon ®(z,,) npu sTom nonumaerca (b—0)). Ecin npu max(z; —z;-1) =
— 0 3TH CYMMBI CTPEMSITCA K HEKOTOPOMY npenerny (He 3aBHUCAIIEMY
i OoT cnocoba npobrienus mpoMmexyTka [a,b), Hu or BeIbOpa Touek &;
B KAXJIOM M3 3JIEMEHTOB PazbUeHUs1), TO 9TOT NPEAEs] HA3DIBACTCA UH-
mezpasom Pumana—Cmuamveca or dyuknun f no dyuxumnu ¢ no [a, b)
1 0603HATAETCA CHMBOJIOM

b
[ f(z)d®(x). (8)

‘) ITockoseKy B urTerpaste CTHITLECA BKJA OTAEJbHBIX TOYCK MOXKET ObITb OT-
JIMYEH OT HYJIf, BJIeMeHThl pa3bneHnusa He DOJKHBI HMeTh 0b6ImMX Tovyex. J103TOMY MbI
pesfe 0epeM 30eCh NOJIYyMHTEPBAJILI.

13—1324
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Teopema 1. Ecinu ¢pyukuns f HenpepsiBHa Ha orTpeske [a, b, 10 ee
unrerpast Pumana—Cruirreeca (8) cymecTByer u coBnagaer ¢ cooTBeT-
creyomuM uaTerpaom Jlebera—-Crunroeca.

Jdokazarenscrro. Cymmy (7) MOKHO paccMarpuBaTh Kak UHTE-
rpaJg Jlebera-Crunreeca ot cryneduaroit Gpyukimu

falo) = f(&) nmpn z;; <z <z

[Ipn n3menbuenud pasbueHust NpOMEXYTKA [a,b) moc/enoBaTesbHOCTD
Takux ¢yHKuui pasHoMepHo cxopurcst K f. IToatomy npemen artux
CYMM CyLIECTBYET M mpejacTasiisier coboil unrerpast Jlebera-Crumnrseca
oT npejesbHoR ¢dyHkuu f (Teopema 0 NpPEHENBHOM Iepexone HO[L 3Ha-
KOM HHTerpasna). BMecTe ¢ TeM MMEHHO 3TOT HPEAEs Mbl M Ha3BAJIU
unrerpasioM Pumana-Crunreeca (8).

YcTaHOBUM HEKOTOpbBIE 3JIEMEHTApHEBIE CBOHCTBA uHTerpana Pumana—
Cruarbeca.
1. Cnpasedausa oyenxa (Teopema 0 cpenHeMm)

| £() d(a)| < max| () V2 (@) ©

(VE[®] — noanoe usmenenue dynxyuu @ na [a,b]).
HefictBuTesnnio, npu a1060M pasbueHun n1poMexyTka [a, b) Boiosnue-
HO HEpaBEHCTBO

> £ — Blae))| < Do IFE] - [2() - lmia)] <

< max|f(z)] - Z |8 (2:) — ®(2i-1)| < max|f(2)|V;[2).

MMepexons B 3TOM HEpABEHCTBE K TNPEAEJy, Mbl M TOMy4dM oueHky (9).
Ilpn ®(z) = x OHA MEPEXOONT B U3BECTHYIO OLEHKY

b
|/ f(@) da| < (b~ a) max| (=)

Il uHTerpana Pumasna.
2. Ecau & = &, + ®,, mo

b b b
[ f(@)d8(z) = [ f(z)d®:(2) + [ f(z)d®a(z).
JleficTBHTEILHO, IPH BCAKOM pa3bueHun IpoMeXyTka [a, b) cooTset-

CTBYKOIII€E DABEHCTBO BbLIIIOJIHEHO OJIA MHTErpaJlbHbIX CyMM, CJ/i€aoBa-
TEJIbHO, OHO COXpPaHsAETCA U B nipeaeJie, T. €. JJId UHTerpaJion.
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Bameuwannel. Mo onpenesman unrerpan Pumasa-Crunrbeca (8),
cuntas, 410 dyuxkuma $(z) HenpepwiBHa ciesa. OfHAKO oupenesIeHHe
3TOr0 MHTErpana kak npenesa cymm (7) coxpaHsier, O4€BH/IHO, CMBICT
u st iobol dyuximy @(z) ¢ orpaHnYeHHbIM H3MEHEHHEM.

Bamevanue 2. Bee ckasannoe o6 unrerpase Pumana-Crnnrbeca
[0 KOHEYHOMY IIPOMEKYTKY JErKQ IIePEHOCHTCS Ha cJydal, Korna uH-
TerpaJ 6epercs no Beett TpAMOR UM 116 IOy IPsSIMON.

Kpowme Toro, mMp! onpeneanin naterpas CTusTbeca 1o MnoJyHHTEepBa-
ay [a,b). Azanornano MoxHO OonpenesuTs uHTErpas 1o (a, b, a Takxe
uHTErpassl 1o [a, b] u (a, b). B ciyyae nurerpana Cruirbeca, B OTJIHYHE
OT OOBIYHOIO PMMaHOBA HHTEIPAJIA, 3HAYEHHs MHTErpaJsa 110 HHTEepBa-
ay (a,b), orpesky [a,b] n nonyunrepsanam (a,b] u {a, b), Boobie roso-
P, He COBIAMAIOT Mexkay coboit. Hanpumep, eciiu @ — ToUKa paspoiBa
dyaxuuu @, 1o uurerpan no [a,b] pasen unrerpany, B3aromy 1o (a,b]
nnoc uies supa f{a)h, tne h = ®(a + 0) — ®(a).

IIpusenenupie ceolictBa 1 u 2 BolnosiHenst aJjist awbott Gyaknuu f,
[UI5 KOTOPO# BXOAAIIHAE B X (DOPMYIHPOBKH BLIPAXKEHHAS HMEIOT CMbICJI.
Ecam npennonoxkuts, 4o f(x) HenpepbslBHA HA oTpeske [a,b], TO
COOTBETCTBYIOWUH MHTErpas o6J1aJaeT elle CIeNYIOWMMHA CYIIeCTBEH-
HBIME CBOMCTBAMH (IPH 9TOM MHTErPAJl MOXKHO NIOHUMAThL KAK HHTErpasl
10 OTPE3KYy [a, b] nin no moboMy u3 nosiyuntepsasos (a,b] u [a,b)).

3. Feau &3 u &y — dse ynxyuu ¢ 02pAHUNEHHDIM UZMEREHUEM
Ha [a,b), coenadarowue 6ciody, Kpome KOHEMHOZO UAU CHETMHOZO HUCAA
SHYMPENHUL TNOYEK IMO2Z0 NPOMEHCYMKA, MO

b b
/f(x) d®,(z) = /f(a:) d®,(z)

dasn aboti nenpepwuieroti na [a,b] gyrnxyuu f.

151 noxasares/ibCTBa pACCMOTPUM CIIEPBa Cily4ait, korma $s = 0, T. e.
YCTAHOBUM CHPABEIJIABOCTD CIACAYIOWErO YTBEPK ICHUA.

3. Ecau ¢ — PYHKUUA ¢ 02PAHUMEHHDIM USMEHENUEM, OMAUNHASA
O HYAR AUWD 68 KOHEYHOM UAYU CHETNHOM YUCAE TNOEK, ACHCAUUT GHY-
mpu (a,b), mo

b
[ f@)dp(z) =0

a

das moboll nenpepuenot nae [a, b] gynryuu f.

HeficTBATENIBHO, 3TO OYEBUIHO IJis1 (DYHKIUU, OTJMYHOR OT Hyss
B OOHOH TOUKe X (ecsin 6paTh CKOMb YIrOoQHO MesKHe pasbueHus poae-
KyTKa [a,b), He BK/IOYAs Zg B YMCJIO TOYEK JeJIeHust, T0 OyayT IIOJy-
9aTHCA HHTETPAJILHBIE CYMMbI, PABHBIE HYJIIO ), CJIE/IOBATEJIBHO, [0 a,111-
THBHOCTH 9TO BEPHO U J1is J1000H (byHKIMHM, OTIRYIAOHA OT HY IS B KOHEU-
HOM umucJie To4yek. [lycrh Teneps 4 OTJIMYHA OT HyJisS B TOYKAX T1,...,
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Thyeer M Ylye.ny Yn,... — €€ 3HAUEHUA B 3THX TouyKaX. [IoCKONbLKY ¥

UMeeT OrpaHMHEeHHOE H3MEHEHHe, TO y . |yn| < 0o. Beibepem nomep N
n
TaK, YT0 . |yn| < €, ¥ NpencTaBuM 1 B BUJE CyMMBI
n>N

Y=9yYN -+,
rue Yy IpHHUMAeT 3HAYCHUA Y1, ..., Yn B TOUKAX T,...,TN U paBHa 0
BO BCEX OCTAJILHBIX, A 1 OTJIMYHA OT ( TOJILKO B TOYKAX TN41, TN42y - - - -
B cuny cpoitictsa 2

b b b ~
[ f@)dp(a) = [ f@)din(a) + [ flx)dilz).

ITepBsoiit 13 3TUX HHTETPAJIOB MO YKE JOKA3AHHOMY PABCH HYJIIO, & BTO-
poi#t, o cBoiicTBY 1, JONyCKaeT ONEHKY

b ~
|/ £(@) di(@)| < max|f(a)| 2

(mockonbky, oesunmo, V(1] =2 3. |ya| < 2¢). B cuny npoussosibHo-
n>N
CTH € OTCIOfA BBITEKAET HAIIE YTBEPXK ICHHE.

Teneps s JOKa3aTENbCTBA CBOMCTBA 3 PACCMOTPUM PA3HOCTL 1) =
= &} — P5. OHa OTVIMYHA OT HYJISI JIMIIL B KOHEYHOM WJIH CYETHOM YHCJIIE
Touek, npuHaexamux (a,b). Ocraercs npumensts 2 u 3'.. B uactuo-
CTH, MOCKOJNBKY (BVHKIIUS ¢ OTPAHMYEHHBIM U3MeHeHueM umeeT He Gostee
YeM CUETHOE HHCJIO TOYEK Pa3phbiBa, MOJIydaeM CJICLyIomee CBORCTBO.

4. Ecau pynxyus f nenpepwena, mo unmezpas Pumarna—Cmuamoveca

/f(z_) d®(z) me sasucum om snanenull, npunumaemwur gynxyuet P

a
6 ee mouxaT paspwisa, aexncawur enympu (a,b).

ITockoabky unrerpan Pumana-Cruiirseca ot HenpepblBHOM dyHKIHHT
COBII3IACT C COOTBETCTBYOMWUM unrerpasioMm Jlebera-Crunrtheca, nuis
urrerpana Pumana-Cruarheca oT HenpepsiBHOR (dyukuuu f(z) cipa-
BCIIJIMBBI PABCHCTBA

b
[ f@)d®(z) =Y flz)hi,
(2

a

ecit ¢ — dyHKUUA CKAYKOB, U
b b
/ f(z)d®(z) = / f(x) d®'(z) dz, (10)

ecin ® — abcomoruo HenpepbiBHaA Ppyuknus. Ecom npu atom ¢ un-
Terpupyema 1o Pumany, To uarerpas B (10) cipaBa MOXHO HOHUMATH
B PUMAHOBOM CMbBICJIE.
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5. IlpenensHbid nepexon nol, sHakom uHTerpasia Cruiarbe-
ca. B rn. V Mbl mokasasiu psj TeopeM O IpeacsibHOM Iepexoae noj 3Ha-
koM uHTerpaJia Jlebera. Ilpu 2ToM BONPOC CTABAIICA CJeAyIOMHAM 0Opa-
30M: JAHBI [OCJIENOBATEbHOCTh DYHKUME {f,} ¥ HHTErpaJbl OT HUX
0 HeKOTOPOi# PUKCHPOBAHHON Mepe; HAC HHTEPECYeT BO3MOKHOCTD IIpe-
IeJIBHOIO llepexona moja 3HakoM uHrerpasa. OnHako NPUMEHHTEJIBHO
K uHTerpany CTU/IThbeca MHTCPECHA U Ipyrasi TOCTAHOBKA BONIPOCA; 1a-
Ha T0CJIEAOBATEILHOCTE (DYHKIMI ¢ orpaHudeHHbiM n3meHenneM { P, }.
IIpn xakux ycaoBuaX j1si GUKCUPOBAHHOY QYHKIMK f 11011 3HAKOM HH-
TerpaJia

b
J 1(z)d%. ()

BO3MOXKEH MpPeneabHbIi nepexosn?
35ech UMeEeT MeCTO CJIEAYIOMAsi TEOPEMA.

Teopema 2 (nepsasa teopema Xeunnun). Ilycrs pyaxuun o,
C OrpaHHYEHHbIM H3MEHEHHEM Ha OoTpeske [a, b] cxomaresa B kax ol 104-
K€ 9TOro OTpe3Ka K HeKOTOPOit (pyrkmun $, IpuveM HOJIHBIC H3MEHEHHS
¢yuxumit ®,, orpaHHYeHbl B COBOKYITHOCTH:

b
V. [®.]<C, n=1,2,...
Torna npenespuas gpynxuna ¢ Toxxe HMEET OTPAHHICHHOE H3MEHEHHE
o 114 Jr00oit HenpepsiBHOH QyHKIHH [ CHPABENJIHBO PABEHCTBO

b b
lim [ f@)dea() = [ f(z) (). (a1

Hdoxaszartenscrso. I[lokaxkem npexjie BCero, 4To MojaHOE U3MEHE-
Hue npeneyibHON dyakuur ¢ He npesocxoguT TOH XKe koucranrnl C, KO-
Topoit orpanuyenst sce V2 [®,,]. HelictButensno, npu Jio6om pasbuennu
orpeska [a,b] ToukaMu @ = o < 1 < -+ - < Ty = b UMeeM

m m

> 12(ex) = (zemn)l = lm Y [@n(zr) — Ealer-1)l <6,

k=1 k=1

CenoBaTesIbHO,
Vi) < C.

TloxaskeM Tenepsp, 4o cooTHowenne (11) BHINOIHEHO B TOM CJ1y4ae, €CJin
f — crynenuaraa dyukuma. Ilyers f npunumaer spadenus hy Ha HO-
JiyMHTepBanax [Tr_1,Tk ). Torma

[ F@) d80(2) = 3 hilu(o0) — alor-s),
a k

b
[ f@)d®(z) = hi[®(zx) - B(zp-1)].
a k
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fcHo, 4TO NEpBOE M3 3TUX BBLIPAXKEHUHR NPU T — OO NEPEXOAUT BO BTO-
poe.

Ilycts Tenepp f — HenpepbiBHasA (PYHKUMS U € — NPOU3BOJILHOE
MoJMIoXKuTEeNnbHOe Yucso. Beibepem crynenyaryro ¢dpyHkuuo f. Tak, 9410

[f(z) — fe(z)]| < &/(3C).

Torna

’/bf(ﬂt)d@(x)— /bf(x)dq)n(z)‘ <
!/f(z ) de(z /fe aa(a)|+
+ '/ fe(z) d®(z) — /bfa(x) d‘I’n(z)‘Jr

l/fs(x ) d%n( /f(x ) d%n(z)|

B cuny teopemsl 0 cpemneM i wnterpana CTUITheca MepBoe U Tpe-
ThE CJIaraeMble 31eCh MeHblue, 4eM £/3, a BTopoe — MeHbIue £/3 npu
Bcex nocTarodno 6osbmux n. [lockonbky € > () npouU3BOABHO, OTCIONA
BhITEKAET YTBEPKIEHNE TEOPEMBI.

3aMevanmne. Ira TEOPEMa NEPEHOCUTCA M HA TOT cjydail, xorma
B MHTErpaJsax

b
[ £@)dBa(z)

onuH unu oba npenena Geckoneunst. [Ipu arom, opnako, dbynkuusa f
JIOJDKHA, HA 6ECKOHEUHOCTH CTPEMUTHCS K HEKOTOPOMY KOHEYHOMY Hpe-
Jesty (9TO TO3BOJIAET PABHOMEDPHO ANNPOKCHMHUPOBATL €€ Ha BceM Gec-
KOHEYHOM TPOMEXYTKE CTYNEHYATHIMU (DYHKIMIME, NPHHUMAOMIHAMI
JIMIIb KOHEYHOE 9HUCJI0 3HAYEHUH).

Ecnm nepsas Teopema Xenum yCTaHABINBAET yCJIOBMA, IPY KOTOPBIX
B unTerpasie Pumana-CTuinrbeca MOXKHO NIEPEXONUTH K Npeiesty o He-
koropolt nocnenosarensuocty {®,} dbyukuit ¢ orpaHMYEeHABIM U3Me-
HEeHUEeM, TO BTOPas BHIACHAET, KOLJA MOXKHO FapaHTHPOBATH CaMO CyIe-
CTBOBaHME NMOCNIENOBATEILHOCTH, YIOBIETBOPAIOMEH yCIOBUsIM EPBOH.

Teopema 3 (Bropas Teopema Xenuwu). Uz Beakoro 6ecko-
He4dHOro MHOXkKecrBa M ¢yuxuuil O, 3anaHHbIX HA HEKOTOPOM OTPE3KE
la, b] # yROBAETBOPAIOIIAX yCIIOBUIM

max|®(z)] < C, VI[®] < (12)
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(C 1 K — nocrosiHuble, o H Te xe 111 Bcex ® € M), moxxHO BHIOpATDH
HOCJIEI0BATE/IBHOCTD, CXONAIYIOCA B KAXRO0H TOuke oTpeska [a,b).

Hokasarenbctso. JOCTATOMHO I0KA3ATh 9TY TEOPEMY IJIA MO-

HOTOHHBbIX dyHkuuii. JelicTeurensHo, nycrs
¢ =v-—-g,
rae v{z) — nonnoe uimenenue dyuxkuuu P Ha orpeske [a,z]. Torma
¢hyukuun v, orsevaionue Bcem ¢ € M, yIoBJIETBOPSIOT HEPABEHCTBAM
max|u(z)] < K, V] =V?[® <K,
T.€. YAOBJIETBOPSHIOT YCJOBUAM TEOPEMBI, 1 MOHOTOHHBI. CuuTadg, 4TO
/U5 MOHOTOHHBIX yHKUu Teopema [I0Ka3aHa, BbIGEpEM IOCIIEIOBA-
resbHOCTb {P,} u3 M Tax, 4uTobsl 1715 Hee v, CXOMNJIUCH K HEKOTOPOMY
npeneny v. Hainee, byurouun
n = Un — Py,
TOXKE€ MOHOTOHHBI U YIOBJIETBOPAIOT YCJIOBUAM Teopembl. [1oatoMy u3
{®,} MoxHO BIGpaTh nonnocsenoBarenbrocTs { P,y b TAK, ITO gy, CXO-
AATCA K HEKOTOpOMy npenesy g. Ho roraa
P, (z) = B(z) = v(z) — 9(2).
Wrak, npuseneM JOKa3aTebLCTBO TEOPEMBI 1A ceMedcTsa M MOHOTON-
ueix Gysxuuid. [ycrs ry,..., Ty,... — BCe pAUMOHANBLHBIE TOYKU OT-
peska [a,b]. B cuny (12) uucsaa ®(r1) (rne ® npoberaer sce M) o6pasy-
0T OTPAHUYEHHOE MHOXKECTBO, NOATOMY HAUeTCsl NOC/eI0BATENHLHOCTD
{Qsll)}, CXONAIIAACA B TOYKe 7. Jajiee, U3 Hee MOXKHO BbIOpPATH IOAMO-
CJIeIOBATEJSIBHOCTD {@%2)}, CXONAILYIOCA B TOYKE Ty (M, KOHEYHO, B T1).
Us {<I>,(12)} BBIGEPEM II0[TIOC/IENOBATE/ILHOCTD, CXOAALLYIOCA B TOYKE T3,
u T.a. JluaroHasbHAs MOCJIENOBATEBHOCTD {@Sln)} Oyner, O4eBH/IHO,
CXOOUTBCSL BO BCEX PALMOHAJIBLHBIX TO4YKax orpeska [a,b]. Ee npenen
ecTh HeyObiBaromasa GyHkuusa P, onpemesieHHas NOKA JUMb B TOYKAX
T1,--+y Tn,... JJOONpENENM ee B OCTAJILHBEIX TOUKAX OTpeska [a, b], no-
JIOXHUB IS HPPALMOHAJIBHLIX T ®(z) = r_lixzn_o(b(r) (r paumoHasbHBI).
IToxaxkeM, 4TO NoJiy4eHHast TAKUM 06pasom HeybpiBawoman dyuknus P
BO BCEX TOYKAX HENMPEPHIBHOCTH CJIYKUT NPEAETIOM NOCAeA0BATEILHOCTH
{<I>£l")}. Ilycte £* — oama u3 Takux Todek. Torma mis 3a0aHHOIO € > 0
MOXKHO HaliTu Takoe 6 > 0, 9yro
|®(z*) — ®(z)| < e/6, kak TONMBKO |T* — | < 4. (13)

Beibepem paumoHanbHbie TOYkd 7 u ' Tak, wro v’ < z* < r'"'nur >
> z* -6, " < z* + 4. Ilycts Teneps ny HACTOIBKO BEJIMKO, YTO TPU
7 > Tip BBIMIOJIHEHBI HEPABEHCTBA

|@a(r') — ®(r')| < /6, [®n(r") —B(r'"}| < /6. (14)
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U3 (13) u (14) cnenyer, uto
|85 (r') — @a(r")] < 3.

Tak kak dyuxmus &, HeybuiBarowmas, 10 ,(r') < ¢,(z*) < 2,.(r").
IToaromy

|2(z") — @n(a”)] < |2(z7) — B(r")| + |2(r") — Sp(r')|+

+|®a(r') - Bn(z)| < E+E+ E =¢,
a »T0 ¥ 3Ha4nT, 4yro lim ®,(z*) = $(z*).
n—00

W7rak, Mbl IOCTPOUIIN TIOCJIEIOBATENBHOCTL hyHKuuit u3 M, cxous-
myca K npenesbHoit dyukuum P BClOay, KpoMme, ObITH MOXKET, TOYEK
paspeiBa pyukiuu ®. Tak Kak MHOXKECTBO TaKMX TO4YeK He GoJiee ueM
CYETHO, TO, HPMMEHUB CHOBA JIMATOHAJIBHBIN [poOUecc, MOXHO U3 HOCJIe-

nosaresbHocTH {$,} BHLIENTH NONNOCIIENOBATESILHOCTD, CXONAILYOCH
M B 5THX TOYKAX, T.e€. BCIOAY Ha |a,b].

6. O6muit Bun, JuHeHHBIX HenpepnIBHBIX (PYHKIMOHAJIOB
B IpocTpaHCTBe HenpepbiBHLIX GHyHKupid. Boune Mbl yxe yxasol-
BAJIM HEKOTOpBIE npuMeHenus unterpasa Crunrseca. Celtuac Mbl pac-
CMOTPHUM €lle OJHY 33134y, CBA3AHHYIO C 9TUM [OHATHEM, a MMEHHO,
BBISICHMM 061uit Bu JiuHelHOro (pyHKUMOHAIA B npocrpancTtse Cla, b].

Teopema 4 (®. Pucc). Beakuit snnefiusrii HennpepbIBHbIH QyHK-
nuonan F B npocrpaucrse Cla, b] npencrasum B Buae

b
F(f) = [ f(z)d®(z), (15)
a
rane & — Hexkoropas ¢pyHkuMA ¢ orpaHmdeHHbIM m3menenmem'). Ilpu
3TOM b
IF|| = Vo [2].

HoxkaszaTteanctro. [pocrpancrso Cla,b] MOXHO paccmaTpruBaTth
KaK NOIIPOCTPAHCTBO MpocTpancTsa M [a, b] Bcex orpannyensbix GhyHxK-
Uil Ha 3TOM OTpe3Ke, ¢ TOH ke HOpMOit

171l = sup | ()],

yro u B Cla,b]. Ilycts F — nenpepsisusill junelnpiit ¢yHximonasn
Ha Cla,b]. ITo Teopeme Xana-Banaxa ero MOXHO NPONOJIKUTH, C CO-
xpanenueM Hopmsl, ¢ Cla,b] na sce M[a,b]. B 9actaocrn, Taxkoit opo-
JOJIKEHHBIH (PYHKIMOHAJ OyeT onpeneser Ha BeeX (HYHKUMAX BUIA

ha(z) =0, ho(z) = { L mpw &<, (16)

O mpu z>7, eciu 7 > a.

1) Bpech mMeeTcA B BUY WHTETPAT IO OTPE3Ky [a, b].
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Tlonoxum
®(r) = F(h,) (a7)

u OKaxeM, 4to dynkuus Y umeeT orpaHUYeHHOE U3MEHEHUE Ha OTpes-
ke [a, b]. JefcTBrUTe1bHO, BO3LMEM [IPOM3BOJILHOE pasbueHmne
a=190< 1< <xTp=2"b (18)
9TOTO OTPE3KA M [OJIOKHUM
o =sgn{®(zr) — B(xp-1)), k=1,...,n.
Torﬂ\a

Z|‘I’ o) — ®(zr— |~Zak (zk) — S(w-1)) =

= iakF(hzk - fcrc 1) = (Zak hrk - 2k—1)) <
k=1
P |3 e, — e )|
k=1

n
Ho dbyukuus Y ap(hy, — hy,_,) npusHEMaeT jumb 3uadvenna =1 u 0.
k=1
CaenoBaresibHo, ee HopMa paBHa 1. Takum obpasom,

> 1®(x) — Blae-1)| < NIFI-
k=1
ITockonbky 910 BepHO AMs 06oro pasbueHus orpeska [a, b], To
V1@ < ||FYl-

Hrak, Mbl nocTponsiu no dbyuxkuuonany F byuknmio ¢, umeroniyio orpa-
HUYeHHOe naMeHenne. [Tokaxem, 4TO KMEHHO C IOMOIBLIO 3TOH (OYHKIUY
dyuxuuonan F zanuceiBaercs s sune unrerpasna Crunrseca (15).

Ilycts f — npowussonsHas nenpepwiBHas dbyHKUMA Ha [a,b]. 3ama-
JHM IOJIOKMTEJIbHOE € U Bbibepem § > 0 tak, yro {f(z”) — f(z') < €
npu |z — z'| < §. BeibepeM teneps pasbmenue (18) Tax, 4Tobbl myiuHA
Kaxol u3 4acreit 6p1a MeHbIIE §, U PACCMOTPHM CTYNIEHYATYIO (DYHK-
Ui f:

fE(x):f(xk) npu Zp— < & < T, k:11"',n9
fe(a) = f(a).

Ee, ogeBuIHO, MOXKHO 3aIIHCATL B BUOE

fe@) = f@e)[hap (@) = hay_, (@),

k=1
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rme h, — yHnkmmua, onpenenennas paseHcTBom (16). fcuo, uro
|f(z) — fe(z)] <eupuBeex z (a < z < b), Te.

1f(z) = fe(x)]| <e.

Halinem snauenue dyukuuonasna F Ha snemente f.. B cuny muneiinoctn
3Toro byHKUUOHATIA U onpenesienns (hbyHKUMM i, OHO PABHO

F(fo) =Y f@p)lF(ha,) = Fhay )] = Y f(@e)[@ (k) — B(ar-1)],
k=1

k=1

T. €. IpeacraBJisgeT coboit HHTErpaJyibHyO0 CYMMY IJ1A MHTErpaJia
b
[ $(@)de(z).
a
Iosromy npH JOCTATOMHO MENKOM pasbueHun OTpeska [a, b]
b
F(f) - [ f@)do(@)| <.
a

Ho B T0 %€ Bpems
|F(f) = F(f < IFY- I = fell < IFY -

CrnienoBaresibHO,

b
|F() = [ £@)d2(@)| < e+ |IFID,

OTKYAa B CUJIY NIPOM3BOJIBHOCTH £ II0JIyYaeM PAaBECHCTBO
b
F(f) = [ 1(z)d3 ().
a

Map1 noxasasi, 4To noJIHoe usmMeHenue Gpynxuuu @, onpenesisiemoit dpop-
myJioft (17), yooBJieTBOpsieT HEPABEHCTBY
V. [8) < ||F ). (19)

C npyroit CTOPOHBI, U3 TEOPEMBbl O CpedHeM It MHTerpaja Pumana—
Crunrbeca cpasy CJenyeT, YTo

1|l < VP[], (20)
Cpasnusas (19) u (20), nosy-1aem paBeHCTBO
Il = Vy[®).

TeopeMa NOJHOCThIO JOKa3aHa.
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Bamewanue. SIcHO, YTO B3AB IMPOU3IBOJIBHYIO (BYHKLMIO ¢ OPPAHH-
"JeHHBIM u3MeHeHueM P Ha orpeske [a,b] M mOJIOKUB

b
F(f) = [ f(z)d%(x),

MbI TTOTyqnM JuHelnbii dyaknuoran ma npocrpancrse Cla,b]. pn
atom nse byuruuu, ¢; u $», cosnamaomue Ha [a, b BCIOAY, 33 HCKIIIO-
yeHueM He GoJiee YeM CYeTHOrO MHOXKECTBA BHYTPEHHMX TOYEK 3TOrO
OTpE3Ka, ONPEAEJIAIOT OMMH U TOT XKe JuHeHHbi dOyHKkuuonas; obpar-
Ho, nycTh ®, u ¥, onpenensior onun u ot xe dynkunonan va Cla,b],
T.e.

ff(m)d@l(:z:) = /bf(a:) d®,(z)

a a
st kaxkao# HenpepoisHo# ¢dyukuuu f. OTCiona Jerko ciemyer, 9To
$y, — &3 = const Bo Bcex TOuKax HenpepbiBHOCTH (yHKuuu $; — Po,
T.€. BCIOIY, KpoMe, ObITh MOXKEeT, KOHEYHOIO WJIM CYETHOIO MHOXKECTBA
TOYEK.

Taxkum 06pa3zoM, KaKIOMY HENPEPLIBHOMY JinHeRHOMY dYHKIHMOHA-
sy Ha Cla,b] orBevaer knacc byHKUME ¢ OTPAHUYEHHBIM H3MEHEHHEM
Ha [a, b], npuuem ¥, u P, npuHaLIEKAT OJHOMY KJIACCY B TOM M TOJIBKO
TOM CJIy4ae, eCJIUM UX PA3HOCTh OTJIMYAETCS OT [MOCTOAHHOMH He Boree 1eM
B CYETHOM YHUCJIe BHYTPEHHHX TOYEK OTpe3Ka [a,b]. B xaxkpom raxom
KJIACCE MOXKHO BBIOPATH OAHY U TOJILKO OUHY (DYHKIMIO, PABHYIO HY-
JIIO B TOYKE @ M HEIPEpBLIBHYIO CHpaBa BCIOAY HA nosyuarepsade (a, D).
QyHKUMM, YIOBIETBOPAIOWME 3THM YCJIOBHSAM, 00pa3yoT B IIPOCTPAH-
cTBe BceX PpyHKumll ¢ OrpAHMYEHHBIM W3MEHEHWEM Ha [a, b] 3aMKHyTOE
JIMHEHHOe IOAIPOCTPAHCTBO, KOTOpoe Mbl obo3nauum V0[a, b]. 3amerum,
HaKOHell, 4TO 111 Jiroboro dbyukuuonana F Ha Cla, b] cooTBercTByOmAasn
dyukuus ®(7), onpenensiemas pasenctBoMm (17), ecTb QYHKUUS UMEH-
1o u3 V0[a,b]. Tak xax ansa takux ®(7) 6bUI0 YCTAHOBJIEHO PABEHCTBO
|IF|l = V2[®], no Teopeme 4 MoxHO mpunarh caenyomuil BUIL.

Teopema 4'. CymecrByer msoMopgHoe (T. . B3aHMHO OIHO3HAY-
HOe, JINHEHHOe H H30METPHYHOE) COOTBETCTBHE MEXIY IPOCTPAHCTBAMH
(Cla,b))* u VO[a,b], ycranasaupaemoe papeHcTBOM

b
F(f) = [ f(z)do().

Takoe npencrasieHne JuHeHHOro (HYHKUMOHAJIA C MOMOWBK (BYHK-
nuu u3 VO[a, b] MbI 6yneM HA3BIBATL KAHOHUUECKUM.

W3 370i1 TEeopeMbl JIErKO MOJIYYUTH CAEIYIOUYI TEOpeMy O KaHo-
HUYECKOM IPENCTABJIEHUM JIMHEHHOro (pbyHKIIMOHANA Ha NPOCTPAHCTBE
C'[a,b] nenpepniBHLIX 1 HenpephiBHO MubdepeHuupyeMbIx byHKImi,
HUI'PAIOILYIO CYINIECTBEHHYIO POJIb B BAPHALMOHHBIX 33034aX.
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Teopema 5. Besakuil juHeHHbIH (DYHKIHOHAT B HPOCTPAHCTBE
C'[a, b] MOXHO NPEACTABHTL OJHUM H TOJIBKO OAHAM CMOCOGOM B BHIE

b
F(f) =af(a) + [ f'(z)d®(z), (21)

rae o — uncso 1 ® € VO[a, b].

HoxaszarenbcTBo. Paccmorpum B C'la,b] mnommpocTpatncTso
ct [a,b] dynxuuit, ynosmersopsiowmx yeaosmio f(a) = 0, u onepatop
A = d/dz, nepesogamuil 3TO NOANPOCTPAHCTBO BO BCE NMPOCTPAHCTBO
Cla,b). ycts F — nuneitnsiit pynkumonan na C'la,b]. Pacemorpum
€ro cHavasIa ToJIbKO Ha noanpoctpanctse Cl[a, b]. Teneps x oneparopy
A: Ca,b] = Cla,b] n dysxmmonany F: C%a,b] — R moxuO npume-
HUTDH JiemMMy O Tpoiike (1. IV § 5, n. 4). B cuny ool siemmbl Hailaercst
TaKoe JIHHEHHOe 0TOOpaXXeHue:

¥: Cla,b] = R,
wro o xaxmoit gyuxmn g € Cla, b]
F(g) = ¥(Ag). (22)

Kaxnasn dynkuus f € Clla, b] MoxeT 6bITh IpecTaBICHa B BUIE

/(@) = f(a) + g(z), g€C'la,b].
THosTomy
F(f) = F(f(a)) + F(g). (23)
B cuny Teopemsr Pucca, pasencrsa (22) u onpenesienusi oneparopa A
nMeeM:

b
F(g) =y(Ag) = [ g'(z) d®(z),

KJIA

b
F(g) = [ f'(x) d¥(z), (24)

nockostbky f'(z) = g'(z). Ilycrs a@ — 3nadenne dynkumonana F ua
dYHKIMH, TOXAECTBeHHO pasHOH enunuue. Torna us (23) u (24) oxon-
YaTesbHO NoJy4aeM npeactasiaeHue (21).



T'JIABA VII
IIPOCTPAHCTBA CYMMUPYEMbBIX ®YHKIIANI

Onun m3 BaxueilluX KJ1acCOB KOPMMPOBAHHBIX IIPOCTPAHCTB COCTa~
BJISIIOT NIPOCTPAHCTBA CyMMHPYeMbIX (hyHKUMii, B NepByI0 Ouepenn npo-
CTPAHCTBO BCEX CyMMUpyeMblX ¢gyHxnuit L; u npocrpanctso Ly GyHk-
unit ¢ cymmupyembim kpaaparoM. Cefidac Mbl paccMOTPHM OCHOBHBIE
cBOficTBA 3TUX npoctpascTs. Conepxauue 31oil rasbl ONUpaeTcs, ¢ og-
HOIf CTOpPOHEI, HA 0DUIMe CBOHCTBA METPUYECKUX M JIMHEIHBIX HOPMUPO-
BAHHBIX NIPOCTPAHCTS, n3aokenusle B rv1. [1-1V, a ¢ apyroii, — Ha BBe-
AeHHOe B IJ1. V NOHsTHE HHTerpaJa Jlebera.

§ 1. IlpocrpancrBo L4

1. Oupenesiene M OCHOBHBLIE CBOMcCTBa npocrpaHctTBa Lj.
IIycth X — HexoTopoe npoCTPaHCTBO ¢ Mepoil fi; IIPU 3TOM Mepa caMo-
ro X moxer ObiTh KOHeuHOU win HGeckorevynoil. byaem cunrars mepy p
nonuno# (r. e moboe NOOMHOXKECTBO JIIODOrO MHOXKECTBA MEPbl HyJIb
namMepumMo). PaccMOTpUM COBOKYNHOCTHL BCex (yHkumit f, cymmupye-
mbix Ha X . [Tockonbky JsiuHeiiHAsT KOMOHMHALMS CyMMUPYeMbIX (DyHKIMH
CYMMHUDPY€EMa, 3Ta COBOKYIHOCTh, ¢ OOBIYHBIMYM ONEPALMSIMU CJIOKEHUST
dyHKuul ¥ yMHOXKEHMST UX Ha 4ucjaa, obpasyer JuHeHOe IpPOCTpaH-
crBO. 910 HpoCTPaHCcTBO Mbl 0603HavuM L (X, p) uium, xopode, npo-
cro L. Beesem 8 L, HOpMY, nosoxus b)

17l = [ 1f(@)lde (1)
flcHo, uTo npu 3TOM
llafll = lal - [} 11I,
Lfr + LIl < Nl A2l + (I 2l

OnHako #j1s1 TOro 4ToObl BBIMOJHJIOCH U IOCJEIHEE CBOHCTBO HOPMBI,
a MMEHHO,

lfI1>0, ecmu f#0,

1} Brech u manee cumsost / Oyner 03HaYATL UHTErPHPOBAHHE IO BCEMY NIPOCTPAH-
crBy X.
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HYXHO CYATATh, YTO (DYHKIMH, IKBHBAJIEHTHBIE APYr Apyry Ha X,
HE pa3/IMYalOTCs, & CYUTAIOTCA 34 OJIMH M TOT XK€ 3JIEMEHT MPOCTPaH-
crBa L;. B gactHOCTH, Hy1eBoli as1eMeHT B L; — 3T0 COBOKYNHOCTH BCEX
dyHKIUMY, PABHBIX HYJIIO IIOYTH BCOY. [1pu aTOM Bhipaxkenue (1) Byzaer
obJianaTe BceMy CBOHCTBAMM HOpMbl. VITak, Mbl NIDUXOAMM K CJICAYIO-
HIeMy ONpenesIeHHIO.

Onpenenenune 1. Ilpocmpancmeom L) HA3BIBACTCS HOPMUPOBAH-
HO€ IIPOCTPAHCTRO, 3JIEMEHTAMH KOTOPOro CJIyXKAaT KJ1aCChl 9KBUBAJIEHT-
HBIX MeX Ay coboit cyMMupyembix (pyHKIMH; ciioxenne 37eMeHToB B Ly u
YMHOXKEHHE UX HA YUCJIA ONPEIEIAIOTC KaK 0OBIYHOE CIIOKEHUE U YMHO-
xenue Gpyukiui 1), a HOpMa 3a1aercs GpopmyJioi

fll = [1f(x) du.

B L;, xaK 1 BO BCAKOM HOPMUPOBAHHOM IIPOCTPAHCTBE, C IOMOIILIO (HOp-

MYJIbI
p(f ) =If —gll

BBOIMTCA paccrosinne. CXOOUMOCTH TMOCJIENOBATE/IBHOCTH CyMMUpYe-
MbIX (QYHKIUMHl B CMBIC/IE TOr0 PACCTOSHUA HA3ZBIBAIOT CZOGUMOCTBIO
8 cpedrem. [IpocTpasicTBo L MOXKHO CYUTATH COCTOSIIIUM U3 KOMILJIEKC-
HbIX pyHruuid (Kommsekcuoe L) uin U3 OJJHUX TOJIBKO HeHCTBHTEB-
ubIX (peficTBurensuoe Ly ). Conepxkanue mannoro naparpada OTHOCUTCSA
K ODOMM 3THM CJIy4asiM.

BecbMma BaxkeH 118 MHOTHX BOMPOCOB 3HAJIM3A CJENyOUMi gaxt.

Teopema 1. IIpocrpancrBo Ly moJiHo.

Hoxasartenbctso. lyers {f,} — dbyHaamentanbras nocseno-
BATEJILHOCTHL B L, T. €.
[1fn— fmll =0 1upu n,m - oco.

Torga MOXHO HAHUTH TAKYH BO3PACTAIOLLYI0 NOCAEIOBATEIBHOCTD HH-
nekcoB {ng}, 9410

ank - fnk-H“ = /‘fnk(x) - fnk+1(z;)|du < 1/2’C

I3 aroro HepaBeHcTBa 1 TeopeMms! B. JleBu BbITexaer, 4TO pag,
!fn1| + Ifng - fnll +...

1)To‘mee: Kax bt aaemMenT B L) -—— 3TO KJIACC 3KBHBAJIEHTHBIX MeXay coboii
cymMmupyeMblx dyHKuuil; 4ToOBl CJOXKUTB OBa TAKHUX KJIACCA, HAJAO B3ATH B HUX
110 NPENCTABUTENIO0 U OODBSBUTH CyMMOM KJIACC, COONEep:Kaluui CyMMy BHIODAHHBIX
npencrasureseit. fcHo, 94TO pe3ysibTar HE 3aBHCHT OT IPOU3BOJIA B BhIOOpe mnpen-
craBuTeneli. AHAJIOrHYHO — W JJIs1 YMHOXEHHUST 3JIeMeHTa U3 L) Ha 4ncJo.
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cxouuTes oyt Bewoay Ha X. Ho Torpa u pan

f‘nl + (fnz - fnl) +...

CXOAWTCs TOYTH BCIoAy Ha X K HeKOTOpOoH dyHKumMU
f(z) = lim f, (z).
k->00

Takum obpazom, dyrgaMentanbHas nocsjenoBarejbHOCTL B Ly co-
JEPKNT HOAIIOCIEI0BATEILHOCT, CXOASILYIOCS OYTH BCIOLY.

IMoxaxkem Teneps, YTO HONIOCIIEIOBATETLHOCTS { frr, } CXOAHTCSA K TOR
ke dysxkuuu f u B cpendem. B cuity dbyHIAMEHTAILHOCTH TOCIIENOBA-
renvrocTH { f} 11pu mobom dbrkcuposantoM € > () 1A BCEX NOCTATOY-
HO Bonpmux k u [ nmeem

/|fnk(z) - fn,(x)]dﬂ < E.

Cornacuo reopeme Pary B 3TOM HEPABEHCTBE MOXKHO HEPETH K Ipenesty
IIoJI, 3HAKOM muTerpana npu | — oo. [Honyvaem

[ fn(z) = f(2)ldp <e,

oTkyma caenyet, 4o f € Ly n uto f,, — f. Ho n3 Toro, uro ¢dpynna-
MEHTAJIbHAS [10CJIeI0BATEIBHOCTh COUEPKUT MOANOCTISI0BATEILHOCTD,
CXOIIAULYIOCH K HEKOTOPOMY IPEIEJTY, CJIGAYET, YTO U CAMa OHA CXOIMT-
Csl K TOMY XKe TIPEIesiy.

Teopema nokazaHna.

2. Berony nsiotHble MHOXKecTBa B L. s Beakoli dyukuuu f,
cymMupyemoit Ha X, u soboro € > () CymecTByeT Takasi npocTast CyM-
mupyemasn byukuma ¢(z), 4to

[1£@) = pla dp <.

Jastee, noCKoOIbKY U1 npocTolt cymMMmupyemoit byHKuuM, NpUHUMAaO-
meit 3Ha4YeHuA v, Y2, ... Ha MHOXKecTBax Ey, Es, ..., uATErpas ocnpene-
JISIETCST KaK CyMMa pAna

Z ynl‘(En)

(nmpu ycsioBuM ero abCoOMOTHOH CXOAMMOCTH), ACHO, YTO BCAKYIO IPO-
CTYI0 CYMMUDPYEMYIO DYHKIUMIO MOKHO MPEICTABIUTh KaK npened (B cpen-
HeM) [0C/1eI0BATEILHOCTH NPOCTHIX (PYHKIMH, IPUHUMAIOMMX JUIL KO-
He4yHoe uucso 3HadeHui. Mrak, 6 npocmpancmee L scrody naommu
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Pyrryuu, Kaxcdes U3 KOMOPHIT NPUHUMAET AUUWD KOHEUHOE YUCAO 3HA-
wenud (1. e. npencrapsisieT CO60H KOHEYHYIO JIMHEHHY IO KOMOMHALUIO MH-
OUKATOPOB).

[Iycts R — MerpuyiecKkoe NpoCTPAHCTBO C BBEIEHHOH B HEM MepoH,
yZIOBJIETBOPSIOIEH TAKOMY YCJIOBUIO (BBIIOJIHEHHOMY H1s1 Mepbl JleGera
B €BKJIMIOBOM IIPOCTPAHCTBE M BO MHOTHX IDYTMX HPAKTHYECKM MHTE-
PECHBIX CJIy4asX): 6Ce OMEPHMBE U 6CC 3AMKHYINBE MHOHCECMEa 8 R
USMEPUMDBL, U Ot 4100020 usMepumoz0 muoxcecmea M C R u awbozo
€ > 0 natidemes') maxoe omxpwmoe G DO M, wmo

WG\ M) <e. (2)
Tornma Bepua ciienyiomas TeopemMa.

Teopema 2. MHOXECTBO BCeX HEIPEPBIBHBIX (DYHKIHH BCIOAY
mw1oTHO B Li(R, p).

HoxazaTenabcTBo. B cuny CKa3aHHOTO BbIlIe JOCTATOYHO JOKa-
3aTh, YTO BCAKAA NPOCTas (DYHKUNHA, NPHHUMAIOMAA KOHEYHOE YHCJO
3HAYEHUH, ABIAETCS NPEJNEJIOM, B CMBICJIE CXOZUMOCTH B CpPEIHEeM, I10-
CJIEIOBATE/ILHOCTH HenpepbiBHbix (yukuuit. Jasee, Tak xak BCskas
CyMMHpYyeMas NpocTas GyHKINA, IPUHHMAIONIAA KOHEYHOe YUCJIO 3HA-
YeHUH, ecTh JIMHEeHHAsi KOMOHHAIMS UHANKATOPOB X as(T) M3MepuMbiX
MHOXECTB KOHEYHOH Mephl, TO JOCTATOYHO IIPOBECTU AOKA3ATEJIHCTBO
Onsa atux nocaenumx. Ilycre M — usMepumoe MHOXKECTBO B METPH-
weckoM npocrpascree R u u(M) < oo. Torna us ycinosus (2) cpasy
caenyer, 4To giisA joboro € > 0 HalayTCAa 3aMKHYTOE MHOXKECTBO Fif
M OTKPBbITOE MHOKECTBO G )y Takue, 4To

FyycMCGy u pu{Gar) —[J,(FM) <E.
Onpegenum Tenepsb GYHKIMIO 9. (T), MOI0KHUB ?)

_ oz, R\ Gum)
e (z) = oz, R\ Gur) + plx, Far) '

9rta dyskuusa pasua 0 npu £ € R\ Gy u pasda 1 npu ¢ € Fjy. Ona
HermpepbiBHA, Tak Kax xaxnas us byuxkuu#t p(z, Far) u p(z, R\ Gu)
HenmpephbIBHA M HX CyMMa Hurae He obpamaerca B 0. DyHRuuaA | X pm — |
ne npesocxomuT 1 Ha Gar \ Fas u pasura 0 BHe 3TOro Muoxecrna. Cie-
HOBATENBHO,

[ xa(z) = pe(@)|dp < e,
OTKYyJa U BBITCKAET YTBEDXKICHUEC TCOPEMBL.

1}Cp. ynpaxuense 1. 7, § 4, o1, V.
2) p(z, A) o3HA4AET OT TOYKM T OO MHOXeCTBA A.
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Scno, uro npocrpancteo Ly (X, pt) 3aBucHT 1 o1 BBIGOpA IIPOCTpPaH-
crBa X, u or BeIGopa Mepsn! ¢ B Hem. Hanpumep, ecsim Mepa p cocpe-
[OTOYEHa B KOHEdHOM uncie Tovek, 1o Lq (X, u) 6Gyner npocTro KoHed-
HOMEpHBIM [POCTPAHCTBOM. B aHa/M3e OCHOBHYIO POJib UIPAIOT IIPO-
crparcTBa L BeckoHevHOH pa3MepHOCTH, HO COJEPKALINE CIETHOE BCIO-
Ay MJOTHOE NOAMHOXKeCTBO. L1 Toro 4robsl 0XapakTepU30BATh TAKHE
apocTpaHcTsa L, BBEIEM eile CAHO MOHSITHE, OTHOCAIEeeCs1, COOCTBEH-
HO, K 00Iell Teopuu Mepsl.

Onpenenenne 2. Mepa y HazpIBaeTca mepold co ciemusim 6a3u-
COM, €CJIM CYIECTBYeT TaKas cueTnaa cucrema 4 = {A,} (n =1,2,...)
U3MEPUMBIX MOAMHOKCCTB mpocrpaHcTsa X (cuemuwniti 6asuc Mepbi 1),
410 1714 Besikoro usmepumoro M C X u Bcakoro € > () nalimerca taxoe
A, € A, 9ro

u(M A Ay) <e.

B uactHOCTH, Mepa p UMeeT cUeTHBIH HA3UC, eCJIu ee MOXKHO NMPeaCTa-
BHUTb KaK J1eBeroBo [pofoJrKeHUe MEPBL 1M, OIIPEIeJIEHHOH Ha HEKOTOPOM
cueTHOM nosykosibiie &. B camoMm zeste, B 3TOM ciydae kKoabio R(S)
(oueBunro, cuetHoe) u npexacrasiaser coboit mckomer Gasuc. Orcioma
BHJHO, HANIPUMeEP, 4TO cueTHbIl Ha3uc umeer mepa Jlebera Ha oTpeske,
HOCKOJIbKY IJ1sl Hee 32 HCXOAHOE MOJIYKOJIbIO MOXKHO IIPHHATL COBOKYTI-
HOCTB TMOJIYHHTEPBAJIOB C PALUMOHAJIBHBIMEA KOHIIAMU.

IIpoussenenue p = pu) ® 1o ABYX MEP CO CYETHBIMEU DA3ZUCAMH TAKKE
obJiafaeT cYeTHHIM 0a3ucoM, 160 KOHEeYHble CYMMbI MPOU3BeneHun ae-
MeHTOB U3 06a3uca MepEI [ Ha 3JeMeHTbI U3 Ha3zuca Meps (13 06pasyioT,
KaK JIErKO ITPOBEPUTH, Ha3NC Mephl i = i1 ® us. [Hosromy mepa Jlebera
Ha IJIOCKOCTH (& TakXke U B N-MEPHOM IPOCTPAHCTBE) MMEET CYETHLHIH
fasnc.

Ilycrs .

S L (3)
ecTh cueTHbit 6a3uc Meps! p. JIerko BuAeTh, YTO, PACHIUPSA CUCTEMY
MHOXecTB (3), MOXKHO 06pa30BaATH HOBBIH CHeTHbIN 6A3HC 9TOH MephI

A, A, o, (4)
3aMKHYTBIH [TO OTHOLIEHUIO K OlIEPALHAM BBLINUTAHUS U B3SATUA KOHEY-
HBIX CYMM H TMepecedeHull, T.e. ABJAINHNACT KOJIbLOM.

Teopema 3. Ecsn mepa p umeer cuernnift 6asuc, 10 B L1(X, p)
CYIIECTBYET CYETHOE BCIOAY NJIOTHOE MHOMXECTBO (hyHKIUE.

,]10 Ka3aTeJbCTBO. HOK&}KBM, YTO CHQTHOE BCOAY ILJIOTHOE MHO-

xectBo B Ly (X, ) 06pasyioT KOHEYHBIE CYyMMbI
n

chfk($)7 (5)

k=1
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rOe ¢ — PAlHOHAJIbHBIE YUCAA, & fr — WHAMKATODBI 3JIEMEHTOB CYeT-
HOro Ha3uca Mepsl .

CHeTHOCTb TAKOrO MHOXECTBA OYEBW/IHA; HOKAXKEM, YTO OHO BCIO-
ay mwiorso B Ly (X, p). Kak Mbl yxe nokasaiu, MHOXECTBO CTYIEHYa-
ThIX (DYHKUMH, TPUHUMAIOHIAX JIMLUIL KOHEYHOE YHCJIO 3HAYeHnH, BCoay
mwiotHo B Ly, Tak kak snobyio Takyo (pyHKUMIO MOXKHO CKOJIb YI'OIHO
TOYHO ANNPOKCUMHUPOBATH (hyHKIMEH TOro )Xe BUia, HO NpUHUMAaromed
JIMIIb DALHMOHAJIbHBIE 3HAYEHH, JOCTATOYHO IOKa3aTh, YTO JI00YIO CTy-
neH4aTyo GYHKIMIO f, MPHHAMAIOULY O 3HAYEHHUA

Y1,---Yn (BCE Y; DAUMOHAIILHBI)

Ha MHOXKECTBAX
Ey,....,E,

TAKHX, 9TO n

UE:, =X, EENE; =90 upn i#j,

i=1
MO2KHO CKOJib YTOZHO TOYHO ANIIPOKCHMUPOBATH B CMBICJIE METPHUKH L)
dyskumsimu uga {5). CorslacHO CIeIaHHOMY 3aMEYaHHI0O MOXHO Ge3
orpanuMYeHns OOMHOCTH MPEIroJiararb, Yro 6asuc Mepsl [ ABJIAETCHA
KOJIBIIOM.

ITo onpenesieHno CYETHOrO Hasuca Mepsl u, npu JwoboM £ > (0 B Hem

CyHIeCTBYIOT Takue MHOxecTBa Ag, ..., A, 9TO

pw(Er & Ap) <e.
ITosnoxum ,
k:Ak\UAi’ k:l,...,n,
i<k
¥ onpenenauM f*, NONOXKuUB
yr upn x € A},

f@) = 0 npnm IEER\OA;.
i=1

Jlerxo BujieTh, 9TO IPHU JAOCTATOYHO MaJIOM € Mepa

plz : f(z) # f(x)}

CKOJIb YTOJJHO MaJIa U, CJIEJOBATEIIbHO, HHTErpaJl
[1f(@) = (@) dp < @max|ye))p{z : f(2) # f7(2)}

CKOJIb YFOHC MaJi NIPH AOCTATOYHO MAJIOM £.

B cuiy caenaHHbIX HaMy MPEANOJIOKEHnii OTHOCUTEIbHO 6a3uca Me-
pul p, bynkuus f* ects dyuxuua suga (5).

Teopema nokazasa.
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Ins Toro 4acrHoro ciayuad, korja X eCcTb OTPEe30K YUCJIOBO nps-
Mo#i, a y — wmepa Jlebera, cHeTHOE BCIOAY IJIOTHOE MHOXKecTBO B Ly
MOMXKHO IOJYYUTh W MPOLIE, HANPUMED, B3sIB MHOMXKECTBO BCEX MHOI'O-
YJIGHOB C PAIMOHAJIbHBIMA Koadyuimertamu. (JHO BCIOLY MJI0THO (naxke
B CMBICJIE DABHOMEPHON CXOIMUMOCTH) B MHOXKECTBE HENPEPLIBHBIX (PYHK-
Ly, a 3TU NoC/AeaHIe 0BPa3yIoT BCIOAY ILIOTHOE MHOXeCTBO B L (X, 1t).

§ 2. IIpocrpancrBo Ly

1. Onpenenenne u ocHoBHble cBolicTBa. Ilpocrpancts Ly npen-
craBJisier coboif, Kak Mbl BHOEJH, [OJIHOE HOpMUpoBanHoe (T.e. HaHa-
X0BO) JuHeliroe npoctpanctso. QOMHAKO OHO HE ABJSIETCA eBKINIOBBIM!
ONPEHESIEHHYIO B HEM HOPMY HEJIb3sl 33JATh C MOMOUIBI0 KaKOro-jinbo
CKaJIAAPHOIO IIPOU3BEAECHUA. JTO BBITEKAET U3 «TEOPEMb! O HNapaJijiesno-
rpamme», ycraHossiennolt B n. 8 § 4 rur. I11I. Hanpuwmep, nns unrerpu-
pyemsix Ha orpeske [0, 2] dyukunit f = 1, ¢ = sinz cooTHomeHne

I1f +gll? +11f = gl* = 201> + 1g11)
B L He BbHIOJHAETCS.

DyHKIHMOHATBHOE NMPOCTPAHCTBO, HE TONLKO HOPMUPOBAHHOE, HO H
©BKJIMJIOBO, MOXHO NOCTPOUTH, B3fB COBOKYMHOCThH (DYHKIMH C uaTe-
rpUpyeMbIM KBAJIpATOM. BBemeM cOOTBETCTByOLME OnpeaeseHusi. By-
[IeM CIepBa pacCMATPHBATH AedcTsuTesbHBIE (DYHKIUU f, OonpeneseH-
HbBIE HA HEKOTOPOM mnpocTpaHcrse X, ¢ 33aHHON Ha Hem Mepoit u. Bee
(hYHKIMM NPEANoJIaraloTCs U3MEPUMbIMM K OOpeJeseHHbIMUA Ha, X 1Oo-
YTH BCIOAY. IKBHBAJIEHTHBIE MEX 1y COOOH DyHKIMU He Pa3/IMHa0TCA.

Oupenenenune 1. Oyuxkuus f HasbiBaeTcs gynxyuet ¢ unmezpu-
pyemuim Keadpamom Ha X, eCJIH HHTErpaJT

[ (@) dp

cymectsyer (konedved). COBOKYNHOCTb BCeX Takux dynxuuit mMbl obo-
saaunm Lo (X, p) wnu, xopoue, La.

YcTaHOBUM OCHOBHBIE CBOHCTBA (DYHKIMH ¢ HHTErPUPYEMBIM KBAIPa~
TOM.

1. IIpoussedenue deyr dynxyuti ¢ unmezpupyemmm K6adpamom ecmo
URMEZPUPYEMAR DYHKYUS.

D70 HENOCPEACTBEHHO BLITEKAET U3 HEPABEHCTBA

| (2)9(@)| < 5[ () + ¢° ()]

u cBolicTe unrerpasa Jlebera.
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CioencrBue. Beakaa QpyHknua f ¢ HMHTEIPDHPYEMBIM KBAaADATOM
Ha IPOCTPAHCTBE C KOHEYHOH MepOl HHTErpHpyeMa.

B camoMm nesie, nocrarouno, nonoxus g(x) = 1, BOCIONBL30BATHCA
cBolicrBoM 1.

2. Cymma dsyx dynryuti us Lo maworce npunadaescum Lo.
Helicreuresnsio,

(f(z) +g(2))* < () + 2 f (2)g(2)] + g°(2);

B cuity cBoltcrBa 1 Kaxnas u3 rpex dbyHKIMH, CTOAMMX ClIpasa, UHTe-
rpupyema.

3. Ecau f € Ly u a — npoussosvroe wucao, mo of € L.
HeticrButensuo, ecom f € Lo, 10

[laf@)Pdu = a® [ f*(z)dpu < oo.

CsoiicTa 2 u 3 o3Ha4aKT, YTO JMHeliHble KoMOuHamn dyakuuil u3 Lo
CHOBA NpUHALIIEKAT Lo; pu 3TOM, OUeBUIHO, ciioxenue Gyukuuit us Lo
U YMHOXEHHEe MX Ha YHCJIa yOOBJETBOPAKT BCEM YCJIOBHAM, IIEPETHC-
JIEHHBIM B ompefesiennn Jimneiinoro npocrpancrsa (§ 1 . III). Taxum
obpasoM, cosoxynnocms Lo gynxyuli ¢ unmezpupyemuim, K6adpamom
ecmb AuHeliHOE NPOCTNPAHCMEO.

Ornpenesninm Teneps B Lo CKanspHoe NIPOU3BENCHNE, TTOJIOXKHUB

(f.9) = [ f(z)g(z) du.

SlcHo, yTo BCe TPeGOBAHUs, BXOAAIMME B ONPENEJSICHHE CKAJIAPHOTO
npoussenedus (cm. § 4 rur. 111), a nmenno:

D (f,9) = (g, ),

2) (A + f2,9) = (f1,9) + (f2,9),
3) (af,9) = olf,9),

4) (f,f) > 0,ecm f # 0,

NpY 5TOM BBITOJIHEHBI. B 4aCTHOCTH, BolIOIHEHKe YCoBus 4) obecrieun-
BAETCs TEM, UTO MBI YCJOBUINUCH HE DA3JIMYATh S3KBUBAJIEHTHBIE MEX Y
coboit byuxuun (3a Hysepoll snmemenr, TakuM 06pa3OM, NPUHUMAETCS
COBOKYITHOCTH BCex GyHKUME Ha X, sxBuBajieHTHIX f = 0).

Urak, BBens muist GyHKUMYE ¢ HHTErPUPYEMBIM KBAIPATOM ONEpAIMU
CJIOXKEHHA U YMHOXEHHA HA YUCJIIO, & TaKKe CKaJIAPHOE NPOU3BENEHHE,
Mbl IIPUXOIHMM K CJEOYIEeMY OKOHYATeJIbHOMY OIPeNeIeHHUIO.
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Onpenesicnue 2. Eexaudosum npocmparcmeom Ly HazpIBacTCA
JuHeHOe MPOCTPAHCTBO, COCTOSIEE N3 KJIACCOB 9KBUBAJICH THBIX MEX 1Y
cobolt pyHKUME C WHTErpupyeMbIM KBAJPATOM, B KOTOPOM CKaJIsIpHOE
[IpOU3BEIEHNE onpeneseno (hpopmyoi

(f,9) = /f(-’r)g(m) djs.

B L2, Kak ¥ BO BCAKOM €BKJIMIOBOM MPOCTPAHCTBE, BLIMOJIHEHB! Hepa-
BercTBO Komm-ByHsKOBCKOrO M HEPABEHCTBO TPEYIOJILIUKA, KOTOPbIE
B JJAHHOM CJIY4a€ MMEIOT BHJ

(/f(:v ) < [ (@) dp [ ¢ (2) du,
JI0@ sy < [ P@dus | [f e dn

B vacrroctn, npu p(X) < oo u g(x) = 1 nepasencrso Koun-Byuskos-
CKOT'O TIPEBPAILAETCS B CJIECAYIOMYIO NOJIE3HYIO OLEHKY:

(J 7@ du) < u(X) [ Py W
Hopma B Lo onpenensiercsa popmysion

£l = V50 =/ [ f2(=)dn,
a paccTosHNe MexX/y dJjieMeHTaMu f U g -— GopmyJioi

plf,9) = IIf —gll = \/ [(7(x) - g(z))?dp.

Bennuuny

[F (@) = g(@)?dp =1f - gli?

Ha3bIBAIOT TAKKE cpedrum xeadpamunnbim yrionenuem Gyuxkuut f u g
JPYT OT Jipyra.

CxoanMocTh PyHKUMOHANBHON NOCHAEIOBATEIBHOCTH B CMBICJIE MET-
PHKHM TTPOCTPAHCTBA Lo HA3BIBAETCHA CTOOUMOCTI®BIO 68 cpednem xeadpa-
muywrosm. Ecian HeT onacHOCTM CHyTaTh 3Ty CXOHHUMOCTb CO CXOTHMO-
ctbio B Ly, onpeneniennolt B npensiaymem naparpade, Mb! 4 31eCh Oymem
NOJTL30BATHCsT DOJIEe KOPOTKMM TEPMHUHOM «CXOIHMMOCTHL B CPEIHEM>.
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Teopema 1. Ilpoctpanctso Lo(X, p) npu p(X) < oo nosiHo.

Hokasarenscrro. lycrs {fn} — dyHuamenranssas nociaeno-
BaTeJIBHOCTbL B Ly, T. €.

|frn = fll = 0 mpu n,m — oo.

Torua B custy ouenxn (1) nonmygaem
J1n(@) = F(@l i < O (1ol = Sl <

<elp(X2, (2

T.€. I0C/IenoBaTenbHocTh {f,} dyHaaMeHTaNbHA W B METPHKE Npo-
crpancTsa L;. IloBropsas paccyxaeHus, KOTOpble ObLIM IPOBEIEHBI IPH
JIOKA3aTe/IbCTBE MOJHOTHL TpOCTpancTsa L;, Beibepem us {f,} non-
NOCAEI0BATENLHOCTD { frn, }, CXOAAMYIOCSA MOYTH BCIOAY K HEKOTOPOH
dyukuuu f. B HepaseHncrse

/(f"k(m) - fnt)zd//' <g

CIIPABEeNJIMBOM U1 4JIEHOB 3TOR MOJNOCIIENOBATEIbHOCTH IPU BCEX N0-
cTato4yHo bosibmux k u [, MOXkHO, ucrosibdysi Teopemy Pary, nepeittu
K npenesty npu l — oo. ITosmyaum

[ (fni (@) = f(2))?dp <¢,

oTKyIa caenyer, 4to f € Ly u uro fp,, — f. Ilna 3aBepiesus moxa3a-
TEJILCTBA OCTAETCH, KaK U B TeopeMme 1 § 1, BOCIONIB30BATHCS TEM, YTO
€Ccau (PYHIAMEHTAJIbHAS I0CEL0BATEILHOCTD COAEPKUT CXOLAILYIOCS,
TO M CAM3, OHA CXOAUTCH K TOMY XK€ [IPEJeJty.

2. Cny4ali 6eckoHeuHoll Mepbl. Mbl pacCMaTPUBAJIN TOJILKO YTO
dYHKUMH C MHTErpUpyeMbIM KBaJPATOM, OIpe/e/IeHHble HA HEKOTOPOM
npocrpanctee X KoHeuHOHU Mepsl. [Ipu atoMm yemosue p(X) < oo ue-
[0JIB30BAJIOCH JOBOJIBHO CYIIECTBEHHO. VIMeHHo, cHavasa Mbl npuberyu
K HeMy, JOKAa3biBasl, YTO BCAKAs (PYHKIHUA C CYMMUPYEMBIM KBAJIPaTOM
cyMMupyeMa ¥ B IepBOH CTeneHH, a 3aTeM — IIPH BBIBOIE HepaBeH-
cTBa (2), Ha KOTOpOE OHUPAJIOCH IOKA3ATEJHCTBO NOJIHOTHI IIPOCTPAH-
ctBa Lo. Ecsin paccmaTpuBaTs QYHKIUHA HA MHOXeCTBe ODeCKOHeYHOH Me-
pot (HanpuMep, HA BCel npsiMo# ¢ Jieberopoll Mepoit Ha nell), TO He BCs-
xaa yaxuusa u3 L, Oymer comepxarbcs B Li. Hanpumep, dbyskuus
1/v/1 + z? He uuTerpupyema Ha BCell IpsAMOl, a ee KBANPAT UHTErPHPY-
em. Hasee, B cirydae u(X) < oo umeer MecTo HepaseHcTso (1), o3Haqa-
01Iee, YTO U3 CXOIMMOCTH nocjenosarenbHocTy Gyukumit B Ly corenyer
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ux cxopumocth B L. Ilpu p(X) = oo 910 TOXKE HEBEPHO: HAIIPUMEp,
TIOCJIEN0BATENbHOCTD PYHKIMHA HA npaAMOii

1/n upu |z| < n,

on(z) = {

0 npu |z] > n
cxonurca k O B mpoctpancTtBe Lao(—o0,00) dysxumfi ¢ cymmmpye-
MbIM KB3/IpATOM Ha IIPAMO#M, HO HE CXOAMTCI HH K KAKOMY Ipeneiy
B L1(—c0,00). Onuako meopema o noanome npocmparcmea Lo ocma-
emcs cnpasedausoii u npu u(X) = col).

Hokaxkem 1o yrBepxkaenne. Kak u B . 6 § 5 1. V, roe Mbl BBein
NOHATHE UHTErpaJia Mo MHOXKECTBY GeckoHedHOl Mepnl, OyneM npenmo-
Jlarath, 4TO BCE NPOCTpancTBo X MOKHO NPEACTABUTL KAK CUYETHYIO
CYMMY MHOKECTB KOHe4HOM mepsl. IlycTs

oo
X=U Xn, pXn)<oo, XoNX,=9 npu n#m
n=1

—— TaKoe NPEJICTABIEHHe U NYCTh { f,} -— dyHnamentanbuas nocseno-
BaresibHOCTL B Lo(X, ). Takum ofpasom, ajasa kaxporo € > 0 cyige-
cTByeT Takoe N, 4To

JUr(z) = fi@)]?dp < e pnascex k,i2 N.

Baenem oboznauenue
(n) w(z) npu z€ X,,
oM (z) =
0 IIPH OCTAJIBHBIX Z.

Torpa B cusny cBONCTBA ¢-aQdUTUBHOCTH MHTEerpaja Jlebera, nMeeM

JUfe(@) = f@Pdp="" [ [f"@) - @) dp <e.

n=1 X,

s kaxnoro kounednoro M u nogaBHO

M
S @) - M @)Pdu < e (3)

n=1 X,

CoBOKYNHOCTh (GYHKUMIT ¢ HHTErPHPYEMbIM KBAAPaTOM Ha KaxaoMm X,
npejcTasiiger coboit nmosHoe npocrpancTso. [onoxun

() = Jim £ (a)

1y lokasaresbcTo ONTHOTHL npocTpancTea Li, nposenenHoe B § 1, He 3aBHCHT,
OYeBUIHO, OT NPEANIONOKEHN KOHEYHOCTH MEPH NpocTpaHcTa X.
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(roe CXOOMMOCTb MOHUMAETCA KAK CXOJMMOCTH B [POCTPAHCTBE
Ly(X, 1)), Mol MOXXem nepeiitn x npegeny npu | — co B Hepasenctse (3).
Honyyaem

M
( 2
> [ V6 - P E@)Pd<e.
n=1X,
Tax kak 3TO HEPABEHCTBO BBIIOJIHEHO JUIsT Bcex M, TO B HEM MOXHO
nmepeittn x npeneny npu M — oo. Takum obpaszom, uMeeMm

> [ @) - fP @) Pdp < e
n=1X,
Ilonoxus
f(@) = f™(z) mpu z € X,,

MblI MOXKEM MOCJICHHEE HEPABEHCTBO IEPENUCATh B BUJE
[lia(z) = f@)Pdp < e.

Orciona BoiTekaer kak npuHaexuoctb f Kk Lo(X, u), tak u cxonu-
MocTh nocsenosaressHocTd {fn} k f.

Yunpaxuenue. Onpenenum L,(X,p) Xak COBOKYIHOCTH KJIACCOB 3KBH-

BAJIGHTHBIX MexAy coboil (pyHxuuit, AAS KOTOPBIX /[f(z)[pd,u. < o0, rae

1 € p < oo. Joxasars, uro Ly(X, p) ssnserca 6aHaxoBbIM NPOCTPAHCTBOM

OTHOCHTEJIbHO HOpMSBL || f|| = (/ |f(z)|Pdp) />,

3. Bcrooy mirorHele MHOXKecTBa B Lo. Teopema 06 nusomopdns-
me. Urax, npocrpanctso Ly (X, p) dbynxkuull ¢ HHTErpHpyeMbIM KBAJI-
paTOM €CTh MOJIHOE EBKJIMZOBO MPOCTPAHCTBO. 33 UCKJIIOYEHUEM BbI-
POXOEHHBIX CJIY4a€B, Pa3MEPHOCTb 3TOr0 NPOCTPAHCTBA OecKOHEYHa.
C TOYKM 3peHUsT pas3INYHBbIX PUMEHEHHUH B aHAJIM3E BAXKHO BBISICHUTD,
korpa npoctpancTBo Lo(X, u) cenapabesibHO, T.€. COLEPXKHUT CUETHOE
BCIOJly MJIOTHOE MHOXkecCTBO. B § 1 MbI ycTaHOBMIIM, YTO /14 IIPOCTPAH-
crBa Ly (X, u) cenapabesbHOCTD BBITEKAET U3 CYIIECTBOBAHMISA ¥ MEDHI /i
cuerHoro Gasuca. Herpynuo ybGenurscsi, 4TO 3TO yCJIOBHE TapaHTHDPY-
er u cenapabenbHocTh Lo(X, ). HeficTBuTenbHo, KaKAy0 (QYHKIHIO
u3 Lo(X, p) MoxuO npnbiusuts ¢ 060 TOYHOCTHIO DYHKIHAMA, KaX-
[as u3 KOTopbIX pasHa () BHE HEKOTOPOrO MHOMKECTBA KOHEYHOH me-
pui!). Jasee, Te xe paccy:KIEHUs, KOTOPbie GbLIM IPOBEAEHBI DU J10-
Ka3aTesibCTBe TeopeMsl 3 § 1, NOKa3bIBAIOT, YTO B COBOKYITHOCTH TaKHX
byHKUut MOXKHO BHIOPATh CUETHOE BCIOAY ILJIOTHOE MHOXKECTBO.

1YEcon p(X) < 00, TO 3TOT mar OTHARAET.
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Wrak, ecu Mepa p MMeeT CH4eTHhI 6a3uc, 1o npocrpanctso Lo (X, )
€CTh NOJIHOE cenapabebHoe eBKJNI0BO npocrpaHeTso. Mnave rosops,
OCTaBJASA B CTOPOHE TOT ciay4dalt, xorna Lo(X, 1) uMeer xoneunyo pas-
MEPHOCTB, MBI MOJIYYAEM CJAEAYIOIHH Pe3syNbTaT: ecalt Mepa [t umeem
cuemnnili 6asuc, mo Lqo(X, u) ecmov cenapabeavroe zuavbepmoeo npo-
CMPARCME0.

B cuny Teopemst 06 uzomopdnime rusib0epTOBBIX IIPOCTPAHCTB, ITO
o3Hauaet, 4yTo Bce Takue Lo(X, p) nsomopdubr mexny coboli. B wacr-
HOCTH, Kaxoe Takoe La(X, p) usomopdno npocrpancrsy [y YHCIOBBIX
noCJIeIoBaTeIbHOCTEH co cxonsameiica cymmoit kBanparos. Ilocnennee
MOXKHO paccmarpusarb kak Lo(X, u), xorma X cuerHo, a p onpepeste-
HA Ha BCEX €ro NOAMHOXECTBAX W paBHa 1 jua kaxknoil Toukn. Huoce
Mot Gydem pacemampueams moavxo Lo(X, 1), omsenarouwue mepam co
cuemnvim basucom. B cayyanx, Koraa 3TO He MOXKET BbI3BaTh HEIOPa3y-
MEHMl, KaXX/I0€ TaKOe NPOCTPAHCTBO MBI OyneM o603HavaTh NpocTo Lo.

ITockonbky npocrpancTso Ly npeacrasnseT coboi, KaK MBI BBISICHH-
JI¥, PEAJIM3ALMIO IMIIb0EPTOBA NTPOCTPAHCTBA, HA L9 MOXKHO nepeHecTu
BCE T€ NOHATUS 1 (PAKTbl, KOTOpbIE OblIn yCeTaHoBJeHsl B § 4 rur. I11 1ns
abcTpakTHOro rusisbepToBa MPOCTPAHCTBA.

B wactHOCTH, coryiacHO Teopeme Pucca Bcaxuil nunelinsii Gysxumno-
HaJI B THI6epTOBOM NpOCTpaHCcTBe H 3aNuChiBaeTCs B BUIE CKAJISIPHOIO
IPOU3BEIEHUA

F(h) = (h,a),
rne a — ¢uxcuposannbiii BexTop u3z H. Ilosromy ecakuti aunelinnd
pynuxyuonan 6 Ly umeem eud

F(f) = [ f(z)g(z) dp,

2de g — durxcuposartas Pynxyus ¢ unmezpupyemum xeadpamom ne X.

4. KoMmmiekcHoe npocrpalicrso Ls. Mol paccmarpusanu celiuac
IeHCcTBUTENIBHOE NPOCTPAHCTBO Ly, W3stoxKeH HbIE PE3yIbTATDHI JIETKO I1e-
PEHOCSITCST Ha KOMIIJIEKCHBIH cityuait. KoMnnekcuas dbyukuusa f, onpe-
JICJIEHHAsI HA HEKOTOPOM npocTpancTBe X ¢ 33aHHONH Ha HEM Mepo# y,
Ha3BIBAETC (PyHKYUET ¢ UHMEZPUPYEMBIM KEaTPAMom, CCITH UHTErPAJT

[ 1 (@) Pdu
X

koHeueH. Onpenesus cJioxenue TAKnX GyHKIUi 1 yMHOKEHNE HX Ha, M-
cJj1a ODOBIYHBIM 00PAa30M U BBEAS CKATISIPHOE NPOU3BEICHME 110 popMyie

(f,9) = [ f(2)g(z)dp,
X
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MbI HOJIY YMM €BKJIUJI0BO IPOCTPAHCTBO, HA3bIBAEMOE KOMNACKCHBLM TLPO-
empancmeom Ls. (Ilpm sToM, Kak m B OeHCTBUTESILHOM CJIy4ae, MBI
CYHUTAEM SKBUBAJIEHTHbIE MEXKY COOOMU (DYHKIMM OJJHUM U TEM XKe 3Jie-
MEHTOM IPOCTPAHCTBA.) ITO MPOCTPAHCTBO [IOJIHO, & eCJIM Mepa (i UMe-
eT cyeTHbIll 6asuc, To u cenapabesnbuo. Takum obpasom (orbpaceiBas
KOHEYHOMEPHBIH CJly4ait), Mbl MOJIYYAeM, YTO KOMNAEKCHOE NPOCTMPEH-
cmeo Lo, omeenarowee mepe co cuemmbim 6a3ucom, ecmns KOMNAECKCHOE
cenapabeavrnoe 2uabbepmoso npocmpancmeo. Bce Takue NpOCTPAHCTBA
n30MopdHBI MeX Iy cOBOH, ¥ AJ1A HEX COPABEIJ/IMBBI PE3YAbTATHI, U3J10-
xeunsie B § 4 it 111

5. CxoguMocTh B cpeqHeM KBaIpPaTUYHOM U €€ CBA3b C APy~
THMH THIAMH CXOAUMOCTH (PYHKNHOHAIBHBIX MOCIEIOBATE/b-
gocrel. Beens B npoctpancrse Ly HOpMY, Mbl ONPEAETIUIIA TEM CAMbBIM
A GysKuuil ¢ HHTErpupyeMbIM KBAJPATOM CJEAYIONIee IOHITHE CXO-

JAUMOCTH:
fan— f,

eCcJid

lim_ [[fale) = f@)Pdu=0.

Mb! Ha3BaJIM TAKYI0 CXOOMMOCTb CXOTMMOCTHIO B CPEIHEM KBaJlpaTHy-
HoM. [locMmoTpuM, Kak Takas CXOHMMOCTb CBA3aHA C APYTHUMH THIIAMU
cxoguMocT QYHKIHOHAIBHBIX HocaeqoBaressHocTedl. IIpennosioxkum
CHAYaJIa, 4TO MEPA MPOCTPAHCTBA-KHOCHUTEA» X KOHEYHA.

1. Ecau nocaedosameavrnocmo {fn} dynxyud us Lo(X, u) cxodumca
6 mempuxe Lo(X, 1), mo ona cxodumes u 8 mempuxe Ly (X, p).
JelcTBuTesbHO, B Culy HepaBeHCTBa {2) uMeeM

[ 15a@) = 7@l dix < [u(X) [(ful@) ~ )]

OTKYJla U CJIEJIYeT HAlle yTBEPKIEHUE.

2. Ecau nocaedosameavrocms {fn} cxodumcs pasnomepro, mo ona
crodumes u 8 cpednem x6adpamuIHOM.

HefictBuTesbHO, pu KaxkaoM € > 0 pu Bcex J0CTATOYHO OOJIBIINX 1L

uMeeM
|fn(z) — flz)l <e

U, CJIEI0BATEJILHO,
(@) = F@)Pdp < u(X),

OTKY/13 BBITEKAET HAIIE YTBEPXKICHUE.
3. Ecau nocaedosamenvtiocms cymmupyemus dynxyuli { f,} cxodum-
cs 6 cpedrnem, mo ona cxodumea na X u no mepe.
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ITO yTBEpKJEHUE CpPasy ke CjenyeT u3 HepaBeHCcTBa Uebbimena
(1. 4, § 5, 1. V).

Orcrona n u3 teopemsl 8 § 4 1. V BeiTekaer:

4. Ecau nocaedosameavrocms { fn} cxodumca ¢ cpednem, mo us tee
MOJCHO 8uifpams nodnocaedosameavnocms { fn, }, crodswyrocs nowmu
actody.

3aMeTuM, UTO MpHU JOKA3ATENLCTBE TEOPEMBI O TOJTHOTE HPOCTPAH-
crBa Ly MBI yKe YCTaHOBUJIM 9TOT (baxT, HE ONHMPAsiCh Ha TeopeMy 8 § 4
. V.

Herpynuo y6enurbes B TOM, YTO M3 CXOJIMMOCTH HEKOTOPOH 1ocJ1eno-
BaTEJILHOCTHU B CpefHeM (M LayKe B CPeIHeM KBAAPATHYHOM) HE BhITEKa-
er, BooOLIEe rOBOPsL, €¢ CXOAUMOCTh MouTH Beiony. JeficTBuTensno, mo-
CJIeOBATENILHOCTS { f,, }, nocTpoennas 8 n. 6 § 4 ro1. V, cxonnreax f =0
B cpenHeM (M [laKe B CPeJHeM KBAJPATHHHOM), HO NIPH 3TOM, KaX Mbl
BUOEsM, oHA He cxonurcs kK 0 Hu B oaHO# Touke. O6paTHO, nOCIHENOBa-
TENBHOCTH { fn} MOXET CXOOMTLCA NOYUTH BCIOAY (M faKe BCIOAY) # He
CXOOWTBCS NP TOM B cpenteM. Paccmorpum, HalpuMmep, Ha OTpeske
[0, 1] nocsrenoBaresEOCTS ByHKIMH

e = {

Ouesnnno, fp(x) — 0 npu Bcex z € [0,1]. Ho B 10 ke Bpems

n npu z € (0,1/n],

0 npu ocTabHBIX Z.

/l!fn(ili)ldm =1 npu Bcex n.
0

CBs3b MEX/Y PA3JIMYHBIMA THIAMU CXOIMMOCTH B CJIy4ac u(X) <
MOXHO K300pa3uTh CAeHyIomel cxeMoit:

l Pasuomepnas cxo;mzvzocer

CXOOMMOCTH CXOIMMOCTD
B cpenHem xkBanparninom (Lg) HOYTH BCIOMY
CXOAMMOCTh CXOANMOCTD

B cpeanem (L) — no mepe

Iie HalPABJIEHHAA BBEPX CTPEJIKA O3HAYAeT BO3MOXHOCTHL BhIOOpa u3
TIOCJIENOBATEILHOCTH, CXOJAAMEHCS 110 Mepe, HOIMOCCAOBATEIbHOCTH,
CXOnsImeica Mo4YTu BCIOAY.

B cayuae p(X) = oo (wanpumep, nns ¢yHKUmi Ha Beel HHCIIO-
BOHU nipsimolt ¢ Mepoit Jlebera ua Hell) yCcTAHOBJIEHHBIE BBIE CBA3HM YKe
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He NMerT MecTa. HaHpMMep, IMOCNIeJOBATECIJIBHOCTD

fu(@) :{ 1/y/n upn |z} <n,

0 npu |z} > n

CXOOHTCS PABHOMEPHO Ha Bceli npsmo#t k dyuxkunu f = 0, ogHako oHa
He CXOOWTCHA HYU B CDEOHEM, HU B cperHeM KBaiaparudHoMm. [lasee, npu
1(X) = 00, Kak Mbl yKe YKa3blBAJIU, CXOAAMOCTH B CPEIHEM KBAIIpa-
TUYHOM (T.€. B L) He Biie4eT 3a coboil CXOAMMOCTH TOH Xe 110CJ1e110Ba-
TeJILHOCTY B cpeinem (T.e. B L).

3aMeTUM B 3aKJIOMEHHE, 9TO M3 CXOAMMOCTH B CDEJHEM HHU IIpU
u(X) < oo, Hu Tem Gosiee npu pu(X) = oo He cienyer, BooOIIE TOBO-
ps, CXOOMMOCTb B CPEIHEM KBAJAPATHIHOM.

¢ 3. OproronasyibHble cucTeMbl OYHKIMU B Lo.
Psagpt 10 OpTOroHaJILHBIM CHCTEMAM

Obuue TeopeMmbl, ycranosiennsie B § 4 rui. I njs eBkampossix npo-
CTPAHCTB, TOBOPSIT HAM, YTO B Lo HMEIOTCs NOJIHBIE OPTOTOHAJIBHBLIE
(B 4ACTHOCTH, OPTOTOHAJIbHBIE U HOPMUPOBAHHDBIE) CHCTEMBI (DYHKIH.
Takne cucTeMbl MOXKHO MOJIyYUTh, HAIPUMED, HPUMEHSIS [IPOLECC Op-
TOTOHAJIM3AUNK, OMUCABHBIA TaM ke, K TOH MM MHOH INOJIHOU cucteme.
Ecsm B Ly Boifpana nexoTopas NOJHAS OPTOrOHANBHAA cucteMa {@y, },
TO, ONATH-TAKKU B COOTBETCTBHU C Ob6mmMu pesynabraramu § 4 o I,
Kaxapilt ajiement f € Lo MOXHO NPEICTABUTH KAK CYMMY DSl

(o]
f=)_ can
n=1
-— pana Oypbe GyHKIMHA f 110 OPTOroHAJILHOH cucreme {py, }. Ilpu srom
k0o PpunnenTst ¢, — roahdunuentor Pypse dyuxkuuu f 110 cucreme

n, — onpenenanTca GopMynaMu
Cn = ”_(p'l‘“T/f(m)‘Pn(x) du, ”9071“2 = /‘Pi(z) du.

B stom naparpade mpl pacCMOTPUM BasKHeIMe IpUMEPDI OPTOTOHAJIb-
HBIX CUCTCM B ITPOCTPAHCTBAX Ls ¥ OTBEYAIOMHC UM DA3JIOKCHUA.

1. TpuromoMerpudeckas cucrema. T pPETOHOMeTpUYECKUH psag
Dypne. Pacemorpum npoctpanctso Lo[—7, w] byuxuuit ¢ uarerpupye-
MBIM KB3JIPATOM Ha OTpe3Ke [—m, 7] ¢ obbrunolt Mepoit JlebGera na sToMm
orpeske. B aToM npocrpauncrse ¢yHkmu

1, cosnz, sinnz, n=12,..., (1)



§ 3. Opmozonarvnuie cucmemdvi dynkyut 6 Lo 409

00pa3yoT HOJIHYIO OPTOTOHANBHYI) CHCTEMY, HA3LIBAEMYIO 1MpPUZOHO-
smempunveckoti. OpTOroHaIBHOCTD JIEIKO [IPOBEPSAETCA NIPSIMbIM BBIYH-
CJIEHKEM, HaTIpuMep, TIpU N # m

Ky w
/ cosnx cos mz dr = % / [cos n—;mz + cos T"x]dT =0
—r -7
u 1. 1. [lonroTa cucremsr (1) citenyer us teopemsl Beltepurrpacca o6 an-
npokcuManuy 0601 HenpepmBHON neproaMyYecko hyHKUHM TPUTroHO-
meTpudeckumu Muorounenamu ). Cucrema (1) ne nopmuposana. Coor-
BETCTBYIOINAST HOPMHPOBAHHAA CHCTEMA COCTOMT U3 (hyHKUMH

1 COs Nx Sin nT
= n=172
/—'27r1 ﬁ ) \/—TF b
HMycts f — dyuxkuua us Ly[—7, 7]; ee koadduiments Pypoe, oTBEYaIo-
wue GbyHKnuaAM 1, cosnz, sinnz, NpuEATO 0603HAYATL Go/2, Un U by.
Taxum 06pa3oM, B COOTBETCTBUN ¢ obmuMu (opMynaMu st Koaddu-
muenToB Pyphe nmeem

flx)dz, n.e. aoz% / f(z) dz,

-7

#-4 ]

K
—r

=i|>—4

ks ™

/ flx)cosnzdr, b, = % / f(z)sinnzdz.
—7

CoorpercTrytomuit psas Oypre umeer AL

o<
a .
—29 + E an cosnz + by, sinnx
n—1
u s Joboit dbyukuumu f € Ly cXOmMTCsI B CpeAHEeM KBAIPATHYHOM
UMeHHO X Heit. Econ

n
a . .
Splz) = 7” + E ay cos kx + by sinkzx
k==1
— YacTHYHAasA cyMMa psyia @yphe, TO CpeiHee KBaIpaTHyHOe YKIOHeHHe
Sp o1 f MoxHO Halitu o dhopmysie

1£ @) — Sula)l? = 1P — 7 (% + D af +13).
k=1

1YB §2 rn. VI Mol gokaxem teopemy Deiiepa, IpeacTaBIaomyo coboit ycuste-
Hie teopems! Beitepmrpacca. TeMm campiM 6yner JanO ¥ 0Ka3aTesIbCTBO MOJTHOTEI
TpHFOHOMETpH‘{eCKOﬁ CHUCTCMBL (He onupalocmeeca, KOHEYHO, Ha H3Jiaraemble 3OecCsh

daxtor).
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Cpemd BCEX TPUTOROMCTPHYECKUX MHOI'O4YJIEHOB

n
Al O .
Tn(x) = —29 + E g coskz + O sinkz
k=1
C IAHHBIM 11 YaCTU4YHAsA cyMMa paga ypoe S, naet HawtyHyo (B MeT-
puke Lo) annpoxcumanuo Gynkuun f. Hepasescrso Beccens nnst Tpu-
FOHOMETPHYECKOH CHCTEMbI IMeeT BH/I

2 bt ™
R+ a+<t [ fla)da,
n=1 -7

HO I[TIOCKOJIbKY TPHIOHOMETPHYICCK A CACTEMA [I0JIHA, Ha CAMOM JIEJ1€ JLIA
Jioboit dyukuuu us Lo umeer Mecto pasenctso Ilapcesasns

"°+Za =1 ff?(x)dz.

Hnst mobolt dynkunu f€ L, xBaapars ee koadduumentos Pypre 0b-
pa3yioT cxogamuiica paa. O6parHo, eciiu 9uCaa ag, an, b, (n=1,2,...)
o0
TaKOBbI, 4TO pan Y. a2 + b2 cxomurcs, TO ps
n=1
o
ag -
5 + Z a, cosnx + b, sinnx
n=1
toxke cxomurcs (B La), a ero cymma npencrasiisier coboll byHKIHIO,
HMEIOILYIO Qg, Gn, b, cBoumu koadduimenramu Gypoe.

Bce aTn yreep®Aenusa (HEnoCpeaCTBEHHO BHITEKAIONINE U3 0DIUX pe-
3yasTaros § 4 . IIT) nerko neperocsites Ha GyHKIUY, 33/1aHHbIE HA OT-
peske pou3BOJIbHOM AnnHbL, ckaxeM, [—,1]. Eciu f — dyukuus ¢ cym-
mMupyembiM KBagparom Ha [—[,[], To samena z = nt/l, .e. t = lz/m,

nepesoaut f(t) B byuxnuo f*(x) = f(%) Ha oTpesKe [—7, 7|
B cooTBercTBUU ¢ 3THM

an = /f(t)cosmrtdt n=0,1,...,

z
by z% / ft) smmrtdt n=12...
1
Psin ®ypoe ans dyukoun f, 3a0aHH0il 1a oTpeske AMHLL 21, uMeet BUI

ao + Z a, cos Tt "”t + b, sin "'l”t
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3amevanus. 1. Tpuronomerpudeckue psijibl OBLIIH HCIIOIB30BAHBI
dpannysckum maremaruxom JS. @ypoe B ero paborax 1o MareMaTude-
ckolt hu3uke, B 1EPBYIO OYepedpb N0 TEOPUU PACIPOCTPAHEHUS Telsa.
BupoueMm, dopmyJibl qiia kosddunuentos a, u b, BCIPEHAIOTCS yXKe
y Ddfinepa. B nanpHelimeM Teopusi TPUTOHOMETPUYECKMX PANOB Pa3BU-
Basnace B paborax Pumana, Hupuxsne u ap. IlepBonadasabHO TEpMHUHE
«pan Dypoe», «xosbdbunumentol Pypoe» 1 T.71. CBA3BIBAJIUCHL HMEHHO
C TPUTOHOMETpPUUECKOH CHCTEMOR U JINiIs 3HAYNTEBHO IO30HEee CTaJH
ynorpebiarsca B obueM cMbIcie, onucanioM B § 4 . III (. e. npume-
HUTEJLHO K TPOU3BOJABHON oproronansHoll cucreme B J1I0DOM
eBKJIUJOBOM [POCTPAHCTBE).

2. I3 moHOTHI TPUIOHOMETPUYECKON cHeTeMbl U obmux TeopeM § 4
rn. I caenyer, yro auist oot f € Ly ee pan Pypoe

o
%Q + Z an cosnz + b, sinnz

n=1
cxonuTcst K JaHHOH yuxkuumy f B cpegHeM. OQJIHAKO C TOYKM 3pEHHSA
KOHKDETHBIX 34/1a49 AHAJIN3A, BAYKHO YCTAHOBHTDL YCJIOBUS, IPH KOTOPHIX
3TOT PSAJ CXONUTCS K f B IPYrOM CMBICJIE, CKAXKEeM, B KOKIOH Touke,
HJIH PABHOMEPHO. DTOT KPYr BONPOCOB MBI PACCMOTPHM B cjenyioueif
ri1ase.

2. Tpuronomerpudeckue cucremsnl Ha orpeske [0, 7). Pyuxuun

1, cosz, cos2zx,..., (2)

sinz, sin2z,... (3)

00Pa3yIOT B COBOKYNMHOCTH NOJIHYK) OPTOrOHAJIbHYIO CHCTEMY Ha OTPE3KC
[, 7). Tlokaxem, 4To Kaxkpas u3 AByx cucreM (2) u (3) oproronans-
Ha U 1oHa Ha orpeske [0, 7]. OpTOroHaILHOCTDL IPOBEPAETCS NPIMBIM
noacueroM. JokaxeMm nosHoty cucremst (2). [lyers f — dyukums c un-

TerpupyembiM kBaapaToM nHa [0, 7). Jloonpeneaum ee Ha NoJyUHTepBaJe
[~,0) dopmynoit

f(~z) = f(z)
n pasznoxum ee B pag Pypbe 1o cucTeme
1, cosnz, sinnz, n=12...
ITockombky dyukuus f, omnpenesensas renepb Ha [, 7], — 4YerHas,

BCe K03 PUIUHEHTDI IPH CHHYCAX PABHLI Y HEE HYJII0. ITO CPA3y BUIHO
u3 ¢opmynast ans Koaddunuenton: mis vernoit yukuun f npun > 1

T 0 T
/ f(z)sinnzdr = / f(z)sinnzdx + / f(z)sinnzdr =
—m 1}

—_—m

:—/Trf(m)sinnmdx—}- /"f(z)sinnwdz:O.
0 0
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Wnaue rosops, sty pynxumio a [—m, 7} (a Tem 6onee u Ha [0, 7)) moxK-
HO AINPOKCUMUPOBATH B CPEIHEM KBAJAPATHYHOM C JIOBOH TOYHOCTDBIO
JauHelHbIMy KOMOMHauuamu ssemenToB cucrembl (2). Orciona cieay-
er nosinora cucremsl (2). IMossora cucrems (3) nva [0, 7] noxkasbiBaer-
CA AHAJIOIMYHO, IIYTEM HEYETHOTO NpojocsuKenus Gysxuun f, 3auanHol
ua [0, 7], na nonyunrepsasn [—m, 0) no dpopmysie

f(=2) = =1 (2).

IMonyyennass npn TaKOM NPOACJDKeHMH (bYHKUMS Ha [—w, 71| HedeTHa
U pAa3JjIaraeTCst Ha 9TOM OTpe3Ke 110 OTHUM CHHYCaM.

3. Psan ®ypre B xomiuiexcHolt ¢opme. Tpuronomerpudeckuit
PSIL MOXHO 3aIMCATH KOMITAKTHO, €CJIM BOCIOJB30BATHCA (HOpMYyJIaMu
ditnepa

inz —ing ine —inzx
cosSnT = e__—_kz_g___, n sinnz = §~——2».—e—-
1
Buocs 91u Boipaxkenns B pan Pypobe, NOIyIUM

o0
929 + _S_ @n cosNT + by, sinnz =
n=1
ao ot einz + e——inz . einz - e'finx
P+ (a" 7 — iby V) ) =
n—1

) )
_ ag an — thy inz ] an + ibn _—inz __ inz
=G+ fagtmenta )y g BeaeTi = B0 cpet™,
n=1 n=1 =

e co =ap/2nmpun 21

_ an — b,
Cp = 5 s

__ Gn + b,
T 2 .

Bruipaxenue

Ha3LIBAETCA Mpuzoromempuieckum padom Dypve ¢ xomnaexcnot dop-
me. KoadduitneHTs! ¢, 3TOr0 psifla BBIPAXKAITCHA 4€pes3 an, U by, ¢ nomMo-
IIBbI0 paBeHCTB (4); OMHAKO JIErKO HAMCATH JJI1s1 HUX U npaMble PopMy-
Jel. JefcTBUTENIBHO, KAK IIOKA3bIBAET HEIIOCPEICTBEHHOE BbIMUCIICHHE,

T . 0 npu n#m,
/ eznze-—tmz dr =
2r npu n=m.

-7
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IloaTOoMy, YMHOXKas1 PaBEHCTBO
o0
fl@y= > z.e"” (5)
n=—00

Ha e ¥ (m =0, +1, +£2,...) ¥ uHTerpUpys, MOJIy1aeM
™ .
/ f(x)e ™ dz = 21em,

s .
tm =g [ f@)e ™ dr, m=0, 1, 2,... (6)
—T

Paznoxenne (5) ocraercst 8 cusie v A1 KOMILJIEKCHbIx (byHKuMl ¢ uB-
TErpUPYEMBIM KBaJpATOM Ha oTpeske |[—w, w]. Muade rosops, dynk-
mmu e obpasylor 6asuc B HpocTpaHCTBE Lo[—7, 7] KOMIJIEKCHBIX
dbynxumit ¢ HHTErpUPYeMbIM KBaAPaTOM MOIYJA HA OTpeske [—, 7).
Ilpu arom BbIpaxkenus (6) npeacTapssitoT cobOH CKaJIAPHbIE MTPOU3BE-
nerus f Ha €™ B 3TOM KOMILJIEKCHOM IIPOCTPAHCTBE.

Bamenus bysximu e Ha e!'TT | MOXHO IEpeHeCTH BCE CKa3aHHoe
Ha mpoCcTpaHcTBO Lo[—I, 1] koMnsekcHbIX (yHKun#l Ha OTpesKe IpoOu3-
BOJILHOM JTHHBT 2.

4. Muorouiensl Jlexanapa. Jlunelinbie kombunauuu HyHKIWH
1, z, z°,... (7)

— 3TO COBOKYNHOCTH BCEX MHOro4seHoB. Crnenoparenbho, cucteMa {7)
[OJTHA B MPOCTPAaHCTBE Ly DyHKIHI Ha MPOM3BOJILHOM oTpeske ). Op-
ToroHayM3upyst cucremy (7) Ha orpeske [—1, 1] o oTHOWEHHUIO K CKa-
JISIPHOMY IPOU3BEICHUIO

1
(f,9) = [ f(@)glz)ds,
-1
MBI IOJIYYUM TOJTHYIO OPTOTOHAJIBHY IO CUCTEMY

Qol(z), Qi(z), Q2(z),...,

rae (Jn, — MHorowied n-fi crenenu. ITokaxeM, 4TO KaKIbIH H3 MHO-
rounieHoB (@, (z) coBnamaet, ¢ TOYHOCTBIO JI0 NOCTOAHHOIO MHOKMTEJIsA,

C MHOI'OYJICHOM dr 9
Ry(z) = d:c—"(x - ™

1y ITonnora cucreMel MHOrOUIenos » npocrpaucrse Lafa, b] dynknnit ¢ uarerpu-
pYeMBbIM KBaJIDATOM Ha NPOM3BOJIBHOM OTpe3ke [a,b] BhiTexaeT us Teopemn: Beiliep-
LITPACCA 0 PABHOMEDPHOH annpokcuManuu J060i HeupepbBHON MYHKIIMK Ha OTpe3Ke
muorouwsieramu. Cm. . 2 § 2 1. VIIL

14—1324



414 Ia. VII. llpocmpancmea cymmupyemns dyrsyuti

B camoMm seste, Bo-nepsuix, cucrema { R, } oproronasibua. Ilycts n 2 m.
Tak kak

dk 2 n dk 2 n
A | - . -1 ==
d.’l:k (T ) r=-1 d.‘L‘k (-’E ) z=1 0
npu Bcex k£ =0,1,...,n — 1, TO, MHTErPUPYHA O HACTAM, HOJLYYACM

/l R, (z)R,(x)dx =
-1

1
dm+l dn—-l
= d:cm-}-l(zz_l)md;cn—l(z2_l)ndz:"'
-1
dm.+n

o= (=1)" / [d T 2—1)'"](1:2—1)"d:1:. (8)

Eciu m < n, 10 nog 3HAKOM MOCJIGIHETC UHTErpasia CTOUT TOKIE-
CTBEHHBI HYJIb, OTKYJA CJGAYET OPTOrOHAJBHOCTE CHCTEMBI { Ry, }.

Bo-BTOpBIX, SICHO, 4TO MHOrO4JIeH R, MMEET CTeNeHb 1, T. €. KAKIAbII
R, nexwur B NOZNPOCTPAHCTBE, NOPOXKIACHHOM 7L + 1 nepBbIMH 31eMeH-
tamu cucrembi (7). Takum obpazom, xak cucrema {R,}, Tak u cucrema
{Q:.} obnanator caenyouymu cBORCTBAME:

1) OPTOrOHAJIBHOCTb,

2) n-ft 9JIEMEHT CHCTEMBbI TIPUHANICKUT MNOANPOCTPAHCTBY, NOPOXK-
JeHHOMY 3JjleMeHTamu 1, z, ..., 2"~ L.

Ho stumu aByMs cBoiicTBAMU KaxXKIBIHM 3JIEMEHT CUCTEMBI OlIpenesia-
€TCsT OJHO3HAYHO C TOYHOCTBIO O YMCJIOBOrO MHOxKHUTENst (Teopema 1
§ 4 oot III).

Hadinem Teneps HopMupyloume MHOuteau aas R,(z). B ciyuae
n = m pasencTso (8) naer!)

/R?(z Yo = (1" [ [Lree® 1] (e - 1)de =

-1

1 1 22n+1
— 1 _ e2yn o (n)
=(2n)! [ (1-2%)'dz = 5 11—
-1
Wnage rosops, HopMa MHorousieHa R, pasua nl2" ﬁzﬁ Takum

06pa30M, CHCTEMA MHOIOYJIEHOB

n!12" V 2an!-lR"(z)

HE TOJIBKO OPTOrOHAJIbHA, HO U HOPMUPOBAHA.

D Mocsreanuil uHTErpaN MOXHO BBIYHC/IUTD 3JIEMEHTAPHO, IPHMEHA DEKYPPEeHT-
uble (GOPMYJIBI, HIIH XKe NMyTeM CBeleHMs ero k B-dyuxuun.
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O0ObLIMHO paccMaTpHBAKTCS HE DTH HOPMUPOBAHHLIE MHOIOYJICHDI,
a MHOTOYJIeHBl, onpenensaemMbie GopMyIoH

Po(z) = e o (@ = )"

Wx HasbiBaloT Muozovaenamu Jleacandpa, a camy 3ty popmyay — dop-
Mmyaoti Podpuza. VI3 npoBeneHHbIX BHIKJIAA0K CIEAYET, YTO

1 npu n #m,
/ Ph(z)Pp(z)dz = 9 _
i -2—n—+—1‘ npu n = m.

[puBeneM siBHBIE BLIDAXKEHUsI [ATH NEPBBIX MHOTO4WIeHOB Jlexannpa:

PQ(ZL‘) = 1,

P(z) ==z,

Py(z) = %—x2 - %,

Py(z) = —3—13 - %z‘,
3 1

o) = 35,4 _ 15,2
P4 (.L') =3 ] 7+ 5.
Pasnoxenne gynaxunn f Ha orpeske [—1, 1] no muoroynenam Jlexan-

Jipa UMEeT BUJ, o

flz) = Z enPu(z),

rie 1

o=t [ (@) Pa(x)dz.
-1
5. OpToroHanabHLIe CHCTEMBI B IpoM3Benenusx. KpaTunie ps-
el @ypee. IMycrs na muoxecrsax X' n X onpenenenst mepnt ¢’ 1 p”.
CooTBerCIBYIOIME NPOCTPAHCTBA QYHKUME C MHTEIPHPYEMBIM KBaapa-
ToM Oyaem obosnavars Ly n LY. B npoussenenun
X=X"xXx"
PACCMOTPUM Mepy
v o "
p=p ®p
1 06o3HauNM "9epes Ly oTseualomee el NpocTpaHCTBo GyHKIMH ¢ HHTE-

rpupyeMbeIM KBaaparoMm. Pyukuuu u3 Ly byneM 3anuceiBath Kak (pyHK-
UK ABYX NEPEMEHHBIX.

Teopema 1. Ecmin {¢m} n {¢¥n} — nonnsie opronopmansubie cu-
crembl coorBercTBenno B Ly n B LY, 1o cHcrema Beex nponssenennii

Jmn(Z,Y) = o (@T)Pn(y)

eCTh II0JIHAA OPTOHOPpMAJIbPHAA CHCTEMA B L2.
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JoxaszarenscrBo. B cuny reopembl @ybunu (3amedanue)
[ Tz w)dp= [ ¢h(2) ( [ ¢aly) du”) dy' = 1.
X p. ¢ X

Ecnu m # my, TO B cuily TOHU Ke TeopeMbl

/ fm"(z7y)fm1n1 (x,y)dp =
X

= / YY) ¥n, (y)( / Om(T)m, () du')d,u” =0,
X I’

NOCKOJBKY PYHKUMS fron (T, Y) frnyn, (T, y) ABYX NEpEMEHHBIX CyMMHUDYye-
MaHa X = X' x X".

Ecrmu m = mq, v0 n # nq, 10
[ frn (@) s @) A= [ (@) [ V) (y) du" ) dis' = 0.
X X X

Joxaxem nosHoty cuctemsl { fmn }- Jdonycrum, uto B Ly cymecTByer
dyukuua f, opToroHasibHas Ko BceM QYHKIMAM [, [losnoxum

Fu(y) = [ f(@y)em(z)dy’.
2

Jlerko Bupmers, yro dyuxuus Fy,(y) umeer uHTErpupyeMbili KBaipar.
Mostomy Fin(y)Yn(y) npum mobom n unrerpupyema. CHOBa HCIIONIbL3YHA
Teopemy PybunuU, nosyvaeMm

1H
[ Fa¥ny)du” = [ f(z,y)fmn(z,y) dp = 0.
X X
B cuity nonsoOTHI cucTemsl {1y, } OTCIO0a BBITEKALT, YTO AJ1A OYTH BCEX Y
F.(y)=0.
Ho TOTAA MPH I[IOYTH KaXKIOM Yy UMEIOT MCCTO PAaBEHCTBA
. !
[ @ y)pm(z)dy’ =0
XI
15 BeexX m. B custy nmosHOTHL cucteMnl {@y, } OTCI0Oa MoJIy4aercs, 4ro
[IPH MOYTH KaxKIOO0M Yy MHOXECTBO TeX I, /e

f(z,y) #£0,

uMeeT Mepy Hyab. B cuny Teopembl Qybunu 310 o3uauaer, 4ro Ha X
dbyuxuuza f(zr,y) pasua 0 oyt BCIOLY.

ITpumMeHUM 3Ty TEOPEMY K HEKOTOPBIM KOHKDPETHBIM OPTOrOHATbHBIM
cucreMaM. B nipoctpancTee dyHKuu# ABYyX mepeMeHHbIX

f(xay)a —ﬂg.’lﬁ,ygﬂ',
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C MHTErPUPYEMBIM KBaAPATOM HOJIHYI0 OPTOrOHAJIBHYIO CHCTeMy Ob6pa-
3yIOT NOIIaPHBIE IIPOU3BEACHUS 3JIEMEHTOB CUCTEM:

1, cosmz, sinmz, m=1,2,...,

1, cosny, sinny, n=12,...,

T.e. pyHKUMH

1, cosmz, sinmz, cosny, sinny, cosmzsinny,
cosmxcosny, sinmzsinny, sinmzcosny.

CooreercrByomuit psin Pypbe BbIISANT HECKOJILKO IPOMO3KO, I03TO-
MY 30eCh yI0bHee NOJIb30BATLCS NOKA3ATE/IbHLIMU (DYHKIIHAME

eirrm:elny — el(ml‘*‘ny), n,m = O, ::|:1, ﬂ:2, RN

Jromy Gasucy orsevaet psag Pypbe

oC

f(a:,y) — Z Cmnei(mz-f-ny)’

m,n=—o00

roe T o
1 —i{mz-+ny)

Cmn = An? _/ ‘/ f(-ruy)e dz dy.

Miuorounennr Jlexannpa namoT B NpOCTpaHCTBe (yHKUmi, onpene-

JICHHbLIX HA KBaJpaTe
~1 < z,y g 17

NOJIHY KO OPTOHOPDMAJIBHYK) CUCTEMY, COCTOANLYIO U3 MHOIO4YJIEHOB

Vem+1)(2n+1) gm n N
Qmn(z,y) = 2m +1)(2n + 1 a7 (2 ) Edgﬁ(y2—1) .

mlnlgmtntl dz™

Bce ckasannoe oueBUOHBIM 06pPA30M IEPEHOCUTC HA (DYHKIMU HECKOJIb-
KHX IIepeMeHHbIX. B yacTHOCTH, Tpuronomerpuyeckuil psag Pypwe mmas
byHxnuu k£ nepeMeHHBIX UMeeT BHI

00
f(xlj"‘71:k) = Z cn1...nkel(nlxl+...+nkzk)7
Ny...NE=—00
riae
™ s
— 1 —i(nizy+Fneze)
N ——(27T)k _4 _{ flz1, .., zp)e dxy ...dxy.

6. MHOTrO4Y/IeHbl, OPTOrOHAJIBHBbIE OTHOCHTEJBHO JAHHOIO Be-
ca. MpI npumsm Kk MHOrowsieHam JlexxaHapa, OpTOroHam3upysi (pyHK-

ouu y
1, z, == ,...,z"% ... (9)
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OTHOCHUTEJIBHO CKANSAPHOIO NPON3BEIeHNA
1
[ f(=x)g(z) dz,
-1

oTBeyaronero oburaHol Mepe Jlebera Ha orpeske [—1,1]. Eciu na atoM
OTpe3Ke 33JaTh KaKylo-mbo MHYI0 Mepy p Takylo, uro ¢ynkuun (9)
B COOTBETCTBYIOMEM NPOCTPAHCTBE L; co ckanspHbLIM 1pousBeneHneM

/ f(z)g(z) du nuueltno HesaBuCHMBL, TO, mpumenus K (9) npotecc op-

TOI‘OHa.nnsaunn, Mbl HPUIEM K HEKOTOPOH cructeme MHorousienos {Qn},
3aBucAeit, Boobuie rosopsi, oT Beibopa Mepsl . IIpeanonoxum, 4To Me-
pa p ompenesieHa 1A u3Mepumbix no Jlebery moMHOXKECTB CErMEHTa

[-1, 1] dopmynoit
WE) = [ g(z)da, (10)
E
rie g — (UKCHPOBaHHAS HEOTPUIATENIbHASI CyMMMpyeMas (DYHKUMA.
Ycs10BHE OPTOHOPMAJILHOCTH

(@m0 = {

B 3TOM CJIy4a€ 3allUCBIBACTCA B BUIOE

1 nopu m =n,

0 mpu m#£n

/ n(@Qn(@lafa)dz={ o " " 7" (11)
0 npm m #n.

Oynxuus g, onpenessomasn mepy (10}, Hocur HasBaHue 6eca WM Ge-

cogoti gpynxyuu. Takum 06pasoM, PO MHOIOYJIEHH!, YJIOBJIETBOPAIOMINE

ycii0Bui0 (11), rOBOPAT, 4TO OHU OPMO2OHGABHB ¢ 6ecom g. Boibop To-

ro WM MHOTO BECa NPHUBOOUT K Pa3jIMYHBIM CHCTEMAM MHOIOYJIEHOB.

B uactHoCTH, NOSIOXKNB

9() = 1/V1- 2,

MBI [IOJIYYMM MHOrOYJIeHBI, COBHAAIONINE C TOYHOCTHIO A0 OCTOSIHHOI'O
MHOXHTEJISI C TaK HA3bIBAEMBbIMH MHOzowAeHamy debviuiesa, KOTOpLIE
onpeaenaoTcs GopMyIioi

T.(z) = cosn arccos z, n=12,...,

¥ MIPAIOT BAXKHYIO POJIb B Pa3J/IMYHbIX MHTEPIOJANMOHHBIX 334a4aX.
OpTOroHaNbHOCTh 3THX MHOIOYJIEHOB OTHOCUTEIBHO Beca 1/v/1 — 22
Jerko nposepsiercs. HelicrBurensHo, nonaras

z =cosf, dr=—sinfdf, +/1-—z?=siné,
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noJIy4aeM
% npu m =n,

V1 -—-z? 0 nopu m#n.

/1 T (2)T0 (=) de = fcos mf cosnf df = {
-1 0
7. Oproronannuniii Gasuc B npocrpancreax Li(—00,00)
u Ly(0,00). Bsiie Mbi paccMaTpHBasia OPTOrOHAIBHbIE CHCTEMBI HA OT-
pe3ke, T.e. HA MHOXeCTBe KoHeYHOU Mepbl. PaccMoTpuMm Teneps ciy4vait
fecKoOHeuYHOM Mepbl, a HMEHHO, NpOCTPaHCcTBO Lo —00, 00) dyHKmi
C UHTETPUPYEMbBIM KBAJIPATOM Ha BCelt umuciioBolt npsiMoit. OpToronads-
HyI0 cucreMy (yHKUMIE B HEM HEJIb3sl [IOCTPOUTH HH U3 MHOIOYJICHOB,
HU u3 Tpuronomerpuyeckux dyHxunit, nbo Hu Te, HW ApPyrHe He IpH-
HAJJIEXKAT 3TOMY NPOCTPAHCTBY. «Marepuar» jiist noctpoenns 6asuca
B Lo(—00, 00) ecrecTBeHHO HCKATh cpend PpyHKkuuil, 1ocrarouno 6eIcTpo
yopBaomux Ha Heckoneunoctu. B yacTrocTH, Takoil 6a3uC MOXKHO MO-
JIYYUTDH OPTOCOHAJIM3ANMElH MOCeI0BATEIbHOCTH

m"e_ﬁ/z, n=0,12,...

IeiicTBHTENBHO, BCAKASA PYHKIHA BUOA P(a:)e_zz/ 2 rne P — muoro-
YJIeH, IPHHAMJIEKUT, 04eBUiIH0, La(—00,00), a monHora cuctemsr (12)
Oyner nokasana B . 3 § 4 rur. VIIL

Ipumenns kK pyHKIUAM e~ /2 NPOIECC OPTOrOHAJIU3AIUH, MBI [0~
JVYIHM crcreMy (byHKUME BHaA

on(z) = Hy(z)e ™ /%, n=0,1,2,..., (12)

rue H, — MHOTOWIEH CTENeHU . JTH MHOIOUIEHbI HA3LIBAIOTCSI MHO-
20vaeHaMu Jpmuma, a camu QyHKUUK @, — Pynryuamu Ipmuma. He-
TPYOHO NOKA3aTh, YTO MHOIOYJIEHBl JPMHUTA COBIAJAIOT, C TOYHOCTHIO
110 HOCTOSIHHOI'O MHOMXKHUTEJIST, C MHOTOYJIEHAMMU

1 n_z2 dn6~I2
) =(-1)"e® Sgm—
(2) = (~D)"e”" £E,
HeitcrBurensHo, MHOro4IeH HY uMeeT, OYeBUIHO, CTENEHD 72, & COOTHO-
[IEHHE OPTOTrOHAJIBHOCTH

H*

n

o 2
/ H (x)H:(z)e™® dz =0, m#n,
-0

JIErKO NOJIYYUTh HHTCCPUPOBAHUEM [0 YacTaM. B cuny Teopemsl 06 op-
TOrOHAJIM3ALAU CYIIECTBYET JMIb ONHA, C TOYHOCTBIO A0 NOCTOSHHLBIX
MHOXHUTEJIEH, CHCTEMA OPTOrOHATBHEIX (byHKUME BUIa Pn(x)e'rz/ 2 e
P,, — muorousen n-it cremeHn.
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[losryyeHnsIit pe3y/ibTatT JONYCKaeT U TaKoe HcTosIKoBanue. PaceMor-
2
pUM Ha IPAMOIl Mepy [, UMEIOULYI0 IJIOTHOCTb €~ % | T.€. TaKyl), 4To

du = e~ dz.

910 — KOHe4YHasa Mepa. B npoctpancTee GyHKIMHE, UHTErpUPYyEMBIX
C XB3JIPATOM 110 3TOH Mepe, CKaJIADHOE IIPOU3BENEHUE UMEET BHJL

(f9)= | F)g@e™ ds,

a MHOrOYJIEHBl JPpMUTa 00PA3YIOT B HEM OPTOTOHAJIBHYIO CUCTEMY.
Paccmorpum, HakoHew, npoctpanctso Lo (0, 00) dyukuuit ¢ unrerpu-
pyeMbIM KBaJparoMm Ha nosynpsmoli. Bsasas B vem cucremy dbyHxumi

z"e™*, n=0,1,2,...,

U NPUMEHUB K HUM TPOIECC OPTOTOHAJIM3ANMH, Mbl IOJIYYUM CHCTEMY
dyuxumi

Ly(z)e™",
HazblBaeMbiX gyrryuamu Jlazeppa.

CoOTBETCTBYOIME MHOIOYJIEHB! L, HA3LIBAIOTCA MHo20weRamy Jla-
2eppe. Muorounens! Jlareppa MOXHO paccMaTPUBATL KAK OPTOrOHAJIb-
Hulil Ba3uc B mpocTpancTBe PYHKIMH, KBAAPAT KOTOPBIX HHTETPHPYEM
Ha nosynpsamoir (0, 00) no mepe

dp = e " dx.

B n. 3 § 4 ru1. VIII mbt mokakeM, uto cuctema ¢pyHxumii Jlareppa nosna
B Lz (0, OO)

8. OproroHaJjibHbIE MHOFOYJIEHBI C JUCKPETHBIM BecoM. Ilyctn
7 + 1 pasIM4HBIM TOYKAM Zg, Z1,- .., L, JeUCTBUTENbHON npsaMOl npu-
MMUCAHBI B KAYECTBE «BECOB» MOJIOKUTEJIHHBIE HUCTIA Do, D1, - - - , Pn, & ME-
pa p onpepnesiesa dhopmyso

T €E
T.e. £(E) paBHa CymMMe BeCOB, cojiepxamuxcsa B F Touek . Iamepumsbl-
MU II0 DTOH «BBIPOXKIEHHOR» Mepe ABJAIOTCA 30eCh JII0Oble MHOXKECTBA
¥ QyHKIMH Ha IPpAMOM, nmpudeM Jnoboe MHOKeCTBO F, He comepxkainee
touek z (k =0,1,...,n), umeer mepy 0. Tem cambiM nuTErpas mo Bceit
geficTBuTeNILHON nipsiMoil ot dyukiuu f paBen

[ f@du="3 peflan),
— 00 k=0
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a CkaJisipHoe mpousBenenue gaercs ¢hopmysioit

n
(f.9) = peflzi)glzs).
k=0
OueBunano, 9ro dyHkImn f ¥ g OyayT SKBUBAJIGHTHbI N0 Mepe [, eCJIU
flzr) = g(zk)
BO BCEX TOYKAaX Tg, X1, --., Tn, 1 TOIBKO B 3TOM CJIy4ae.
J171s1 5TOr0 BBIPOXKIEHHOTO CITydas 3a/1a4a Hauaydueil annpoxkcumas-

IIH B CMBICJIE PACCTOAHUSA B Lo CBOOUTCS K ONPENESIEHUIO CYMM

Cowo +c1p1 + -+ CmPms

00pamAONMX B MUHUMYM BBIDAXKEHUE

Son{ e - et
k=0 i=1

T. €. K 33]a49€ KUHTEPIOJINPOBAHUS IO METOIY HAHMEHBIINX KBAJIPATOBY.

B cBsasu ¢ 3anavell HHTEPIOJINPOBAHUS 110 METOLY HAUMEHbIINX KBAJI-
paron mHorodsieHamu 3ananuoil crenenu I1. JI. Yebonuues passuit Teo-
PHUIO OPTOTOHAJIBHBIX MHOTOYICHOB. UT0O0bBI H3JI02KUTH OTHOCAIIMECS CIO-
a pe3yJsbTarhl UebblineBa, 3aMeTuM, YTO CUCTEMA

1, =, 2%, ..., " (13)

npu Hawe# Mepe y JIMHeHHO He3ABUCUMA, TaK KaK CKaJigpHOe MPON3Be-
nenue (z7,x°) Beipaxaercsa dhopmynoit

n
(.’L‘T, iL‘S) = Zpk$2+s
k=0

u perepmunadT I'pama cucremsl (13) ects (cymmer o &k ot 0 1o n)

oDk > Pk > przd Y ¥4
SpeTk Y PrT: > ez e Ypezp!
Soperi pery Epsrptt o Dpealt

VPo VD1 cee A/ Pn
— | VPoTo  /PiTi ... /PnTn

1 1 12
T T
= Ppop1***Dn __0‘_._1 £0
g zf ]
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HaoGopot, dyuxkuun =7 npu r > n guHeilino 3aBUcsaT or GyHKUul cu-
cremb! (13), Tak Kak B HaleM CJIy4yae NpocTpancTso Lo umeeT pasmep-
HocTh -+ 1. TloaTOMy npouecc OpTOroHAJIM3aIMN NIPUBOANT K KOHEYHOH

CHCTEME MHOI'0O4J1€eHOB
PO, P11 ERE Pn:

OPTOHOPMAJBHBIX B TOM CMBbICJIE, MTO

n
Zpkpr(l'k)Ps(zk) = 0rs
k=0
n kaxaasi GyHKUUs f passiaraeTcsi B KOHEYHbIH Py

f ~ ZCT‘PT)
rae n =
Cr = Zpkpr(fk)f(xk)-

k=0
B Touykax T} BbLINOJIHAKTCS PABEHCTBa

n
f(xk):ZC,-PT(Ik), k:()ala'“:nv
r=0

T.€. HOJIHAA CYMMa PAOa €CTb HPOCTO MHTEPIOJIAUMOHHBIN MHOrO4IeH
Jlarpamxa. Henonusre cyMMbI

m
Qm= ZCTP” m<n,
r=0
ABJIAIOTCS MHOrO4YWIeHaMu m-#H creneny, npubimwxawuwyumy f B TOY-
KaX Iy HAMJIYYIIMM CIIOCOO0OM B TOM CMBICJIE, YTO BhIpAXKEHHE

n
2
§ pr{f(z) — Qm(zi)}
k=0
071 @,, MeHblIe, YeM 11151 J1I0D0ro Apyroro MHOro4JjieHa Tol xe crene-
HU M.

9. Cucremnl Xaapa u Panemaxepa—V¥Youma. Xaapom 6bL1 nocTpoeH
crenyoomunit npumep nostHolt cucremsl dynkumii Ha orpeske [0,1]. Cucrema
3Ta COCTOUT U3 (DYHKIUHU

wo =1
1 cepuit
o1,
i1, Y12,
Ye1, Y22, P23, P24,
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(n-s cepua comepxur 2" ¢yuxuuii), rae

[+, 0<z<1/2,
o1 -1, 1/2<z<1,

V2, 0<z<1/4, 0, 0<z<1/2,
pru=14 2, 1/d<z<1/2, prz={ V2, 1/2<z<3/4
0, 1/2<z<l, —V2, 3/4<z<1.

Boo6ue, nosioxum (B Tourax paspeisa sHavenus pynxuuit MoxHno 6pars npo-
U3BOJIBHBIMHE )

-1 —1
211/2’ lzn <r< zzn + 2n1+11
2 = 1 i
Pni = _211/ ’ P + 2n+l <z< 577)
i1
0. o [
n=01,...; i=12...,2"

Jlerko BUOETH, YTO MOCTPOEHHAA CHCTEMA OPTOHOpMasbHa. JJokaxem ee moJi-
HOTY.

Pasobbem orpesox [0,1] Ha 27+ papHBIX HHTEPBATOB A; U PACCMOTPUM
MHOXecCTBO My, 1) Bcex byHkuuil, COXpaHAI0MUX TOCTOAHHOE 3HAYeHUE Ha Ka~
KaoM u3 uaTepsasios A;. OueBunno, M, ecTh JiHHeliHOE MOAIPOCTPAHCTBO
pasmeproctt 2" 7. Kpome Toro, Bce dbynxuuu namett cuctems: 1o dyaxiuit
n-# cepuyu BKJIOMMTEIBbHO BOHAYT B My41. Tak xak aTu QyHKIMY B CUILY Op-
TOHOPMAJIBHOCTH Hauel CHCTEMbI JIMHEHHO HE3aBUCHMBI H TaK KaK UX HHCJIO

paBHO
1+ 2% =2+
k=0

10 byHKuuA Yo u byHKUMM @i; cepuit k = 0,1,...,n obpasyior B Mn4
NOJIHYIO CUCTEMY JIMHeHHO He3aBUCHMMBLIX BekTOpoB. OTClOma, MPUHHAMAA BO
BHMMaHue, YTO Jnobas HempepbIBHAs (PYHKIMA MOXKET ObITh CKOJIb YTOIHO
TOYHO annpokcuMuposana dynkuued us My 41 (mpu gocrarouno GonsmoM n),
MbI y6exRJaeMCa B NOJIHOTE Hauel CUCTEeMBI.

PaccMoTpuM elne onuH nprMep OPTOHOPMAJILHOU